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ADVERTISEMENT 


The Committee appointed by the Royal Society to direct the publication of the 
Philosophical Transactions take this opportunity to acquaint the public that it fully 
appears, as well from the Council-books and Journals of the Society as from repeated 
declarations which have been made in several former Transactions , that the printing of 
them was always, from time to time, the single act of the respective Secretaries till 
the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 
further in their publication than by occasionally recommending the revival of them to 
some of their Secretaries, when, from the particular circumstances of their affairs, the 
Transactions had happened for any length of time to be intermitted. And this seems 
principally to liave been done with a view to satisfy the public that their usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind : the great ends of their first institution by the Royal Charters, and which 
they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 
numerous, it was thought advisable that a Committee of their members should he 
appointed to reconsider the papers read before them, and select out of them such as 
they should judge most proper for publication in the future Transactions; which was 
accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 
and will continue to he, the importance and singularity of the subjects, or the 
advantageous manner of treating them; without pretending to answer for the 
certainty of the facts, or propriety of the reasonings contained in the several papers 
so published, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to whioh they will always adhere, never to give their opinion, as a Body, 
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upon a subject, either of Nature or Art, that comes before them. And therefore the 
thanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
civility, in return for the respect shown to the Society by those communications. The 
like also is to be said with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society; the authors whereof, or those 
who exhibit them, frequently take the liberty to report, and even to certify in the 
public newspapers, that they have met with the highest applause and approbation. 
And therefore it is hoped that no regard will hereafter bo paid to such reports and 
public notices; which in some instances have been too lightly credited, to the 
dishonour of the Society. 
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Adjudication of the Medals of the Boyal Society for the year 1887, 

by the President and Council. 


The Copley Medal to Sir Joseph Dalton Hooker, K.C.SI., F.B.S., for his 
services to Botanical Science as an investigator, author, and traveller. 

A Boyal Medal to Professor ^ Henry Nottldge Moseley, F.B.S., for his 
numerous Besearches in Animal Morphology, and especially his Investigations on 
Corals and on Penpatus. 

A Boyal Medal to Colonel Alexander Boss Clarke, BE, C.B., for his 
Comparison of Standards of Length and Determination of the Figure of the Earth. 

The Davy Medal to John A. B. Newlands for his Discovery of the Periodic Law 
of the Chemical Elements. 


The Bakerian Lecture, “ On the Dissociation of some Gases by the Electric 
Discharge,” was delivered by Professor J. J. Thomson, F.B S. 

The CrooniaD Lecture, “ On Parieasaurus bombidens (Owen), and the Significance 
of its Affinities to Amphibians, Beptiles, and Mammals,” was delivered by Professor 
H. G. Seeley, F.B.S. 
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PHILOSOPHICAL TRANSACTIONS. 


I. On the Luni-Solar Variations of Magnetic Declination and Horizontal Force at 

Bombay , and of Declination at Trevandrum. 

By Charles Chambers, F.R S , Superintendent of the Coldba Observatory, Bombay. 

Received March. 24,—Read April 1, 1886, 

[Plates 1-5.] 

In the early attempts to investigate the influence of the moon, upon terrestrial 
magnetism, the observations dealt -with extended over periods so limited that little 
was possible beyond determining the average character of the lunar diurnal variation. 
This was mainly because magnetic disturbance tends—and especially in extra-tropical 
regions—to mask the minute variations that depend upon the moon. The series of 
observations made at the Coldba Observatory, Bombay, and discussed in the present 
paper, extending over twenty-five years in the case of the declination and over 
twenty-six and a half years in the case of the horizontal force, possesses therefore the 
double advantage of being originally affected by only the relatively small disturbancea 
of a tropical station, and of being lengthy enough to secure an approximate eliminar 
tion of such disturbance, as is involved in it, even by combination of portions only of 
the whole body of observations. 

2. The instruments used at CoJ&ba were made by Grubb, of Dublin, and are like 
those described m the report (of 1840) of the Committee of Physics of the Royal 
Society, the magnets being fifteen inches long. An account of them and of their 
history will he found in the * Appendices to the Bombay Magnetical and Meteoro¬ 
logical Observations, 1879 to 1882/ pages [84] and [138]: and to this account reference 
may be made for particulars as to the adjustments and determination of scale 
coefficients of both the declination and horizontal force magnetometers, and as to the 
determination of the temperature coefficient of the latter instrument: The following 
extract is, however, given in full, the matter of it being essential to an understanding 
of the principal object of this paper, 

8. Method of Reduction of the Observations.^ The mode of treatment adopted is 
that which was introduced by General Sir Edward Sabine, and which is described 
by him in the * Proceedings of the Royal Society/ voh 10, pp. 624-626, in the 
following words:—“The hourly directions of the magnet are entered in monthly 
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Tables, bavin or the davs of tlie month in successive horizontal lines, and the hours of 
the day in vertical columns. The * means’ of the entries in each vertical column 
indicate the mean direction of the magnet at the different hours of the month fco which 
the Table belongs, and have received the name of ‘ first normals ’ On inspecting any 
such monthly Table, it is at once seen that a considerable portion of the entries in the 
several columns differ considerably from their respective means or first normals, and 
must be regarded as * disturbed observations.’ The laws of their relative frequency 
and amount of disturbance in different years, months, and hours are then sought out 
by separating for that purpose a sufficient body of the most disturbed observations, 
computing the amount of departure in each case from the normal of the same month 
and hour, and arranging the amounts in annual, monthly, and hourly tables. In 
making these computations, the first normals require to be themselves corrected by 
the omission in each vertical column of the entries noted as disturbed, and by taking 
fresh means, representing the normals of each month and hour after tins omission, and 
therefore uninfluenced by the larger disturbances. These new means have received 
the name of 4 final normals,’ and may be defined as being the mean directions of the 
magnet in every month and every hour after the omission from the record of every 
entry which differed from the mean by a certain amount either in excess or in defect 
“ In this process there is nothing indefinite, and nothing arbitrary save the assign¬ 
ment of the particular amount of difference from the normal which shall be held to 
constitute the measure of a large disturbance, and which, for distinction’s sake, we may 
call * the separating value.' It must be an amount which will separate a sufficient 
body of disturbed observations to permit their laws to be satisfactorily ascertained, 
but in other respects its precise value is of minor significaucy ,* and the limits within 
which a selection may be made, without materially affecting the results, are usually 
by no means narrow, for it has been found experimentally on several occasions that 
the ratios by which the periodical variations of disturbance in different years, months, 
and hours are characterised and expressed do not undergo any material change by 
even considerable differences in the amount of the separating value. The separating 
value must necessarily be larger at some stations than at others, because the absolute 
magnitude of the disturbance variation itself is veiy different in different parts of the 


globe, as well as its comparative magnitude in relation to the more regular solar 
dintnal variation, but it must be a constant quantity throughout at one and the same 
st$tig% .$ot* ti^ishow the relative proportion of disturbance in different 

years and ditfei&ak months/’ The words if directions of, the- magnet ” in the extract 
must he taken “When applied to the ,Col&ba declination observations to imply those 
directions, as expressed either by the original scale readings or those readings con¬ 


verted into minutes of easterly declination; and, when applied to the horizontal force 
observations, to imply the directions as expressed by the original scale readings after 
reduction to a uniform temperature, 

gl^^gfcStperiod, of the declination observations is from 1846*0 to 1871*0, and that of 
iffirce observations from 1846*0 to 1873'0. With the exception of 
or ten complete days in each year, the observations were taken 
intervals throughout these periods. The entries in the 
tables:e$,&e*¥ears 1846 to 1865 were in minutes of arc, in those 
%eri|phlal #cale readings, and the (( separating value ” made 
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use of was l'*4 or its equivalent 204 scale divisions. The separating value adopted 
for the horizontal force was the equivalent in scale reading of '000334 of a C G.S. 
unit of force. 

fl. Continuing now the extract—from the monthly Tables already described in it, 
“ all observations having been thrown out which deviated from the ‘ Final formal’ of 
each hour by more than the amount of the separating value, new Tables were formed 
in which each observation was substituted by its excess above the Final Normal of its 
own hour ; or rather, by that excess, plus a constant round number Practically, the 
Final Normal was diminished by the round number, and the difference being then 
taken between the number found and each observation in the same hour column, all 
the differences have the positive sign, and thus the inconvemence of deakng with 
positive and negative numbers is avoided. On the new Tables the observation at the 
solar hour of each day which was nearest to the time of the moon’s crossing the 
meridian of Bombay (from East to West) was marked with a figure 0 to indicate that 
that observation must be placed to the 0th hour of the lunar day m Tables having the 
lunar hours, from 0 to 23, marked in consecutive order at the top of the several 
columns If only twenty-three observations intervened between two marked ones, 
they were entered in the Table consecutively as forming a complete lunar day ; but, as 
twenty-four observations generally intervened, the two which were in the nearest 
correspondence to the same lunar hour were combined together, and the mean of the 
two treated as a single observation.” The times of New Moon, First Quarter, Full 
Moon, and Last Quarter—taken from the Nautical Almanac, and duly corrected for 
difference of longitude between Greenwich and Bombay, or Gottingen*—were also 
marked on the margin of the sheet opposite to the several corresponding solar days, 
for the groups of days, two before and two after these times respectively, the moon 
was regarded as at the several quarters ,* and during the intervening days the desig¬ 
nations of the moon’s phases were one-eighth, three-eighths, five-eighths and seven- 
eighths respectively. The entries in the Tables of lunar differences, thus marked, were 
now distributed, in full lunar days, amongst thirty-two new Tables, called lunar 
abstracts, of which there was one for each eighth of a cycle of the moon’s phases in 
each quarter of the year. The whole of a lunar day’s differences were entered in the 
lunar abstracts under that variety of phase to which the greater half of the day 
belonged. Whenever the number of undisturbed observations on a lunar day was less 
than twelve the whole day’s differences were rejected. When all the differences of 
each category had been entered on their respective lunar Tables, the hourly means 
were taken on these Tables, and the excess was then found of each of these means 
above the mean of all the hours; finally, these excesses were converted into force 
equivalents. The series of hourly excesses thus found may, in a sufficiently extended 
inquiry, be taken to represent the lunar diurnal variation' of deolmation or horizontal 
force when the sun and moon have the positions indicated by that particular Table. 

6. The following Tables, show, for each magnetic element, the converted hourly 
excesses found on each of the thirty-two lunar abstracts:—t 

* Until 1866*0 the records ■were made at hours of G66tingen Astronomical time; Bince that date, at 
hours of Bombay Civil time All the results tabulated or graphically represented m this paper have 
roference, however, to the lunar day or the solar astronomical day at the place of observation. 

f The calculations having been made also for the summer and winter half-years, and for the full year, 
their results for these periods are also shown in the Tables 
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Table II.—Declination at Bombay, showing the Mean Lunar Diurnal Variation at First Quarter and Three-eighths 

Phase in each Quarter of the Year. 
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Table IY.—Declination at Bombay, showing the Mean Lunar Diurnal Variation at Last Quarter and Seven-eighths 

Phase in each Quarter of the Year. 
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Horizontal Force at ombay, showing the Mean Lunar Diurnal Variation at First Quarter and Three 

eighths Phase in each Quarter of the Year. 
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Table VHI.—Horizontal Force at Bombay, showing the Mean Lunar Diurnal Variation at Last Quarter and Seven- 

eighths Phase in each Quarter of the Year. 
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7. Curves were now constructed to represent the variations otherwise expressed by 
the hourly excesses for the several seasons and phases, and a consideration of them 
led to the formation of the hypothesis that the bulk of the phenomenon dealt with 
is, properly speaking, not a lunar diurnal variation, hut a solar diurnal variation that 
depends on the relative positions of the sun and moon, a variation such that it may 
be expressed, for any one season, by the formula 


f e2 (h) cos +/# 8 W sin 2 


where h is the hour of the solar day, JP the mean period of a lunation in mean solar 
days, and t the age of the moon in mean solar days; and are the observed 

variations at new moon and when the moon has the age one-eighth of a lunation 
respectively. It will presently be seen that, though the typical variations {f(h)} of 
one season differ from those of another, this hypothesis holds good generally in each 
quarter of the year separately, 

Of the two characteristics of the curves that pointed in the direction of the formula, 
the first was the general fact that the great movements occur in them, as in curves of 
the mean solar diurnal variations for full lunations, in the solar day hours, and the 
night hours are relatively quiescent; or, viewed in another aspect, the significant 
movements occur at all hours of the lunar day in the course of a lunation, and appear 
earlier and earlier as the age of the moon increases. And the second characteristic 
was that the curves, regarded as solar diurnal curves, have generally the same form 
and range at intervals of half a lunation, and opposite forms at intervals of a quarter 
of a lunation; and this with reference separately to each of the two magnetic elements 
and to each season of the year, 

[7<&. It may be explained here that in the first reductions of the Bombay declina¬ 
tion observations the categories into which the days were divided had reference 
(1) to the four seasons of the year, (2) to four positions of the moon in declination, 
and (8) to the four quarters of the moon —not to eight phases as in the later reduc- 
A account of a first instalment of the results of these reductions, dealing 
the observations of the-^ar# 1861 to 1863> was read before the Boyal Society on 
the 2nd February* 1872; but it was the results of these earlier reductions for the full 
period 0 f twenty-five years that suggested the idea of the lunl-solar variation as 


expressed by the formula given in the last paragraph, and the computation and curving 
of the lunar diurnal variations of each category for that period were not completed till 
the 4th March, 1873, How very definite the suggestion was may be seen from the 
50 to 53, 55 to 58, 60 to 63, and 65 to 68, which represent the lunar 
F^^^^^^ations for the sixteen principal categories. To facilitate comparison, the 

phases of the same season are placed under one another, the 
B0 tlurt tb ® ^ginning and end of the curves should 


Wfljf to the same* solar time, and the force scales for first quarter 
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and last quarter are inverted in comparison with, the force scales for new moon and 
full moon With the curves thus arranged, the four, occupying each vertical curve- 
form, and of which the fifth curve is, in each case, the type (or average), can he taken 
into view at a single glance, and the degree of their similarity is thus easily recognised. 
But similarity m these curves means the same thing as the second characteristic of 
the curves of lunar diurnal variations, which is expressed in words in the last para¬ 
graph as follows—the curves, regarded as solar diurnal curves, have generally the 
same form and range at intervals of half a lunation, and opposite forms at intervals of 
a quarter of a lunation. The similarity is very pronounced in all seasons except the 
transition one—ITeBruary to April—in which the inversion of character of the varia¬ 
tions is in progress.—23rd September, 1886.] 

8. It now became an object to adapt the results already obtained, which have 
reference to the lunar day, to the determination of the data f 0 2 (h) and j^ 3 (h) of the 
formula; for this purpose the following process was adopted. 

As the lunar day roughly approximates to the same length as the solar day, we 
suppose the observed lunar diurnal variation at new moon to imply with rough 
approximation a solar diurnal variation of the same character; and we enter the 
hourly excesses in a Table having solar hours, from 0 to 23, marked at the top of the 
columns; under these numbers we enter the excesses of full moon, placing the 
number belongmg to the Oth hour of lunar time under the 12th hour of solar time, 
and we then take the sums of the two sets of numbers. Again, we enter the 
excesses of first quarter, placing the number belonging to the Oth hour of lunar time 
under the 6th hour of solar time, and under these we enter the excesses of last 
quarter, placing the number of the Oth hour of lunar time under the 18th hour of 
solar time, and we then take the sum of these two sets of numbers; next, we subtract 
the latter sums from the former, and divide the results by 4, calling the series of 
quotients the typical variation for the quarters of the moon, that is f a %(h). Similarly, 
substituting the hourly excesses of the phases one-eighth, three-eighths, five-eighths, 
and seven-eighths for those of new moon, first quarter, full moon, and last quarter 
respectively, we obtain the typical variation for the eighths phases, that is 
In this way, of which an example will now be given, have been obtained the typical 
variations shown in Tables 9 and 10, using as data the numbers in Column 2 of 
Tables 1 to 4 for the first line of Table 9, in Column 3 of Tables 1 to 4 for the second 
line of Table 9, and so on. 
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Calculation of the typical “Variation of Declination for the Quarters of the 
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Moon in the Quarter November to January—that is, of the Variation f c Jti). 
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9. Considering now the typical variation curves (figs. 1 to 16), we see that those 
which are the most definite and systematic in character, and have the largest range, 
whether of declination or horizontal force, are for the winter season , and, in the case 
of each type, the curves for the other seasons are definitely related to these. Thus, 
as to declination, between winter and summer there is an inversion of the types of 
both figs, 1 and 5 , and the type-curves of the transition period, the spring season, 
have but a small range, and in them the prominent features of the winter curves are 
all but obliterated. Necessarily there is also a return inversion of the type in another 
season, and it occurs between mid-autumn and mid-winter On the other hand, the 
horizontal force types (figs. 9 to 16), although of largest range in winter, are never 
reversed in character, but contract only to a minimum range, which is reached in the 


summer season. 

The typical diurnal variation for November to January of horizontal force at new 
moon (fig. 9), and that of declination at the one-eighth phase reversed to correspond 
to the seven-eighths phase (fig. 5 reversed), have generally a maximum about three 
hours before noon, a minimum about three hours after noon, and are nearly nil for 
three or four hours before and after midnight; those of declination at new moon 
(fig. l) and of horizontal force at the one-eighth phase (fig. 13) have a principal 
upward inflexion with a turning point about noon, two nearly equal downward 
inflexions with turning points about five or six hours before and after noon, and little 
or no departure from the mean line for three or four hours before and after midnight. 
Tor the summer and autumn seasons similar descriptions of the typical diurnal 
variations would apply, providing due allowance were made for the double reversal in 
the course of the year of the declination types. 

Comparing figs. 3 and 4 with 1, and figs. 7 and 8 with 5, all declination curves, it 
may be noted, as a minor characteristic, that the principal inflexions occur generally 
somewhat earlier in summer and autumn than in winter. 


10. The general similarity of character of figs. 1 and 13, representing the f e JJh) and 
data of our formula for the decimation and horizontal force respectively, and the 
opposition of oharacter of figs. 5 and 9, representing conversely the/ J2 (/i) and f„ 2 (h) data 

ta^en. in the same order, call for further consideration. These rela- 
traiuilated ififd a' statement that, in the winter season, the lum-solar 
'fisdatei of declination due to new moon is similar to the lum-solar variation of 
fbtCC due to the one-eighth phase; and the luni-solar variation of horizontal 
force due to new moon is similar to the luni-solar variation of deolination due to the 
seven-eighths phase. In other words, the luni-solar variation of declination due to 
of the moon is similar to the luni-solar variation of h^zontal force due to a 
one-eighth of a lunation. In the summer and autumn seasons it is, on 
the luni-solar variations of horizontal force that precede by one-eighth 
Similar variations of deolination; this will be seen by comparing 
7 'and 8, and figs. 15 and 16 with figs. 3 and 4 reversed. 
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The fact of harmonious relations of this kind being found to subsist between results 
derived from long series of observations of two independent instruments, we cannot 
but regard as strong testimony to the reality of the phenomena now brought to light; 
neither can we refrain from claiming for such results a modest place amongst the 
phenomenal laws of terrestrial magnetism that must ultimately stand in the same 
relation to a physical theory of terrestrial magnetism that Kepler's laws stand in 
towards the theory of gravitation. 

11. At this stage the question was put-—With what approach to completeness does 
the typical variation in each case represent the four actual variations from which it 
was derived, or how much of a mean lunar variation is there in these over and above 
the typical variation? Subtracting (say) fojfi) from the observed variation at new 
moon and full moon, and adding it to the observed variation at first quarter and last 
quarter in such a way that the Oth, 6th, 12th, and 18th hours of f c ^(h) are compared 
with the Oth hour of new moon, first quarter, full moon, and last quarter respectively ; 
the 1st, 7th, 13th, and 19th hours of f e % {h) with the 1st hour of new moon, first 
quarter, &c, respectively, and so on, we obtain four sets of residual variations, each 
commencing with the Oth hour of the lunar day; and, taking the mean of these four, 
we obtain the residual lunar diurnal variation that is left after appropriately elimi¬ 
nating the typical variation for the four quarters A similar prooedure, using the 
observed variations at the eighths phases, gives corresponding residual variations for 
the eighths phases. 

12. On curving these residuals for each quarter of the year—eight in all for each 
magnetic element—and comparing each curve with the corresponding typical variation 
curve, they were all found to be of small relative range, but most of them had a 
definite character, in which the principal harmonic element was that which has the 
lunar day for its period. In the latter fact we found a suggestion that, although our 
formula disposes of the bulk of the phenomena for which an expression is to be found, 
the addition to it of two more independent terms would not only make it mathe¬ 
matically more complete, but would render it further expressive of an otherwise 
neglected, but significant, element in the lum-solar variation. Making this addition, 
the formula becomes 

/. #) cos (rptj + /,. i(h) sin (~tj + cos 2 (yt) + /. ,(A) sin 2 (jft),* 

* If 0 be -written, for the angle and 0 for the angle the formula may easily he transformed 
info 

sio (§J*) + M sos 4* TW0) em % 

m which E cl (0), E, x (0) are variations, of constant types, having the period of a lunation, and F 841 (0), 
IP, Bi (0) are variations, of constant types, having a period of half a lunation; and all these sweR and 
contract with a wave-lihe osoillation—F ffl (0), F #1 (0) in the period of a day, and F<m(0)» in the 

MDOCCLXXXVII.—A. T> 
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each term of which, is symbolical of a definite physical conception, viz., that an other¬ 
wise constant variation swells and contracts with a wave-like motion, as the age of the 
moon increases, between the limits —f(h) and +/(/&)• 

13. If the initial new moon occur at K hours of the initial solar day, from the 
beginning of which time is reckoned in solar astronomical hours, the age of the moon 

will become h—h', the period of a lunation 24P; and for -p t may be substituted 

2tt 

(h—h '): and if, further, f(h) be expressed in the form 


a x cos "gh + b x sin 2 ^h + a 3 cos 2 ~tij + & 3 sin 2 , 


our extended formula may easily be transformed into 


Ajcos ^1—i^+aj+BjCos 
4-C^os jl^^l-f^-fyj-i-DiCos ^1+ p) + sj 

+A 3 cos j|| /^l — |^-fe j-f B 3 cos 
4-C 3 cos p^+^j+BaCos h ^1+ p^d-tfj. 


where the ^numbers A x , B x , C x , D x , &c., and the angles a, (3, y, 8, &c., are constants; 
that is to say, it may—inclusive of the first four terms of /(h )—be transformed into 
eight simple waves whose periods, in solar hours, are 



12 


P-1 


12 


P+1 


and 24 


P+2‘ 


Of thes© periods the first and sixth are the lunar <}ay and half-day respectively; from 
•^Mohlt follCwa that; even if our extended formula be a substantially correct expres- 


eriod of half-a-day* It thus appears that 6 and 0 are reciprocally related, so that the period of either 
"" lss‘ fegea&etfc'as that of the Variation of constant type, and the period of the other is then that in 
*** *“ \variation of constant type oscillates, whilst the complex variation of the formula remains 
udad thig result is general so long as the number of terms in the formula is the 
JteweSi in each of the variations of oonstant type. The name—the luni-solat 
'theVarlaticSn Oppressed hy the formula as one involving the 
tmd of abb-multiples of theBO periods; and the name—typical 
i jf oohstant tv be. 
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sion of the phenomena in question, there is nothing anomalous in our finding, as we 
do in fact, definite lunar diurnal variations from the observations of complete lunations. 
It will, indeed, be seen further on (paragraph 17) that the lunar half-day wave is one 
of the two most prominent, and that the lunar day wave has, generally speaking, an 
amplitude as great as any of the remaining five. 

14 Proceeding now to find the values of i(^), having entered the observed 

lunar diurnal variation for new moon in a Table having the solar hours, from 0 to 23, 
marked at the top of the columns, commencing with 0 hours of the lunar day, we 
enter underneath this the observed lunar diurnal variation for full moon, commencing 
with 12 hours, and then subtract the lower entries from the upper* half the 
difference we take to be the value of f 0l {h) as derived from the new moon and full 
moon variations. Similarly, entering the observed lunar diurnal variation for first 
quarter, commencing with 18 hours, and under it the observed lunar diurnal variation 
for last quarter, commencing with 6 hours, and subtracting the lower numbers and 
dividing by 2, we obtain the value of fai(h) as derived from the first quarter 
and last quarter variations. In like manner we obtain from the observed lunar 
diurnal variation for the one-eighth and five-eighths phases the value of 

foi(h) cos 45°+ fai(h) sin 45° ot ■^{f cl (h)+f sl (h)}=a (say), and from the variations for 

the three-eighths and seven-eighths phases the value of ^ 1 W +/1 iffl}=M sa y) • 

.1 1 

combining the last two quantities, we find -^r=(a—b)=f Ctl and ^y=(a+&)=/«]_ as values 

derived from the variations of the eighths phases. In Tables 11 to 18 are collected 
together the results of these various calculations, 
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Now and full mOon 
First and last quarters 
One and flve-oiglitliH 


One and flve-oiglitliH -ys £/° i(h) +/*#) j 

Throe and seven-eighths +/*#} j 

, ( fc m 

Eighths ) 

l filW 


Mean of cl and e 
Mean of ft and / - 


fc \[h) 

filW 
/•iW 
ft \(h) * 


000000 

00000 - 000001 - 0000<U - 00000ft - 000006 

000000 I + •600006 I + 000002 4 * 000002 +'000002 +'000001 *-‘000001 


Table 12.—Declination 


Derived from lunar 

diurnal variations for Typical variation 

what plumes * 


a Notf and full moon /«iW 

ft First and last quarters /n(ft) . 

c One and ftvo-elghthii 



0000011 + W0011 + 000001 
—*000008 


H *000001 



a Oneaudfltvo-eightttf ' ■ -'flOOQOl. - 000003 -*000008 

d Three and (Wen-eighthfl ^{-/^W+/u(7‘)} - 000005 -'000001 -'000002 I + 000006 I +‘0000041 +'000004 


Mean of a ends 
Mean of 5 and / 



-'000006 - 00000 

-'000002 + 000004 + 0000031 + 000008 
-■000004 - 000002 - 000002 


H 


- 000004 
•000000 
+'000004 I + 000602 


UjMjWji 


000000 I + 000002 + 000001 I + 000003 | +‘000001 


[jjMjW 

Em?! 


00ft -‘000004 
+ 000001 
- *000008 
^ - 000001 
- 000001 


0 


-'000002 
Q0O0OO 
+ '000002 

- 000003 

f oooooa 
-*000002 
*000000 
-*000001 



* ? l l n 

l ( r $ tr.fr J. £ % ft. 


Table 13.—Declination, 
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November to January 

Astronomical Hoars 


10 

11 

12 

IS 

14 

15 

10 

17 

18 

19 

20 

21 

22 

23 

- 000001 

*000000 

- 000002 

+ 000001 

+ 000001 

+ 000005 

+ 000004 

+ 000002 

000000 

+ 000001 

+ 000008 

+ 000004 



000000 

000000 

- 000001 


- 000003 




- 000002 

- 000001 

- 000002 

- 000003 

- 000001 

+ 000003 

- 000008 

+ 000002 


000000 


+ 000008 

+ 000005 

+ 000002 

- 000001 

+ •000001 

+ 000002 

+ 000010 

+ 000001 

+ 000003 

000000 

000000 

- 000003 

+ 000001 





- 000004 

--000001 

- 000001 

+ 000006 

+ 000006 

+•000001 

- 000002 

+ 000002 

- 000001 



+ 000005 

+ 000004 

+ 000002 

000000 

oooooo 

+ 000002 

+ 000007 

oooooo 

+ 000004 

000000 


-•000002 


- oooooa 




- 000003 

*000000 

- 000001 

+ 000004 

+ 000004 

+ 000001 

— 000062 

+ 000001 

- 000001 



+ 000005 

+ 000004 

+ 000002 

*000000 

+ 000001 

+ 000003 

+ •000006 

- 000001 

+ 000002 

000000 



•000000 


**■'000005 


- 000003 

-*000002 

-•oooooi 

- 000002 

oooooo 

+ 000001 

+ 000002 


February to April. 

Astronomical Hoars 


10 

11 

12 

18 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

+ 000002 

+ 000002 

+ 000007 

+ 000003 

+ 000006 

+ ’000009 

+ 000003 

+ 000005 

+*000002 



- 000002 

- 000002 

- 000006 

- 000004 

- 000005 

oooooo 

+ 000002 

'OOOOOO 

-’000002 

OOOOOO 

+ 000004 

+ 000004 


+ 000002 

+ 000002 

+ 000006 

- 000012 

+ 000004 

+ 000004 

+ 000001 

+ •000009 

+ >000007 

+ '000002 



OOOOOO 



+ 000002 

- 000002 

- 000006 

+•000004 

- 000006 

- 000003 

- OOOOOO 

-•000005 

OOOOOO 

- 000005 

+ 000001 

+ 000006 


+ 000006 

- 000005 

+ 000008 

+ •000003 

+ 000008 

+ 000003 

+ 000001 

+ 000006 

+ 000006 

+ 000001 





- 000002 

+ 000001 

- 000002 

- 000004 

+ 000008 

- 000004 

- 000002 

- 000004 

000004 

006000 

- 000003 


+ 000004 

+ 000005 

+ 000004 

- 000003 

+ 000002 

+ 000002 

+ 000008 

+ 000002 

+'000004 

+ 000006 

+ 000006 

+ 000005 

+ 00000} 

+'000002 

+ *000001 

- 000002 


OOOOOO 

- 000002 

- 000004 

oooooo 

- 000604 

- 000001 

- 000001 

—000002 

-'000001 


+ 000002 

+ 000004 

+ 000003 

+ 000003 

- 000001 

+ OO0O04 

- 000005 


May to July. 


Astronomical Hours 


10 

11 

12 

13 

14 

15 

10 

17 

18 

19 

20 

21 

22 

23 

+ OOOOQl 

- 000001 

+ 000003 

- 000001 

- 000001 

+ 000001 

+ 000002 




- 000006 

-000007 

+'000004 


OOOOOO 

oooooo 

- 000001 

* 000002 

- 000004 

- 000006 

-000405 



+ 000002 

Q00Q00 

— 000003 

+'000005 

+ 000006 

-OOOOOO 

+ 000006 

*000000 

+ '000001 

+ 000003 

At 

+•000006 

+ 000002 

+ 000007 


- 000008 

+ 000002 

+'000010 

+'000001 

+’000008 

-•000001 

-*000006 

- 000007; 

QOOOC6 

-•000006 

- 000002 

- 000005 



+ 000004 

- 000003 

+*000012 

+*000004 

+ '000002 : 

OOOOOO 

+ 000004 

oooooo 

oooooo 

+ OOOOOO 

+ 000004 

+ 000001 

+ 000005 

+ 000005 


+ 000001 

+•000007 

•oooooo 

+ *000000 

- 000001 

- 000004 

- 000005 

- 000004 

000004 

- 000001 

- 000003 




—*000002 

+ *000008 

+ 000003 

+•000002 

+ 000001 

+ 000001 

+ 000002 

oooooo 

oooooo 

+ ’000008 

+ 000002 

+ 000008 



- 000002 

*000000 

+*000002 

+ 000002 

****000001 

- 000002 

- 000003 

- 000003 

- 000004 

- 000004 

— 000004 j 




- 000001 

+ 000003 

+ 000004 

+ 000004 
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Table 15.—Horizontal Force. 


I 


Derlvod from lunar 

diurnal variations for Typical variation 
4 what phases 


Hew and full moon * 
First and last quarters 
On© and five-eighths 


Three and seven-eighths, 

Eighths , | 

Mean of a and t 
Mean of b and / 


i a 


- 000004 
-*000000 



0 7 



000006 + 000006 I + 000008 
000005 - 00 

■ 000005 + 0000011 + 000004 


■JlMliIlM 

mm 


Bombay 


uffiHWjU 

■lIUUlW! 

i*x*i*&h 


imw 

IBBI 


Table 16.—Horizontal Force. 


\ tteffrad from Ihdaft 

' Vypiaii'ralrttat. 

* iMiafc^hases-* 


K<n$rS8&lttll liUKitt < , 

. Ai(») «... -. 000004 

OnfftttftAve-elghau . . •^{a#)+Ai.(A)| . + 000011 


2 3 4 

+•000001 - 000004 - 000007 
+ 000007 + 000014 + 000010 


2 



-/►#>+/« M} + 000007 + 000007 +'000003 - 000008 - 000018 
MW . +-000008 


+ 0000011 +'000008 
+ 000004 


ft). +-000008 

» . ♦ . ► t +‘000003 

t f w 


mimrgti 








BH 

HSU 

EEUml 

EBmS 


000000 + OOOOQ4 


000003 


+ OOOOOJL + 000001 



008 I + 000008 


+ *000003 
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August to October. 


Astronomical Hours 


* 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 


+ 000002 

000000 

- 000002 

000000 

- 000001 

- 000002 

+ oooooi 






- 000006 

+ OOOOOI 

+ 000003 

- 000001 

- 000001 

OOOOOfl 

- 000003 








+ 000009 

OOOOOO 

- 000002 

- 000004 

'000000 

oooooo 

- 000001 

- 000002 







- 000002 

- 000004 

- oooooi ! 

+ 000002 

- 000001 

000000 

- 000003 

+ 000002 

+ 000003 


- 000003 



+ 000002 

— 000005 

OOOOOO 

- 000001 

- 000003 

’000000 

oooooo 

- 000001 


- 000002 

- 000003 





- 000002 

—*000003 

000000 

+ 000002 

- 000001 

oooooo 

- 000002 

+ oooooi 

+ 000002 

+ OOOOOI 


- OOOOOI 

+ OOOOOI 

+ 000002 

- 000004 

OOOOOO 

'000000 

- 000001 

- 000001 

oooooo 

- oooooi 


oooooo 





- 000004 

—*000004 

- OOOOOI 

+ 000001 

000000 

- 000001 

oooooo 

- 0Q0C03 


+ OOOOOI 


- oooooi 

+ OOOOOI 

+ 000004 

+ 000008 

+ 000003 

oooooo 


November to January. 


Astronomical Hours 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

oooooo 

- 000004 

- 000003 




+ 000001 

+ 000002 

+ 000005 

+ 000007 

+ 000002 

+ 000003 

-OOOOOI 

+ 000004 

+ 000009 

+ 000010 

OOOOOO 

+ 000005 



+ 000008 

+ 000013 

+ 000007 

+ OOOOOI 

+ OOOOOI 

- 000003 

*000000 

- 000007 

+ 000008 

+ 000004 

- 000002 

+ 000005 



- 000009 

- 000007 

+ 000002 

- 000003 

1 

- 000012 

- 000006 

-OOOOOfl 

- 000016 

- oooooi 

oooooo 

+ oooon 


OOOOOO 

+*000005 

+ *000004 

+ 000006 

+ 000006 

+ 000008 

- 000003 

- OOOOOI 

- 000008 

+ 000004, 

+ 000006 

+•000003 

- oooooi 


+ 000003 

- 000004 

- 000006 

- 000005 

+ 000002 

- 000002 

- 000008 

- 000004 

- 000006 

- 000011 i 

- OOOOOI 

oooooo 

+ 000008 

- 000002 


+ 000003 

+ 000003 

+ 000004 

+ 000004 

+ 000005 

- 0C0002 

-'OOOOOI 

- 000005 

+ 000003 

+ 000003 

oooooo 

- 000002 

- OOOOOI 

+ OOOOOI 


- 000003 

- OOOOOI 

+ *000004 

+ 000002 

-*000003 

oooooo 

- 000004 

1 

- 000004 

+ 000004 

+ 000005 

Hr 000004 

+ 000002 

+ 000002 

J 

+ 000004 

+ 000005 

+ OOOOGS 1 

!___I 

+ 000006 

+ 000003 

OOOOOO 

—*000002 

-000002 

1 

- 000002 


February to April 


Astronomical Hours 


10 

11 

12 

13 

14 

15 

10 

17 

18 

19 

20 

21 

22 

23 

+*000003 

OOOOOO 

+ 000008 

+ 000005 

+ 000003 

+ 000003 

- 000008 

oooooo 

- oooooi 

- oooooi 

+ OOOOOI 

+ 000001 

- 000002 

+ OOOOOI 

- 000002 

-*000001 

- OOOOOI 

- 000005 

- 000007 

- 000004 

+ *000001 

+•000004 

+ 000002 

- 000004 

- 000003 

-*000014 

- OOOOOO 

- 000006 

+ 000013 

+ 000015 

+ 000018 

+ •000003 

- opoi 

+ 000009 

+ 000003 

—’OOOOOI 

*000000 

- 000008 

- 000009 

-*000003 

—*000014 

+ *000001 

- oooon' 

- 000008 

— *000004 

+ 000003 

+ 000002 

+ 009007 

+ 000003 

+ 000008 

oooooo ; 

+ *000003 

+•000008 

+ 000008 

+ 000002 

+*000^05 

+ 000009 

+ 000011 

+ 000013 

+•000003 

-OOOOOI 

+ OOOOOfl 

+ 000002 

oooooo 

*000000 

— *000002 

-t 000006 

-000002 

- OOOOIO 

OOOOOO 

- 000008 

-*000006 

- 000003 

+ 000003 

+ 000002 

+ 000006 

+ 000002 

+ 000005 

*000000 

+*000002 

+•000004 

+ 000005 

+ OOOOOI 

+ 000003 

+ 000008 

+ 000006 

+ OOOOOO 

+ 000004 

+ oooooi 

+ 000006 

oooooo 

*000000 

— ‘OOOOOI 

- 000002 

- 000008 

oooooo 

- 000006 

+ 000002 

-000005 

- 000004 

- 000002 

- 000002 

- 000002 

oooooo 

+ 000003 

+ 000005 

+ oooooi 

— OOOOOI 

oooooo 

1 _ 

- 000004 

- 000004 

—'OOOOOI 
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Table 18.— Horizontal Force. 


mm 

Derived from lunar 
diurnal variations for 
vhat pliasoB 

Typical variation. 

Bombay 

0 

1 

2 

3 

4 

5 

0 

7 

8 

0 


B 

Nov and full moon , • 

ft i (A) * * ‘ ^ 

- 000002 





+ 000001 

000000 

- 000004 

- 000002 

+ 000003 



tot and las* quarto , 

/. m ... . 

+ 000012 




+ 000012 

+ 000001 

— *000002 

+ 000001 

- 000008 

- 000006 


H 

<JoOiandflve-eigltthB * * 

m/nw] 

- 000001 





- 000014 

000000 

+ 000002 

+ 000006 

- oooooa 


d 

Three and wren^lfththa 

“AnW+AiW } 

- 000006 





- 000000 

- 000012 

— 000006 

—*000008 

-000008 


H 

Eifrhths } 

f> m 

-oooooo 





- 000010' 

000000 

+ 000001 

+ 000004; 

- 000002 


ft 

£U||IuUO < 

MW ' * 

- 000003 





- 000004 

- 000008 

- 000004 

—*000006 i 

- 000005 


& 

Meanof (twad# . - , 

/«IW * • 

-*000001 



- 000008 


- 000004 

000000 

- 000001• 

+ 000001 

oooooo 


A 

Mean of b and / . 

MW « 

+*000004 

+ 000007 


OQQOOO 

+ 000001 

- 000001 

- 000000 

- 000001 

i 

— *000004 

- OOOOOu 
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May to July. 


Astronomical Hours 


16 

11 

12 

13 

H 

15 

ie 

17 

18 

19 

20 

-1 

21 

22 

23 

j. 000002 

+ 000001 

+ 000001 

+ 000003 

+ 000004 

+ 000004 

4- 000002 

+ 000005 

4- 000005 

+ 000003 

- 000001 

-000004 

- 000005 

- 000002 

- 000003 

- 000001 

+ 000004 

+ 060002 

- 000001 

+ 000001 

+ 000002 

+ 000001 

+ 000005 

+ 000002 

-•000004 

- 000013 

OOOOOO 

- 000010 

+ 000002 

- 000002 

+ 000003 

+ 000004 

+ 000005 

oooooo 

+ 000007 

+ 000006 

oooooo 

oooooo 

- 000007 

-000007 

- 000013 

- 000006 

- 000004 

- 000004 

- 000006 

— 000008 

oooooo 

- 000008 

- 000007 

- 000017 

- 000016 

- 000008 

- 000010 

+ 000003 

+ 000007 

+ 000011 

+ 000001 

- 000002 

+ 000002 

+ 000003 

+ 000004 

oooooo 

+ 000005 

+ 0000041 

oooooo ; 

oooooo 

- 000006 

-*000005 

- 000009 

-*000004 

- 000003 

-•000003 

- 000004 

- 000005 

oooooo 

- 000005 

—*000005 

- 000012 

- 000011 

- 000006 

- 000007 

+ 000002 

+ 000005 

+ 000008 

>000000 

000000 

+ 000002 

+ 000003 

+ 000004 

+ 000002 

I + 000004 

1 + 000005 

+ 000003 

+ 000001 

- 000003 

- 000005 

-■000007 

- 000003 

-•000008 

- 000002 

000000 

- 000002 

- 000001 

- 000002 

- 000001 

- 000006 

- 000003 

! - 000002 

j - 000006 

-00000-S 

+ 000002 

- OOOOOl 


August to October. 


Astronomical Hours. 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

oooooo 

- 000004 

+ 000005 

OOOOOO 

+ 000003 

+ 000003 

+ OOOOOl 

+ OOOOOl 

+ 000005 

+ 000002 

- 000003 

-*000001 



- 000007 

-*000008 

- 000009 

- 000009 

+ 000001 

- 000003 

- 000005 

- 000009 

- 000002 

+ OOOOOl 

- 000003 

+ 000005 

+ 000007 

+ 000009 

+ 000007 

+ *000010 

+ 000008 

+ 000007 

+ 000006 

+ 000002 

OOOOOO 

+ 000002 

+ OOOOOl 

oooooo 

- 000007 

+ 00000.) 

+ 000005 

-*000001 

+ 000004 

OOOOOO 

+ 000007 

+ •000001 

+ OOOOOl 

b 000007 

+ 000005 

+ 000007 

+ 000008 

+ 000008 

+ *000007 ' 

+ 000006 



+ 000005 

+ 000007 1 

+ 000006 

+ 000005 

+ 000004 

+ OOOOOl 

OOOOOO 

+ OOOOOl 

OOOOOO 

oooooo 

- 000005; 

+ 000004 

+ 000004 


+ 000003 

oooooo 1 

1 

+ 000005 

oooooo 

+ OOOOOl 

+ 000005 

+ *000004 

+ 000008 

+ 000005 

+ 000006 1 

+ 000005 

+ 000004 

- 000006 


+ 000003 

+ oooooi ; 

+ 000006 

+ 000003 

+ 000005 

+ 000002 

OOOOOO 

+ OOOOOl 

+ -000003 

+ OOOOOl 

- 000004, 

+ *000001 



- 000002 

- 000004 

- 000002 

- 000004 

+ OOOOOl 

+ OOOOOl 

oooooo 

- 000002 

+*000001 

+ *000004 

+ OOOOOl 

l 

+ 000005 

+ OOOOOl 

+ 000002 j 


MDCCoLxxxyn.— a, 


K 
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Ui) 1 " d * rfT —■ - >•).»«™.» 

fil *?' E f ten ^ n8 ' " ow the P rocess of elimination described in paragraph 11, so as to 

lines latT* TmTu elemente /nW>/n«> &e, as shown on 

toes a and i of Tables 11 to 18, we subtract /.#) from the observed lunar diurnal 

variation at new moon, commencing with 0 hours, subtract f n (h) from the observed 
Vision at first quarter, commencing with 6 hours; add/„(A) to the observed varia¬ 
nt W m T° n ’ ° 0mmeil ? mg With 12 hours > and ^/-iW to the observed variation 
at last quarter, commencing with 18 hours; thus reducirg the residuals 7<^Z 

of Tahlflfl ii i n i B • l- r 7 n.A similai process, using lines c and d 

for the eighths pha^. TeseZ^l^^^^^ 

ZSem“;Zn f Z ** ^ * 

16. Coefficients of the harmonic equivalents of fha -H rrv : rt ,i • .. 
the form ^ ™ * the ^P lcal variations, expressed in 

«i cos + h sin ~h +a, cos 2 (|h) + \ sin 2 + &c , ; 

Tables ti) ^ tT 


Table 19. 


Declination 


f/*iW 


NoYemher to Jannary J 


"rf rfL. t 


/.#) 
U!i» . 


^BtanttTytoAjoU , J 


rAiOD 
/nW 

(ft) . 


+ 0000006 

+’0000081 


fAi(S) . 

Mortal JMy. . , j f ‘ lW 

|As(A) , 


- 0000032 

+ ooooow 


- 0000084 
* • 

+ ’0000020 
*> 

- k r ■ i 


«» 


- oooooio 


- 0000022 





+ 0000006 


+ 0000097 


+ 0000009 
+ 0000028 


+ 0000004 

Itl 

+ •0000040 


+ •0000009 
* 

-•0000009 


— 0000001 —’0000011 


— 0000079 + 0000013 


0000008 


+ 0000028 

- 0000080 


B, 


+ •0000008 

—0000014 

+ ’0000029 

—0000024 


+ •0000028 

+ •0000081 


+ 0000047 


- 0000001 
-’’OOOOOIO 


->•0000006 

- 0000001 


+ OOOOOIO 

- 0000066 


- OOOOOIO 

— 0000002 


+ 0000008 

~ 0000049 

—0000004 

- 0000040 
-- 


+ *0000002 
—0000017 




— 0000008 

H '0000077 

0000000 

+ 0000016 


“•‘0000017 
- 0000060 


-•oooooio 

-•0000080 

-•0000016 

—0000048 
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Table 20. 


Horizontal Force 

«i 


a a 

h 

Ax 

Bi 

A* 

B* 


HH 


4* 0000015 

- 0000021 

- 0000013 





November to January - 

&H 


••< 


p 

- 0000050 

- 0000028 

- 0000023 

- 0000012 

eh 


- 0000003 

4- 0000001 

- 0000126 






mm 


Mi 

- 


+ 0000139 

-*0000017 

+ 0000134 

+ 0000007 


rfi i« 

- 0000038 

- 0000004 

+ 0000018 

- 0000006 






f'i(h) 

♦ 

* 



+ 0000015 

+ 0000003 

- 0000014 

+ •0000025 

February to April < 











4**0000014 

- 0000036 

+ 0000011 

-*0000067 










• 

+ 0000123 

+ 0000018 

+ 0000071 

+ 0000010 


r /«x(A) 

- 0000023 

- 0000003 

- 0000010 

4 0000026 





Hay to July - 

/. m 




» 

+ 0000028 

+ 0000026 

+ 0000018 

+ 0000028 

/«»(*) 

- 0000021 

- 0000032 

- 0000014 

- 0000021 










• 

+ *0000063 

+ 0000017 

+ 0000044 

+ 0000007 


VciW 

- 0000028 

- 0000017 

+ 0000013 

- 0000006 



1 


August to October 

/«iw 


• 

* 

• 

+ *0000033 

- 0000017 

+ 0000008 

+ 0000008 

/« a(/i) 

- 0000004 

- 0000037 

- 0000003 

- 0000033 






,/*•#) 


• 



+ 0000067 

- 0000013 

+ 0000063 

+ 0000010 


And from these coefficients were calculated the values of B 1 ) s +(& 1 —A 1 ) 3 ; 

iv'(a s +B 2 f+(6 2 -A 2 ) 3 ; iv'K-B^+^+A*)*; and 4*/(«].—B 1 )®+ (6 1 +A l ) s for 
each pair of typical variations f 0 (ti),fs{h). These quantities are the coefficients A, B, C, D, 
respectively, of our transformed formula in paragraph 13 , and their values are entered 
in Tables 21 and 22. 

Table 21. 


Declination. 


Bx 

Cx 

Di 

A a 

B a 

o s 

D a 

November to January 
February to Apnl 

May to July 

August to October 

0000031 

0000021 

0000024 

0000011 

0000003 

0000010 

0000008 

0000015 

0000008 

0000004 

0000006 

0000008 

0000010 

0000013 

0000012 

0000009 

0000042 

0000007 

0000048 

0000049 

0000099 

0000019 

0000080 

0000078 

0000012 

•0000006 

0000002 

0000014 

0000002 

0000019 

0000012 

0000008 


Table 22. 


Horizontal force 

Ax 

Bx 

Ox 

Bx 

A, 

Ba 

O a 

D* 

November to January . . 
February to April 

May to July . « 

August to October . . 

0000038 

0000019 

•0000015 

0000088 

0000017 

0000021 

0000011 

0000012 

0000018 

0000010 

0000027 

0000002 

•0000017 

0000021 

0000027 

0000009 

•0000114 

0000081 

*0000042 

0000058 

•0000180 

0000070 

0000082 

0000048 

0000054 

0000002 

00000x6 

0000016 

0000024 

*0000043 

0000021 

0000016 


e 2 
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IT. Regarding these numbers as the amplitudes of the eight simple waves whose 
periods are specified in paragraph 13, we see that generally B a , and in a less degree 
A x —which refer to the lunar half-day and the lunar day respectively—form important 
elements of the whole luni-solar variation ; and scarcely less important are the 
elements that have the A 2 *s for their amplitudes . the numbers for the remaining five 
periods are generally smaller, though for none of them are they so small as to 
approach general insignificance. 

18. Up to this point we have, in comparing our formula with observation, had to 
adapt to the purpose variations obtained for the period of the lunar day. It would 
obviously be a more dmect procedure to arrange the so-called lunar differences of a 
given season in solar days, according to the age of the moon, and, although the labour 
of copying out the numbers so arranged, and of re-computing, is considerable, we 
have thought the verification of the results obtained by the indirect mode of pro¬ 
cedure of sufficient importance to justify the undertaking of the task, at least in 
respect of the element of declination, and for that season, November to January, 
when the luni-solar variations at Bombay have the largest range. Accordingly, 
abstract sheets were prepared for the 1st, 2nd, 3rd, &c., solar days after new moon, 
embracing all such days in the months November to January of the years 1846 to 
1870. The hourly sums and means and the diurnal variations were then taken on 
each, abstract sheet, with the results shown in Table 23. 
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21. The numbers of Table 26 are curved in dotted lines in fig. 48. The general 
correspondence of fact, as indicated by the thin-line curve, with our formula, as 
indicated by the dotted curves, cannot fail to arrest the attention of the reader; and, 
whatever be the physical conditions lying behind the phenomena, it cannot but be 
helpful towards their discovery that a compact mental grasp of the phenomena, such 
as the formula affords, should take the place of such notions of disconnected variations 
as are the first outcome of a study of the observations 

22. The numbers of Table 27 are curved in dotted lines in fig. 49, and on the same 
form are curved, in thin lines, the observed lunar diurnal variations of horizontal 
force, taken from Column 2 of Tables 5 to 8, for each of the eight phases of the moon. 
Here again the comparison of observation, as indicated by the thin-line curves, with the 
formula* through its representative dotted curves, shows remarkably close agreement. 

23 That m their more prominent inflexions the dotted curves of fig. 48 are generally 
of smaller range than the thin-line curves is sufficiently explained by the fact that 
the typical variations for each phase are averages for three or four consecutive days, 
whilst the thin-line curves represent variations for first days, second days, third days, 
&c., after new moon—all single days of the moon’s age. Indeed, it is easy to 
show that the typical variations f \(h) should have been multiplied by 


4tt 
2963 
4t r 
29t3 

3 39tt 
29 53 


sm 


Sm 


3'39«7r 

1953" 


1*031 when derived from the observed variations at the quarters, and by. 


■— 1*022 when derived from the observed variations at the eighths phases ; 

8tt 


and similarly that f, Jh) should have been multiplied by--—= 1*132 and 

' ' ' _* OTT 

sm 


6’787r 


29-53 


m tW same two oases respectively, The inadvertent omission to 

I* >' ' 1 ; J , " ' * 1 ' V *■>* ’ m 1 

^ * 1 1 

apply these factors is most influential in respect of the larger of them (1*132 and 
1*092), since the r&nge of ihe f c «(h), f, Jh) variations is much greater than that of the 
f feS) and/,!(&}. 

In the case of the horizontal force curves (fig. 49) the factors would, if applied, 
If the thick-lino and the thin-line curves alike, the latter representing the 
|§^fh the fbthd#wefe constructed; here, accordingly, the two sets of curves 

range. 
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25. The thick lines of figs. 48 and 49 have been drawn to represent the two last 
terms alone of our formula, viz., of 

f c% Qi) cos2 t^j -f/, 2 sin 2 

Noticing that they deviate but little from the dotted lines, it may be inferred that 
the bulk of the systematic part of the variations is embraced by the restricted 
formula; and accordingly it is to that part of the variation that goes through a cycle 
of change in half a lunation that attention should first be directed in seeking for 
efficient physical causes. 

Trevandrum. 

26. Having thus found that order and system of a simple kind pervade the manifes¬ 
tations of minute lunar variations of magnetic force at Bombay, we turn with interest to 
records of a similar nature obtamed at the near, but more nearly magnetically equatorial, 
station of Trevandrum. In a volume entitled ‘ Observations of Magnetic Declination 
made at Trevandrum and Agustia Malley m the Observatories of H. H. the 
Maharajah of Travancore/ and published by H. S King and Co, of London, in 
1874, the late John Allan Broun discussed the declination observations made at 
Trevandrum dunng the ten years 1854 to 1864, and—by a method of his own, which 
is, in essential points, similar to that described in the preceding pages—obtained 
values of the lunar diurnal variations for each month of the year and at each of the 
four quarters of the moon. Curves representing these variations appear as Plate 6 
of the volume, and a glance at those for the months December and January, which— 
as at Bombay—have the largest range, is sufficient to show that our formula would 
correctly represent their principal features at each of the four quarters of the moon; 
indeed, those curves have a close resemblance to the corresponding winter curves for 
Bombay. An inspection of the curves for all the months leads to a suspicion that a 
period of ten years is scarcely sufficient to secure a counterbalancing, in all months, of 
casual irregularities; but, by combining together the variations of those consecutive 
months, the curves of which are similar m character, greater regularity is obtained, 
and the nature of the change of the typical variations with change of season is more 
distinctly brought out. The grouping of months adopted with these objects in view 
was as follows, viz.:—(1) December and January; (2) February and March; (3) April 
to June; (4) July to September, and (5) October and November. The average lunar 
diurnal variations for these several groups of months were calculated from the varia¬ 
tions for individual months given in Tables XXXVII. to XL. (pages 125 and 126) 
of the book referred to. These average variations, which wefe expressed in minutes 
of arc, were then converted into force by multiplying by an adopted value of the 
horizontal force at Trevandrum (0*37141 C*G,S. unit), and by sine 1', with results 
that are exhibited in the following Tables, 
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Table 28*-— Declination, Trevandrum. 


Twenty-fifths of Trevandrum 
lunar day 

U 

. .... 

1 

<2 

3 

4 

5 

6 

7 

8 

8 

10 

New Moon 





- 000024 

- 000020 

- 000022 

-<000011 

- 000006 

- 000002 

- 000001' 

First Quarter 





000000 

- 000004 

- 000007 

- 000008 

- 000007 

- 000005 

+ 000002 

Full Moon 





- 000007 

- 000017 

- 000028 

- 000028 

- 000021 

- 000009 

+ 000002 

Last Quarter 





- 000020 

- 000027 

- 000037 

-•000082 

- 000019 

- 000001 

+ 000019 


Table 29. —Declination. Trevandrum. 


Twenty-fifths of Trevandrum 
lunar day 

0 

1 

2 

8 

4 

5 

6 

7 

3 

9 

10 

New Moon . . . 

+ 000016 

+ 000012 

+ 000001 

-•000010 

- 000019 

—*000022 

- 000010 


- 000009 

- 000008 

-*000002 

Pint Quarter . 

+ 000014 

+ 000005 

- 000001 

- 000002 

- 000004 

- 000005 

- 000008 


- 000006 

- 000004 

*000000 

Full Moon. , . . , , 

4- 000008 

- 000002 

- 000005 

- 00001Q 

- 000013 

— *000015 

- 000017 

E 

- 000008 

+ 000008 

+'000019 

Oust Quarter. . . 

+ 000007 

+*000003 

—*000009 

- 000017 

- 0G0023 

- 000022 

- 000011 

- 000001 

+ 000006 

+ 000018 

+ *000019 

i 


Table 30.— Declination, Trevandrum, 


Twenty-fifths of Trevandrum 
lunar day 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1° 

New Moon 

- 000015 


-•000013 

- 000006 

000000 

+ 000005 



+ 000001 

+ 000002 

+'000008 

First Quarto , . , 

- 000008 


OOOOOO 

000000 

- 000008 

-*000006 






Moon » * * * « i 

% -s' 1 * 

+ *000008 


+ •000004 

000000 

000000 

- 000001 





+ 000002 


- QpOOOl 


- 000011 

- 000009 

- ooooto 

- 000000 





+ *000001 


_ ^ 

Table 3 Declination, Trevandrum, 



0 

K Y-I. . ., . 1 

1 

2 

8 

4 

0 

6 

7 

8 

9 

1° , 




g 

B 

+*006003; 

+•068002* 

+*000008 

+'odb^8 

+*006067 

+*600064. 

+•000611 

i 

,+ 000008] 

h . . 

+•000016 

+ •000004 1 
+ •060018 

+•000008 




-’660064 

+*000001 

+ 000001 

-'000007 

- 000002 

- *006008. 

-‘00000? 

S 

- 0000021 

1' 
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December and January, 


H 

1> 

13 

14 

16 

16 

17 

18 

19 

20 

21 

22 

23 

24* 

000000 

+ 000003 

+ 000008 

+ 000008 

+•000008 

- 000006 

- 000016 

- 000029 

- 000033 

- 000020 





+ 000009 

+ 000022 

+ 000032 

+ 000032 

+ 000018 

- 000012 

- 000034 

- 000040 

- 000037 

- 000027 





+ 000024 

+ 000040 

+ 000033 

+ 000026 

+•000008 

- 000006 

- 000010 

- 000010 

- 000009 

- 000006 





+ 000022 

+ 000016 

+ 000009 

+ 000003 

+ 000001 

000000 

- 000003 

- 000003 

- 000008 

- 000007 






February and March. 


' 11 

12 

13 

14 

16 

16 

17 

18 

19 

20 

21 

22 

23 

24 

+•000001 

+ 000004 

+ 000008 

+ 000010 

+ 000012 

+ 000008 

+ 000002 

- 000007 

-•000007 




+ 000016 

+ 000021 

+ 000008 

+ 000011 

+ 000012 

+ 000006 

+ 000002 

- 000013 

- 000023 

- 000020 

- 000016 




+ 000016 

+•000017 

+ QOGG20 

+ 000019 

+ Q00G12 

+ 000005 

+ 000001 

- 000005 

- 000006 

- 000002 

+ 000001 




+ 000008 

+ 000004 

+ 000016 

+ 000010 

+ 000006 

+ 000002 

+ 000003 

+ 000004 

oooooo 

- 000003 

- 000006 


- 000002 


+ 000004 

+*000006 


April to June. 


u 

D 

13 



16 

17 

18 

19 

20 

21 

22 

33 

2+ 

+•000006 

+ 000064 

+*000003 

+ 000064 

+ *000008 

- 000008 

- 000003 

- 000004 

+*000061 

+ 000006 



+ 000003 

> — 000007 

-worn 

—•000066 

- 000007 

-*000008 

-*000006 

- 000002 

+ 000064 

+*000008 

+•600012 

+ 000013 




1 OOOOOO 

-000004 

-*UvUUv * 

—*000006 

-*000008 

—•000007 

-008000 

•oooooo 

+*eeeeot 

-*000002 

-*000001 




• + 000005 

^ *000001 

-*000002 

i 

-*000001 

•oooooo 

— *000003 

-•000006 

- 000003 

—*600003 

- ooeom 

+*000002 

+*000006 



+ 000004 


July to September. 


11 

12 

13 

14 

16 

. 

16 

17 

13 

19 

20 

21 


23 

24 

“•000001 

- oooooi 

+*000001 



+ 000006 

+ *000011 



+•800060' 

+ 060088 

■^000007 

—•000012 

-•000018 

- oooooo 

- 0000H 

-*000010 



+ oooooo 

+*000009 



+ 000064 

•oooooo 

00000 $ 

- 000008 

-000002 

—000010 

- 000008 

- 000014 



+•000001 

+ 000006 



-•000018 

- 000009 

-*000003 

' — 000002 

-•odoooi 

“ 000006 

- 000004 

- 000008 

- _ 

+ 000008 

+ 000008 

+ OOOOOI 

+ 000004 



- 000004 

-‘000008 

- 000003 

-•000008 

— 000010 


* In BfeouK « mode of reduction the lunar day is divided into 2d parti. 
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Table 32 — Declination. Trevandritm. 


Twenty-fifths ofTrevandrum 
lunar day 

0 

1 

2 

3 

4 

5 

0 

7 

8 

0 

10 

New Moon 

+ 000019 

+ 000014 


- 000007 


— 000015 


- 000010 

9 


- 000002 

First Quarter 

4- 000006 

000000 

- 000003 

- 000005 


- 000008 



s 


- 000015 

Full Moon 

+ 000007 

+ 000007 

+ 000009 

+ 000005 

+ 000002 

- 000002 






Last Quarter 

+ 000003 

+ OOOOOI 

+ 000003 

- 000006 

- 000008 

- OOOOOI) 

- 000008 

- 000008 

- 000000 

+ 000002 

h 000007 


27. By treating each, of these sets of numbers in the manner described in paragraphs 8 


Table 


Twenty fifths of a solar day 
alter noon. 

H 

i 

2 

8 

4 

5 

6 

7 

8 

9 

10 



+ 000009 

000000 

- 000004 

-•000008 

- 000008 


I 

- 000002 

■H 

mm 

BBSS 

December anti January- 

fnW 

-000001 



D||| 





■ 





+ 000041 

+ 000028 

+ 000010 

■ 



- 000014 






7.1(A) 



- 000001 

B 





B 

- 000005 

-•000008 

February and March - 

A i(A) 



- 000001 






-000002 


3 





- 000004 

— 000011 





- 000002 

-•000008 

+ 000001 

m 

7..i(A) 

- 000004 






+•000003 

+ •000008 

+ 000001 

+•000001 

000000 

AprS to June. . . 

U 1W 









+000001 

+ 000008 

+•000001 


7»s(A; 

- 000009 









+ 000008 

+ 000003 


fA#) 

RRj 


Eliwlwl 






+000000 



» 1 i 

lim 

K|S 







hss^ 

•000000 



l t ' * <V 

tiAim iA'iM'i^ j|n Li ,n 11,-8111 


m 








- 000004 



; t 

: f ? 


m 

+*000004 

—000063 


-’000004 

- 000006 






October asSltutefiiber * 

A.#) 


+•000001 

+•000002 

+•000008 









JM9 

■ 

BS 

+'000002 

*000006 

Bfl 


-•000007 

-’000004 





These variations are curved in figs, 17 to 21 and 38 to 47, 
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October and November. 


11 

12 

13 

14 

10 

16 

17 

18 

19 

20 

21 

22 

23 

24 

+ 000002 

+ 000004 

+ 000004 

+ 000006 

+ 000006 

+ 000008 

- 000002 

- 000008 

- 000008 

- 000005 

oooooo 

+ 000006 

+ 000010 

+ 000016 

- 000009 

- 000001 

+ 000018 

+ 000016 

+ 000018 

+ 000010 

+ 000006 

- 000003 

- 000008 

- 000004 

+ 000001 

+ 000008 

4- 000009 

+ 000012 

- 000004 

+ 000002 

+ 000006 

+ 000007 

+ 000006 

- 000003 

- 000003 

- 000003 

oooooo 

+ 000002 

+ 000003 

+ 000005 

+ 000002 

! + 000008 

+ 000012 

+ 000011 

+ 000008 

+ 000006 

+ 000006 

+ 000002 

+ 000001 

- 000001 

- 000004 

- 000004 

- 000006 

- 000003 

oooooo 

+ 000001 


and 14, the several values of the typical variations f(h) were obtained as follows 


33. 


11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

-’000001 

’000000 

+ 000002 

oooooo 

OOOOOO 

- 000001 

- 000002 

- 000004 

- 000004 



+ 000009 

+ 000012 

+•000009 

+ 000001 

+ 000001 

oooooo 

- 000001 

- 000002 

- 000002 

- 000004 

- 000001 

+ 000004 



OOOOOO 

- 000005 

- 000004 

+ 000003 

+ 000006 

+ 000006 

+ 000006 

+ 000003 

- 000004 

- 000013 

- 000024 

- 000029 



+ 000008 

+ 000027 

+ 000039 

- 000001 

+ 000001 

+ 000004 

+ 000007 

+ 000010 

+ 000010 

+ 000008 

+ 000004 

+ 000004 

+ 000003 

+ 000002 

OOOOOO 

-000003 

OOOOOO 

- 000002 

-’000002 

- 000001 

- 000002 

- 000002 

- 000001 

+ 000002 

+ 000002 

+ 000003 

+ 000004 

+ 000007 

+ 000004 

OOOOOO 

-000002 

+ 000003 

+ 000006 

+ 000006 

+ 000004 

+ 000002 

- 000001 

- 000006 

- 000010 

- 000010 

- 000005 

+ 000002 

+ 000014 

+ 000021 

+ 000020 

oooooo 

- 000001 

- 000002 

oooooo 

OOOOOO 

- 000001 

- 000001 

- 000001 

OOOOOO 

+ 000001 

+ 000002 

+ 000004 

+ 000002 

- 000001 

- 000002 

- 000001 

- 000003 

- 000004 

- 000006 

- 000006 

- 000005 

— ’000004 

-000002 

oooooo 

+'000002 

+*000004 

+ 000006 

+ 000005 

+ 000005 

+ 000004 

+ 000004 

+ 000002 

*000000 

- 000008 

- 000002 

oooooo 

+ 000003 

+ 000006 

+ 000008 

+ 000007 

+ 000001 

-000005 

oooooo 

oooooo 

-000001 

- 000003 

- 000002 

- 000002 

OOOOOO 

- 000001 




- 000002 



+ 000001 

+ 000002 

+ •000002 

+ 000002 

+ 000002 

+ 000001 

OOOOOO 




- 000004 

- 000002 


"* 133 

- 000002 

i 

- 000001 

+ 000001 

+ 000002 

+ 000003 

+ 000006 

i 

+ 000010 





- 000007 









- *000001 

- 00000! 

+ 000001 

+ 000004 

+ 000007 

+ 000008 

+ 000008 

+ 000008 




- 000002 




- 000001 

+ 000006 

+ 000007 

+ 000010 

+ 000008 

+ 000007 

+ 000008 








- 000004 

- 000008 

- 000009 

- 000007 

- 000002 

+*000002 

+ 000006 
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28. On these curves we first remark that, as at Bombay, the variations of the f. ](/?<) 
and f s i(h) types are quite subordinate in magnitude to those of the/ cs (/i) type; that the 
fc dfi) curve is twice reversed in the course of the year, and that, whilst for December 
and January (fig. 17) it has a greater range than the corresponding winter curve 
(fig. 1) for Bombay, the reverse curve for July to September (fig. 20) has a smaller 
range than the corresponding autumn curve (fig. 4) for Bombay. The relation of the 
f cZ (h) curves of the two stations generally is such that the superposition of a constant 
variation of the character of the winter f G % (K) curve, bub of smaller range, upon the 
Bombay curves for each season would convert these into curves having the same prin¬ 
cipal characteristics as those of the same season for Trevandrum, and, in agreement 
with this, the reversal in the first half of the year occurs later at Trevandrum than at 
Bombay, and the reversal in the last half-year occurs earlier than at Bombay. 

And here again we must insist on the reality of the variations now brought to light 
as true physical phenomena, which exhibit themselves not alone at a single point on 
the earth’s surface, but are well marked in the observations of two stations that differ 
by nearly ten degrees in latitude, and the observatories at which were necessarily fur¬ 
nished with independent instruments, and had independent directors. 

Postscript. 

(Added September 23,1886.) 

The late John Allan Broun, in discussing the Trevandrum observations for the 
ten years 1854 to 1864, came to the conclusion that in the lunar diurnal variations of 
declination in each month of the year the amount of movement is, as in the solar 
diurnal variation, greater during the day than during the night; and the writer of 
this paper has shown in it that in each of four seasons of the year the same holds at 
Bombay with respect both to the declination and horizontal force. Whilst admitting, 
however, that Broun has priority of publication of this fact as regards the declination 
vandram* the writer avers that he has in no way been guided by Broun’s 
previous* hivesrigation, nor was he aware of the existence of Broun’s paper * when 
he made the discovery with respect to the declination at Bombay. Moreover, the 
writer s line of investigation was that of Sabine, modified by himself, and not that of 
Broun ; and an account of the first results of its employment was read before the 
Boyal Society on the 1st February, 1872, a date antecedent to the reading of Broun’s 
paper before the Boyal Society of Edinburgh, which did not take place till the 
fith May, 1872. The writer also readily acknowledges that in the paper already 
refereed to Broun enunciated some relations of the movements near sunrise in the 
ta^<fena! variations of declination in different months, which relations fit in well 
with idealof $ luni-solar variation when once that idea is conceived; but he finds 
J 4 ’ 

* * Transactions of tie Royal Society of Edinburgh.,’ rol. 26, page 735. 
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no trace of that idea in any of Broun’s writings. Neither does he find in Broun’s 
writings any of the following results that are described in the present paper, viz. — 

(1.) The discovery of relations subsisting between the lunar diurnal variation of 
declination as a whole at one phase of a lunation with the same at other phases in 
each season of the year [this as distinguished from the movements that occur near 
sunrise, and the nature of which was described by Broun]. 

(2) The discovery that a part, being the bulk of the whole, of the lunar diurnal 
variation runs through a cycle of change in a lunation; to this part the name of the 
luni-solar variation is given. 

(3.) A hypothesis is advanced—a hypothesis of phenomenal relations and not of 
physical causation—that the luni-solar variation of a given season is a combination of 
solar diurnal variations of constant types that go through cycles of wave-likfe change 
of amplitude in the periods of a lunation, half a lunation, &c., &c., and a formula is 
found to give expression to this hypothesis. 

(4.) Following up this hypothesis, the observations of declination for the quarter 
November to January of the years 1846 to 1870 are divided into categories of solar 
days according to the age of the moon; and the excess solar diurnal variation—the 
excess over the mean solar diurnal variation for the approximate full lunation—is 
entered in the Tables for each day, and the mean value is calculated for each category. 
Curves representing these mean excess solar diurnal variations for each day of the 
moon’s age are found to agree fairly well with the formula expressing the luni-solar 
variation of the quarter November to January, a result which tends to confirm the 
hypothesis. 

(5.) The mode of change, from season to season, of the character of the elements of 
the luni-solar variations is described. 

(6 ) All the results, without exception, of the investigation with reference to the 
lunar variations of horizontal force must be placed on this list. 

(7.) That the luni-solar variations of decimation are related to those of the hori¬ 
zontal force in the following manner, viz. :— (a) In the winter season the luni-solar 
variation of declination due to any phase of the moon is similar to the luni-solar 
variation of horizontal force due to a phase later by one-eighth of a lunation; and 
(6) in the summer and autumn seasons it is, on the other hand, the luni-solar varia¬ 
tions of horizontal force that precede by an eighth of a lunation the similar variations 
of declination. 

(8.) It is shown that, when the Bombay observations have pointed the way, 
Broun’s determinations of the lunar diurnal variations of declination at Trevandrum 
for the four quarters of the moon in each month of the year, when properly treated, 
support the hypothesis of result (3), 
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II On the Properties of Matter in the Gaseous and Liquid States under various 

Conditions of Temperature and Pressure * 

By the late Thomas Andrews, M.D , LL D , F.R S 

Communicated by Professor Stokes, D.C.L., P.R.S. 

Received February 7,—Read March 18, 1886 

According to Dalton, the particles of one gas possess no repulsive or attractive 
power with regard to the particles of another gas; and accordingly, if m measures of a 
gas A be mixed with n measures of another gas B, each will occupy m-\-n measures of 

space. The density of A in such a mixture will he and of B, the pressure 

upon any one particle of such a gaseous mixture arising solely from particles of its 
own kind. “ It is scarcely necessary,” Dalton remarks, “ to insist upon the applica¬ 
tion of this hypothesis to the solution of all our difficulties respecting the constitution 
of mixed gases where no chemical union ensues. The moment we admit it every 
difficulty vanishes. The atmosphere, or, to speak more properly, the compound of 
-atmospheres, may exist together in the most intimate mixture without any regard to 
their specific gravities, and without any pressure upon one another. Oxygen gas, 
azotic gas, hydrogenous gas, carbonic acid gas, aqueous vapour, and probably several 
other elastic fluids, may exist in company under any pressure, and at any temperature, 
without any regard to their specific gravities, and without any pressure upon one 
another, while each of them, however paradoxical it may appear, occupies the whole 
space allotted to them all.”+ 

In conformity with this law, G-ay Lussac found that the vapours of alcohol and 
water mix like two gases which have no action upon one another. The density of the 

* The manuscript of tins memoir was found among the author’s papers, aud was sent to me by 
Professor Tait, who thought that, as the former papers on the same subject were published in the 
* Philosophical Transactions,’ the manuscript ought to be submitted to the Royal Sooiety. It has every 
appearance of being complete, though probably intended to be, in part at least, fair-copied before presen¬ 
tation. It was without title, but the title has been supplied from an earlier draft This title shows that 
the paper must have been written a great many years ago, while Dr. Andrews was still connected with 
Queen’s College, Belfast. For many years before his death the state of Dr Andrews' health prevented 
him from continuing his scientific labours, even to the extent of preparing for publication an account of 
the results at which he had arrived in an investigation which was doubtless carried on with that con¬ 
scientious accuracy which characterised all his wort —G. G- S. 

f ‘ Manchester, Phil Soc. Mem.,’ vol. 5, 1802, p. 543 
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mixed vapours agreed closely with, the density calculated according to Dalton s law. 
In 1836 Magnus published an important memoir on the same subject. He found that, 
if two liquids which do not mix with one another are introduced into a barometer 
tube, the tension of the mixed vapours at any temperature is equal to the sum of the 
tensions of th e vapours of the two liquids. JBut when the liquids have the property 
of mixin g with one another the behaviour of their vapours he found to be altogether 
different. The tension of the mixed vapours was no longer equal to the sum of the 
tensions of each vapour separately. This statement appears at first view to contradict 
the experiments of Gay Ltjssao, but, as Magnus himself has pointed out, the condi¬ 
tions under which the observations of the two eminent physicists were made were 
essentially different. In the experiments of Gay Lussac the mixed liquids were 
wholly converted into vapour, and therefore the mixed vapours formed were not in 
contact with any liquid, while in those of Magnus an excess of the mixed liquids was 
always present, and in contact with the vapour, t 

The same subject was afterwards investigated with great care by Begnault in his 
elaborate work on the elastic force of vapours. His experiments were made by a 
similar method to that adopted by Magnus, but they embrace a larger number of 
bodies, and the results are given in fuller detail. The conclusions at which Begnault 
arrived are the same as those previously stated by Magnus, viz., that two volatile 
liquids, which are not capable of dissolving each other, give a vapour tension equal to 
the sum of the tensions which the same liquids give separately, but that two volatile 
liquids, which are capable of dissolving each other, give a complex vapour whose 
tension is always less than the sum of the tensions of the vapours of the two liquids, 
and often less than the tension of the vapour of the more volatile liquid alone. | 

The case of the elastic force or tension of a mixture of gas and vapour has also been 
investigated by Begnault. In his earlier researches on this subject he found the 
elastic force of aqueous vapour, at the point of saturation, m presence of air or 
nitrogen, to he always a little feebler than its elastic force in vacuo . The difference 
was, however, small, rarely exceeding one-fifbieth of the whole tension, and Begnault 
i& Jus earlier investigations was inclined to attribute it to some constant error in his 
method. § In Ibis later researches he returned to the same subject, and in order to aid 
in the solution of the question he made a number of direct determinations of the 
density of the vapour of water within the limits of temperature at which he had 
formerly worked. He also extended his experiments to mixtures of air with vapours 
of other liquids more volatile than water. The results he obtained were in accordance 
.Dalton’s law, provided the mixed gas and vapour were compressed so as to 

•whore Gay 


Ctumie,’ vol. 95,1815, p. 814; Biot, * Trait4 de Physique,* vol. I, p. 298 
first described * 
rob 3$, 1836, p. 488, 

Sciences/ yol. 26,1862, pp, 722 and 729. 
ifeIS, 18*5, p. 137. 
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cause an abundant deposition of liquid, and the observations were made immediately 
after the application of the pressure. The slight deviations from that law under other 
conditions of the experiment he attributed to the hygroscopic affinity of the sides of 
the containing vessel, which condense a portion of the vapour and lower its tension 
below that due to saturation As the result of all his observations, Regnault con¬ 
cludes that the law of Dalton may be considered to be theoretically true m the case 
of mixtures of gases and vapours, and that it would probably be in all cases verified 
rigorously by experiment if the mixed gas and vapour could be enclosed in a vessel 
whose sides were formed of the volatile liquid itself * 

The only experiments, so far as I know, on the effects of pressure upon mixtures of 
the ordinary gases are a few recorded by Regnault on mixtures of atmospheric air 
and carbonic acid, and of hydrogen and sulphurous acid. The observations were made 
within limits of pressure extending from two-thirds of an atmosphere to two atmo¬ 
spheres, and the results indicated that within these limits the compressibility is inter¬ 
mediate between that which each gas, if isolated, would exhibit for the same variations 
of pressure.! 

The result of these experimental investigations is to confirm, with one exception, 
the law of Dalton for all cases of mixtures of gases or of vapours, or of gases and 
vapours which have no chemical action upon one another. The exception referred to 
is that of a mixture of vapours derived from liquids capable of dissolving one another, 
and in presence of the compound liquid. To such a case the law of Dalton, as 
originally enunciated, is clearly inapplicable, since chemical affinities come into play 
which disturb the result. The diminution of volume and disengagement of heat which 
occur when water and alcohol in the liquid state are mixed prove, as Gay Lussao 
long ago pointed out, that there is a well-marked affinity between those liquids, 
resulting in the formation of a chemical compound, and that it is the tension of the 
vapour of this compound which is actually observed. * 

It would, however, be a hasty inference to conclude that the law of Dalton has 
been fully established by experiment, the more so as in none of the investigations to 
which I have referred was the pressure carried beyond two atmospheres. As the 
apparatus described in my former communications was well adapted to this inquiry, J I 

* ‘ M&noires de l’Academie des Sciences,’ vol 26, 1862, pp 680-696 
t Ibid , p. 258. 

$ The following foot-note occurs in the earlier draft — 

“ I wish here to supply an omission m my former paper, and to explain, for the information of 
f otnre experimenters, the mode of packing the screwB and of connecting the glass tabes with the metallic 
flanges In fig. 3 of the plate accompanying this paper a section of the steel screw is shown, from 
which it will be seen that the screw enters a female screw m the flange (fig 7) for about half an inch, 
ft-nS afterwards a leather packing of more than one inch in length This packing is formed of a number 
of circular (Luka of leather punched through in the centre and saturated m vacuo with melted lard 
After each disk is introduced it is pressed firmly into its place in the flange hy hammering lightly with 
a wooden mallet upon an iron bolt, which fitted loosely the cylindrical cavity. The flange, when 
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Lave examined •with caro the behaviour of a mixture of nitrogen and carbonic acid 
gases under varied conditions of pressure and temperature. According to the defini¬ 
tion I ventured formerly to give of a vapour, viz., that it is a gas at any temperature 
below its critical point, that is to say, at any temperature at which it can he 
changed by the application of external pressure to the liquid state, carbonic acid is a 
vapour at temperatures below 31° C., and a*gas proper at higher temperatures. 
Accordingly the properties of the mixture of nitrogen and carbonic acid havo been 
examined at temperatures both above and below the critical point of pure carbonic 
acid. 

The gaseous mixture, carefully dried, after flowing through the tube in which it was 
to be compressed, was collected over mercury and analysed. After all reductions were 
made its composition was found to be 

3 vol. C0 3 and 4'05 vol. N. 

At the conclusion of the long series of experiments now to be described, which 
occupied several months, during which this mixture was exposed from day to day to 


filled ■with its packing, was strongly clamped upon the odge of a table, the flat surface resting on 
the table, and the steel sorew afterwards turned till it passed through the packing and ordered tho 
table for a short way. On removing the fiango from tho tablo, tho leather was always found to project 
beyond the surface of tho brass j it was cut away till it formod a thin cylinder round tho screw, which* 
cylinder was afterwards strengthened by tying it with a silk throad, I havo boon thus minute in 
describing this operation, as a sorew successfully paokod in this way will resist for many months a 
pressure of several hundred atmospheres. Tho upper flango which carried the glass tube was traversod 
by a cylindrical cavity terminating m a hollow cone, and tho glass was fashioned into a form which, 
when covered with its packing, fitted into this cavity. Tho packing was effected by rolling round tho 
glass cone and cylinder several strands of a fine hempen throad covered with shoemaker’s wax, which 
was applied slightly heated The flange was then warmed, and the glass tube vory firmly prossod down 
into its place, and the whole allowed to coo], A junction of this kind will also bear a pressure of 
several hundred atmospheres without yielding.” 

The following ib given in the text of the same draft:— 

“ So perfectly did -the apparatus work that in a long investigation, extending over several months, 
during which the apparatus was never dismounted, I w&8 able without any difficulty to make a con¬ 
tinuous series of experiments at pressures varying from 50 to 800 atmospheres, and to read the olianges 
of volume of the gases of these pressures in glass tubes with almost as great ease as an ordinary 
barometer. One precaution only requires to be mentioned. If the pressure is either largely augmented 
or diminished in the oourse of an experiment, the readings should not be made for some time after, as 
the apparatus, without the slightest leakage, takes time to adjust itself to the new condition, I presume 
jt is the slow ohangeof volume in the leather packings to which this is due. Indeed, the effect is equally 
marked on taking off the pressure suddenly as on augmenting it. The mercury in the manometer will 
.rfstji in the former case, visibly to the eye for some time. When working at very high pressures, I was 
y in. the habit of making the observations as quickly as possible after eaoh augmentation of 
since I discovered the ferae action of the apparatus I have always given time for all tho 
parts to adjust themselves ? to the new condition, when the readings can be made with great ease and 
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pressures varying from 40 to 300 atmospheres, it was again analysed as it existed in 
the tube, and found to consist of 

3 vol. C0 2 and 4 02 vol. N 

In the following Tables p is the pressure as indicated by a hydrogen-manometer, 
t the temperature of the manometer, e a fraction representing the ratio of the volume 
of the mixture after compression to its volume at the temperature t' under one atmo¬ 
sphere, t’ the temperature of the mixed gases, and 0 the volume which 1 volume of 
the mixture measured at 0° and 760 millimetres would occupy, at the temperature at 
which the observation was made, and under the pressure indicated by the hydrogen- 
manometer. 


Table I.—Compressibility of 3 v. C0 2 -|-4 v. N at 2 0, 2. 


p 


42 05 
48 68 
51-64 
54 73 
58-43 
62-63 
67 20 
79 47 
87 73 
97 21 
108-60 
123-40 


t 


7 30 
7 30 
7 22 
7-26 
7 21 
7 21 
7 20 
718 
7-17 
717 
717 
717 


£ 


1 

47 18 
1 

1190 

1 

0 0 0 7 
1 

S4 OB 
1 

60 28 
1 

7 B 4 8 

_1_ 

88 04 
1 

101 O 
1 

114 4 
1 

180 7 
1 

181 O 
1 

177 a 


t 


2 32 
2 34 
2 08 
2 38 
2-06 
210 
216 
2 21 
2-21 
217 
221 
2 25 


6 


0 02138 
0 01805 
0 01681 
0 01575 
0 01455 
0 013S8 
0 01229 
0 00998 
0 00881 
0-00772 
0 00668 
0 00568 


[In the following Table the denominator of e in the second line is given in both 
manuscripts as 49‘06, which must have been an error of copying. 46*09 corresponds 
with 0.—G. G. S.] 


it 


MbccoLicxxvir.— a. 
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Table II.—Compressibility of 8 v. C0 3 and 4 y. N at 7 0, 5. 


p 

t 

fi 

t' 

6 

39 68 

7 47 

4 3 7 4 

7-50 

0-02350 

41 56 

7-48 

4 0 0 0 

7-50 

0-02231 

43 66 

7 42 

1 

* » 7 B 

7 50 

0-02109 

46 00 

7 46 

,_X_ 

0 10 7 

7 53 

0-01987 

5148 

7 48 

_X 

on on 

7 51 

0-01741 

54 75 

7 42 

_X 

0 3 J4 £ 

7-59 

0 01(525 

58 24 

7-54 

__1_ 

(IN OO 

7*50 

0 01512 

62 46 

7 50 

_ 1 

7 8 0 0 

7*50 

0-01391 

67 07 

7-48 

8 0 0 0 

7-50 

0-01274 

<T 

CO 

o 

o 

7-59 

_1 

H 1? 7 

7-50 

0-01149 

79 22 

7-65 

. 1 

0 018 

7*51 

0-01054 

87*20 

7 55 

_1 

1 1 1 *0 

7-50 

0-00926 

96-50 

7-80 

1 

19 8 0 

7-08 

0-00808 

108-70 

7-54 

L X_ 

1*8 8 

7*48 

0-00691 

144*00 

7-58 

J 

uo 7 n 

7 54 

0-00495 

106-40 

7*79 

t ^ 

ai/^o 

7-50 

0-00422 

173*40 

7-63 

i 

3 5*7 

7-49 

0*00404 

215-70 

7-67 

_ 1 

3 0 0 0 

7-50 

0-00332 

283 90 

7 58 

_ 1 _ 

3 7 7 0 

7*49 

0-00272 


Table III.—Compressibility of 3 v. C0 3 and 4 v. N at 31°*3. 



t 

8 


i 

6 

42*26 

11*61 


X 

* o*o 6 

31-35 

0*02445 

49*43 

11*94 


i 

B« 80 

31-31 

0*02055 

65-82 

11*86 


eaVa 

81*21 

0*01795 

63*87 

12-88 


_1_ 

7 2 3 S 

31*40 

0*01542 

72-34 

12-38 


1 

88*0 

31*14 

0*01837 

89-26 

12*38 


X 

xoc*"e 

31*06 

0*01045 

! ; 110*00 

U;96 


ITaV t 

81*36 

0*00816 

fv 

f f {" mi f 0 

11*63 


1*0 8 

31*35 

0*00586 

u*?o 


290*0 

31*30 

0-00377 

!? . ’ 



- - _ ... 
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Table IY. — Compressibility of 3 v. CO a and 4 v. N. at 48 0, 4. 


p 

t 

£ 

if 

e 

41 90 

8 39 

1 

44 60 

48 22 

0 02635 

48-80 

8 42 

1 

02 0 0 

4811 

0 02239 

55 86 

12 06 

1 

0 110 

48 48 

0 01929 

6418 

12-08 

1 

70 02 

48 43 

0 01662 

72 54 

1218 

1 

81 5-fl 

48 66 

0 01448 

110 50 

12-36 

1 

1314 

48 38 

0 00896 

147-10 

12 36 

1 

182 3 

48 49 

0 00646 

223-60 

12 40 

1 

2 7 6 5 

48 47 

0 00430 


No liquid carbonic acid was formed in any of these experiments, although the 
experiments in the first series were made at a temperature 29° below the critical 
point of pure carbonic acid. The results of the foregoing experiments are represented 
graphically in the following figure, in which the curves for the different temperatures 
present a remarkable similarity of form, giving no clear indications of a difference of 
character for temperatures above and below 31°. 


Eig. 1 



If we assume Dalton’s law to be true, and Boyle’s law to be true in the case of 
nitrogen for the pressures employed, the following curves will represent the changes 
of volume of the carbonic acid in the mixture at the indicated pressures and 
temperatures. [See fig. 2, which is taken from a provisional figure in the MS.] 

I have endeavoured to ascertain approximately the form of the carbonic acid curve 
in this mixture, assuming as sufficiently accurate for my purpose that nitrogen in 
contracting obeys the law of Boyle , but the curves so obtained, although they give 
indications of a fall to the liquid volume at the two lower temperatures, are wholly 

' ■ H 2 
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different from those for the umnixed gas. It is manifest, therefore, that the law ol 
Dalton does not hold under the conditions of these experiments. Like the other 
laws of the gaseous condition of matter, it appears to be strictly true only in the 
(ideal) perfect state. The small differences in the elastic force of aqueous vapour 
when alone and when mixed with air, as given in the original experiments of 
Regnault, are, it is highly probable, due, not to accidental or extraneous causes, but 
to the law of Dalton being only approximately true in the case of such a mixture of 
gas and vapour. 

Pig. 2. 



"7 


As no liquid was formed in any of these experiments, it follows that the admixture 
of carbonic acid with a permanent gas, such as nitrogen^ has the effect of lowering the 
critical point or critical temperature. It will he remembered that for pure carbonic 
acid the critical temperature is 30’9°. In order to examine the phenomena with more 
precision, mixtures of carbonic acid and nitrogen were taken containing a smaller 
proportion of nitrogen than the foregoing. 

With a mixture of 6*2 vol, carbonic acid and 1 vol. nitrogen, and which therefore 
led 18‘l per cent, of nitrogen, liquid first appeared at the temperature of 3°*5, 
was raised to 48*3 atmospheres, As the pressure was increased 
the volume of the liquid augmented, and after each increase of pressure the 
liquid continued for some time slowly to augment. Thus at 82 atmospheres the 
relative volumes of gas and liquid in the above mixture were at first 8*5 and 5*8, but 
on leaving the apparatus to itself there was a small increase in the volume of the 
liquid. When the pressure was raised to 102 atmospheres the volume of the gas, at 
first 1*T, gradually diminished till it became reduced to a minute globule, which also 

1, the nitrogen dissolving in the liquid carbonic acid. These are the 
hf the eokfeion of a gas in a liquid, the gas retaining the form of 
V fbllgtir© 3a, till it finally disappeared. But on repeating 
temperatures the phenomena exhibited were very different. 





GASEOUS AND LIQUID STATES UNDER VARIOUS CONDITIONS 


53 


The temperature being kept steady, the liquid carbonic acid appeared at first with, 
the usual concave surface, and on augmenting the pressure its volume for some time 
steadily increased without any marked change in its appearance (fig. 3, b). By further 
increase of pressure, the surface of separation became a faint line without curvature 
(fig 3, c), and on continuing the pressure it finally disappeared, the whole mass 
assuming the homogeneous state (fig. 3, d). 


Eig 8 



The position of the surface of separation in the tube before it disappeared depended 
upon the temperature at which the observations were made. At 14° the liquid 
occupied about two-thirds of the entire space just before the surface was effaced. 

It is difficult to fix with precision the exact pressure at which for a given tempera¬ 
ture the last trace of the surface of separation disappears, but a definite point can be 
obtained if, after having completely effaced the surface by pressure, we diminish the 
pressure till a cloud appears, when the liquid surface in a faint form is immediately 
restored (fig. 3, e). The appearance of this cloud is remarkable. It occupies several 
millimetres of the tube, and as it subsides the plane surface of separation appears, 
not in the middle of the space occupied before by the cloud, but'about one-third from 
the lower end. * 

For a mix ture composed of 1 volume of nitrogen and 3 *43 volumes carbonic acid, 
or con taining 22*5 per cent, nitrogen, the critical point of temperature was found to 
be 14°*0, and the corresponding pressure 98 atmospheres. This point was determined 
by gradually lowering the temperature till it was just possible to obtain a small trace 
of liquid by the application of pressure. With this mixture a number of experiments 
were made at lower temperatures than the critical point (14°), in order to fix the 
pressures at which, for the same temperature, the liquid first appeared, and was after¬ 
wards effaced. As it was difficult to fix the latter point directly with precision, 
I found it better in the first place completely to efface the liquid, and afterwards to 
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remove the pressure till the cloud appeared. In this way precise and concordant 
results were obtained. 

At the temperature of 6°*3, liquid first appeared when the pressure was raised to 
687 atmospheres, and, after being effaced by pressure, it reappeared at 113'2 
atmospheres. 

At 9°*9, liquid appeared at a pressure of 77*6 atmospheres, and, after being effaced 
by pressure, it reappeared at 107*8 atmospheres. 

At 13°*2, liquid appeared at 91 6 atmospheres, and, after being effaced by pressure, 
it reappeared at 103*2 atmospheres. 

It is evident that, as we approach the critical point, the pressures at which the 
liquid first appears, and after being effaced reappears, will come almost exactly to 
coincide. This pressure, as already stated, for the mixture under examination was 
98 atmospheres. If we take the mean of the pressures at which the liquid appears 
and reappears after being effaced for the above temperatures, we shall have the 
following results:— 

0 Atmospheres, 

6*3.90*9 

9*9.92*7 

13*2.97*4 

14*0.98*0 

The last numbers are the temperature and pressure for the critical state of the 
mixture. 

In making these experiments, it was found convenient to modify the form of the 
apparatus by bending the carbonic acid tube before introducing it into the apparatus, 
as shown in the annexed figure. On compressing the mixture below the critical 


Eig.4 



id accumulated in the lower end of the tube, although a 
formed ‘in contact with the mercury. But the latter portion 
1 the liquid collected below. 
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I was long perplexed with anomalous results, the carbonic acid sometimes liquefying 
by the application of pressure at temperatures above 20°, at other times refusing to 
liquefy at temperatures several degrees below that point. After many trials these 
irregularities were at last traced to the gaseous mixture having separated into two 
portions, one rich and the other poor in carbonic acid, when the pressure was reduced 
after liquefaction so as to convert the whole mixture into the gaseous state In this 
case the lower end of the tube, which had been before occupied by the liquid, 
contained a large excess of carbonic acid, particularly if the tube had been previously 
exposed to —10° so as to liquefy nearly the whole of the carbonic acid m the mixture. 
On reducing the pressure so as to restore the carbonic acid to the gaseous state, and 
raising the temperature to 26°, I have succeeded in liquefying the carbonic acid by 
the application of pressure alone at this temperature, provided the experiment was 
performed without loss of time. But, on allowing the mixture to remain for some 
time in the gaseous state, diffusion gradually occurred, and the temperature at which 
liquefaction was possible underwent a corresponding reduction. The diffusion was nob 
complete for several hours, after which no liquid was formed by the application of 
pressure till the temperature was reduced to 14°. The true critical point for this 
mixture was therefore just below 14°, and when liquid was formed by pressure at 
higher temperatures it arose from carbonic acid gas bemg present in excess in the 
lower end of the tube. 

Advantage was taken of this mode of separating a mixture of nitrogen and carbonic 
acid to ascertain whether any or what change of volume occurs in the diffusion of 
these gases at high pressures. For this purpose the gases were left for about twenty 
hours under nearly the same pressure as that at which the observations were subse¬ 
quently made. The volume of the mixture was then carefully read at a fixed 
temperature and pressure. The mixed gases were now exposed to high pressure at 
the temperature of ^-12° so as to liquefy the carbonic acid. They were again restored 
to the original pressure and temperature, and the volume was read. It was always 
found to have increased, usually about one-sixtieth part. On allowing the whole to 
remain at rest, and preserving the temperature and pressure steadily the same, the 
original volume was gradually restored by the expansion which occurred as the gases 
slowly diffused into one another. In an hour and a half the mixture had recovered 
four-fifths of the first contraction. On the other hand, the application of strong 
pressure at temperatures at which no liquefaction occurred did not produce any 
change in the volume of the mixture when the original temperature and pressure were 
restored. The following are the details of three sets of observations:— 

At 8 Q, 5, and under a pressure of 46*4 atmospheres, the volume of the mixed gases, 
after complete diffusion for many hours, was found to be 162*2. After liquefying the 
carbonic acid by strong pressure at —12°, and again restoring the temperature to 8°*5 
and the pressure to 46*4, the volume of the mixed gas was reduced to 159*5, a con¬ 
traction of 2*7 volumes having taken place from the separation of the diflused gases. 
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In an hour and a half diffusion had partially occurred and the volume bad increased 
to 161*5. 

At 16°*0, and under a pressure of 47*9 atmospheres, the volume of the mixture was 
164*6; after liquefaction of the carbonic acid and restoration of the original tempera¬ 
ture and pressure the volume was 161*9, or a contraction of 2*7 volumes. In an 
hour and a half the volume had increased to 164*1. 

Similar experiments at 20°, and under a prossure of 46*4 atmospheres, gave a 
reduction of volume from 175*8 to 173*5 after separation of the gases. 

It hence appears that when carbonic acid and nitrogen diffuse into one another fit 
high pressures an increase of volume takes place; and, on the other hand, when they 
are separated from one another there is a diminution of volume. A similar change of 
volume no doubt occurs at ordinary pressures, but its amount would be so small as to 
render the observation difficult. The result now described is the reverse of what 
commonly happens when liquids diffuse into one another, but it is in accordance with 
what might be expected in the case of the diffusion of two bodies such as carbonic 
acid and nitrogen of unequal compressibility, and which do not combine with one 
another. 

The following are the general conclusions to which this inquiry has led:— 

1. The law of gaseous mixtures, as enunciated by Dalton, is largely deviated from 
in the case of mixtures of nitrogen and carbonio acid at high pressures, and is 
probably only strictly true when applied to mixtures of gases in the so-called perfoot 
state. 

2. The critical point of temperature is lowered by admixture with a permanent gas, 

3. When carbonic acid gas and nitrogen diffuse into each other at high pressures 
the volume of the mixture is increased. 

4. In a mixture of liquid carbonic acid and nitrogen at temperatures not greatly 
below the critical point, the liquid surface loses its curvature and is effaced by the 
application of pressure alone, while at lower temperatures the nitrogen is absorbed in 
the ordinary way, and the curvature of the liquid surface is preserved so long as any 
portion of the gas is visible. 
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In a memoir published in the Royal Society's ‘Philosophical Transactions,’ 1886 
(Part L), p. 123, “ On the Thermal Properties of Ethyl Alcohol,” we gave the results 
of a research on the vapour-pressures of alcohol, the densities of its vapour—both 
unsaturated and saturated—and the expansion and compressibility of liquid alcohol 
at various temperatures; and from these data were deduced the amounts of heat 
required to vaporize alcohol at those temperatures. Our object m these researches 
has been to compare carefully the behaviour of stable with that of unstable bodies, 
and, if possible, to acquire some clear ideas of the nature of chemical combination 
But, as the properties of stable bodies are still to a great extent unknown, we have 
deemed it advisable to extend our research with the view of investigating this 
relationship; and for that purpose we have made a similar series of measurements 
of the thermal constants of ethyl oxide (C 2 H 6 ) 3 0. The data, and the deductions from 
the data, are the subject of the following memoir. 

Experiments on the vapour-pressure, vapour-density, expansion, and other pro¬ 
perties of ether have been made by Regnault, Kopp, Piekre, Mendelejeef, 
Avenarius, and others, and their results shall be quoted when necessary. 

Preparation of Pure Ether. 

A quantity of absolute alcohol was converted into ether by means of sulphuric acid 
in the usual way. The distillate was first shaken up with caustic soda, to remove 
sulphurous anhydride, and was then redistilled. In order to remove a great part of 
the alcohol m the distillate, it was allowed to stand over calcium chloride, and again 
distilled. It was then repeatedly shaken with water to remove the last traces of 
alcohol, and it was then again dried with calcium chloride and distilled. The distillate 
was cohobated with metallic sodium until gas ceased to be evolved; it was then 
distilled from the sodium, and left in contact with clean, fresh sodium for many 
months. It was again distilled, and was found to boil with absolute constancy at 
34*72° at a pressure of 763*1 millims. The thermometer used was graduated in 

I 23 5.87 
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tenths of a degree, and had been frequently tested and indirectly compared With an 
air thermometer. In order to exclude water, the ether was preserved in a stoppered 
tube with a mercury joint above the stopper. 


Pig. 1. 



Apparatus employed. 

Three different pieces of apparatus were employed in this research. 

One for the determination of vapour-pressureB at low temperatures. The apparatus 
has already been described in the * Philosophical Transactions ’ for 1884, p. 37, and an 
|te®^d form in the ‘Journal of the Chemical Society’ for 1885, p. 42, As it was 
an india-rubber joint in presence of ether, a tight glass stopcook, 
^wWfe^^^% J deliquesced phosphoric anhydride, was substituted. 

* the Saturated and unsaturated vapour at low temperatures were 
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determined by an apparatus modified from that devised by Professor Hoitcantst. The 
form adopted was simpler than that employed in the research on alcohol. The 
graduated tube A (fig. 1) was completely filled with warm dry distilled mercury; the 
ether, contained in a small light bulb, was introduced; the tube was then inverted into a 
temporary mercury-trough B, on the top of a large india-rubber cork C, which closed 
the top of a large glass jar D, full of mercury, and communicating with the reservoir 

Fig. 2 



by means of a hole through the cork. Through this hole the tube was inserted, and 
pushed down, un til its extr emit y was distant from the bottom of the jar about 
2 centime. A quantity of mercury was then forced out of the jar through the 
tube E, which did not dip so deeply into the mercury as the graduated tube. The 
tube E was then permanently closed. The tube E, which just passed through the 
cork, was connected with a pump and gauge, by means of which the pressure on the 
surface of the mercury could he altered and read. 

I 2 
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To find the weight of ether employed, the graduated tube was jacketed with the 
vapour of alcohol, boiling under atmospheric pressure. For lower temperatures the 
tube was surrounded with flowing water. 

The constants at high temperatures were ascertained by help of the apparatus 
employed in our research on alcohol, which will now be described 

The body of the apparatus consists of a wrought-iron tube A (fig. 2), firmly fixed in a 
horizontal position by being clamped in a vice. As in Andrews’s apparatus, ono end 
is closed by a cap B, through which an iron screw passes, the joint being made tight 
by a packing of greased leather in which the screw 0 works, passing through the 
interior of an india-rubber cork, which closely fits the cap. On screwing on the cap, 
the india-rubber is compressed, so that a very high pressure can be withstood without 
leakage. The iron tube has no opening at the other end, but is provided with three 
vertical branches, D, E, and F, closed in a similar manner by iron caps, through 
which the gauges and the experimental tube pass. The gauge G is intended for 
registering high pressures, and H for low pressures. To the open end of G is sealed 
a glass reservoir, of known capacity, while H is a plain tube, constricted at one end. 
These, and also the experimental tube, which is also constricted at its open end, clip 
into clean, distilled mercury, filling the iron tube completely. The gauges are 
jaoketed by narrow glass tubes, through which water flows; the temperature of the 
water was registered by a small thermometer, placed in the stream, immediately after 
passage through the gauges. It was found by experiment that, with a rapid current, 
the temperature did not rise sensibly during its passage. The experimental tube is 
fitted with a jacket J, in the bulb of which a liquid boiled under known pressure 
( f Chem. Soc. Joum./vol. 47,p. 640). The experimental tube passes through a perforated 
india-rubber cork, closing the jacket, and protected from the action of the condensed 
hot liquid by a layer of mercury K. The top of the jacket is furnished with a small 
condenser L, to prevent escape of vapour. The pressure under which the pure liquid 
was boiling was read by means of a gauge and barometer. 

The experimental tube was filled with ether by fitting it, with help of a ring cut 
from india-rubber tube, into the end of the tube A (fig. 3), This tube is bent to an 
, angle, and widened into a bulb at B. On the further side of B there is a 

tight stopcock C. Into the bulb is introduced some pure mercury and a quantity of 
the pure ether, much more than sufficient to fill the experimental tube. By wanning 
the experimental tube some air is expelled; the ether in the bulb is then boiled on 


the surface of the mercury, the stopcock being open. When vapour freely escapes the 
stopcock is closed, and the tube is held in such a manner that ether covers the open 
jjjj& fhe experimental tube. The latter is again warmed, and the ether, which 
HBNBy cooling, is boiled. The experimental tube, being at a higher temperature 
P^^^^te^^feg-point of ether under the reduced pressure, liquid ether, trickling 

once gasified and carries with it all air, and a series of bubbles 
rapidly risfcs Wmgk the ether in the bulb. When it is judged that all air is expelled 
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the experimental tube is cooled, and ether rushes in to fill it. It is easy to make 
sure, by the absence of a bubble, of complete expulsion of air. The tube is then 
tilted, so that mercury covers the end of the experimental tube, and a portion of the 
latter is warmed. The ether boils off through the mercury, and, on cooling, its place 
is occupied by mercury. By tapping, the column of mercury may be made to descend 
to any desired point. When quite cold, the experimental tube is disconnected, placed 
in the iron cap, and gently warmed, so as to cause a globule of mercury to hang to 
its constricted open end It is then plunged under the surface of the mercury in the 
branch of the iron tube, and the cap is screwed tight From this description it will 
be noticed that all possibility of the presence of air in the liquid to be experimented 
on is completely excluded; and our results prove that this was the case, for the 
readings of vapour-pressure at different volumes of gas and liquid give, for the same 
temperature, absolutely identical results. 


Pig 3 



It was thus possible to alter volume by means of the screw; to read pressures 
accurately by the use of the high and low pressure gauges, the readings of which 
were compared when possible; and to secure constant known temperatures by means 
of the vapour-jacket. 


Experimental Results 
1. Vapour-pressures at Low Temperatures . 

Calibration of Thetnnometer .—The thermometer employed was a new one by 
Negretti and Zambra, divided into tenths of a degree, and registering from —20° 
to +50°. The zero-point at the atmospheric pressure was +0T9°. The bulb was 
immersed in mercury, contained in a vessel from which air could be exhausted by 
means of a Carets pump. Unless the bulb is dipped in mercury, the temperature it 
registers is altered by the cooling of the air by exhaustion, or heating by compression; 
the mercury serves to keep the temperature constant, It was found that the tempera- 
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ture was apparently lowered 0*25° for a fall of pressure of 700 millims. The thermo¬ 
meter was next tested by a few determinations of the vapour-pressure of water. The 
water on the cotton-wool encasing the bulb having been frozen, pressure was raised to 
6 millims., and the melting-point of ice was observed The mercury stood constant 
for a long time at --0*11. An apparent fall of temperature, due to reduction of 
pressure, of +0*19—(—0*11)=0 3°, had thus occurred for a fall of pressure of 
754 millims., which agrees with sufficient accuracy with the former observation, 0*25°, 
for 700 millims. This change of zero-point was considered to be proportional to the 
pressure, and corrections introduced accordingly. A comparison of the vapour- 
pressures of water by our method gave results coincident with those of Hegnault 
up to 33°, and it was assumed that the graduation of the thermometer was equally 
regular below 0°. 

Vapour-pressures at Low Temperatures . 

Series I. 


Pressure. 

Temperature. 

Pressure. 

Temperature. 


O 

mllllmB. 

0 

73 65 

-17*73 

1410 

—5*46 

7415 

-17*68 

152 7 

-3*90 

84*50 

-15*30 

153*85 

-3*73 

96*55 

-12 85 

168 9 

-1*81 

110 65 

-10 33 

184*05 

-0*11 

12480 

- 7 94 

184*10 

-0*07 

139*85 

- 5*65 

186 05 

+•0*13 

140 65 

- 5 55 

197*35 

+ 1*42 


Series II. 


Pressure. 

Temperature 

Pressure 

Temperature. 

minima. 

O 

millims. 

O 

79 95 

-16*24 

216*25 

+ 337 

105*45 

-11 23 

258 25 

7*38 ' 

133 05 

- 6 74 

316*40 

11*96 

r 162*60 

- 2*71 

892 90 

17*19 

1 t * 181*80 

- 0*33 

593*05 

27*64 


These results were plotted and a curve drawn through them. The pressures for 
each 5° between —15° and +5°, read from the curve, are as follows *.— 


, Temperature, 

Pressure. 


O 

millims. 


. “15 

86*6 


. , —10 

112*8 


f . ; i — '0 

144*8 


2 1 0 

h 8 

'1849 


233 0 

_ t ___ 
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The pressure at 0° agrees very well with that given by Regnattlt, 184*39 minima 
(‘M&noires de rAcad&nie,’ vol. 26, 1862, p 393); hut at the other temperatures the 
agreement is not nearly so close. These results will be considered subsequently. 


2. Valour-densities at Low Temperatures. 

Weight of Ether taken. —The quantity of ether taken was not determined directly 
by weighing, but was calculated from vapour-density determinations at the boiling- 
point of alcohol under atmospheric pressure. 


Series I.—Barometer, 763*1 millims. (reduced to 0°) 

Boiling-point of alcohol, 78*4°. 

In each set of observations the volume was altered very slightly; in the first, for 
instance, it varied from 154*3 to 155*3 cub. centims, while the pressure varied from 
75*45 to 7475 millims. The number of readings and the mean values are given in 
every case. 


Number of 
readings. 

Pressure reduced to 

0°, Mean. 

Volume, Mean. 

Pressure x Volume 

Vapour-density 


mms 

CCS 



9 

6 

75 06 

85 55 

154*77 

135 15 

■111 

Taken as normal, 
=37 

6 

105 56 

110 01 


2 

160 85 

71 85 

11557 

37*13 

3 

438 82 

25 87 

11352 

37 80 


The mean value of p.v. calculated from the first three sets of readings is 11599*5. 
Taking the normal vapour-density of ethyl oxide as 37*0, the weight is 0*0393 gram. 
The pressure of the saturated vapour at this temperature is nearly 3,000 mms.; and 
it will be noticed that the value of p.v. is constant, although the volume has been 
reduced from 3 to 2. 

Vapour-density at 12*9°.—The densities of the unsaturated and saturated vapour 
were then determmed at 12*9°, the temperature being maintained constant by means 
of running water. The data follow in order. 
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Number of 
readings. 

Pressure reduced to 
0°, Meun. 

Volume, Mean 

Pressure x Volume 

Vapour density 


mma 

c ca 



2 

54 0? 

175-25 

9476 

36 84 

1 

72 90 

129 95 

9473 

36 85 

2 

11820 

79 92 

9447 

36-95 

1 

138 25 

67-80 

9374 

37 24 

2 

138 70 

67 40 

9348 

37 34 

2 

170 30 

55 00 

9355 

37-30 

2 

20718 

44 90 

9302 

37 53 

2 

26345 

35 02 

9227 

37 83 

2 

309 68 

29 60 

9166 

38 08 

2 

325-00 

28-05 

9U6 

3830 

Condensed 

330 00 

25-10 

i 


-* — 


Vapour-pressure calculated, 330*48 nuns 


3. Constants at High Temperatures* 


For these experiments four different amounts of ether were employed. In the first 
case a large amount, A, was taken, and its weight calculated from its volume at 
known temperatures. During the early experiments a leakage took place, and, somo 
ether being lost, the gauges had to be refilled. Measurements wore again made to 
ascertain the weight of the remaining ether ,* this portion is alluded to as A'. The 
third amount, B, was too small to be accurately determined in this way, and was 
estimated by comparison of the volumes occupied by the two quantities under similar 
conditions of temperature and pressure. The fourth quantity, C, was still smaller, 
and its weight was deduced from comparison of its volumes with those of B at the 
same temperatures and pressures. 

A. Results of experiments on large quantity of ether. Determination of weight. 

The mean of the determinations of the specific gravity of ether at 0° by Kopp, 
Pierre, Mendelejeee, and Perkin was taken. Their numbers were as follows :— 


&opp (* Liebig’s Annalen der Chemie und Pharmacie/ vol. 64, p. 214) 0*73658 

Ppekke (‘Annales de Chimie et de Physique/ vol 15, p. 325) . . 0*73581 

Menbelejeee ( e Liebig's Anualen der Chemie und Pharmacia/ vol. 

P-9). 0*73644 

Perkin (‘Chem. Soc. Journ./ vol. 45, p. 474) . 0*7371 

» „ „ . 0*7352 



Mean. 0*7362 

Its wera fcom'comparisons of ether and water at 15° and at 25° ; 

latter 0*70901. They were reduced to 0° by means of 



raonT+o 
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The portion of ether A gave the following measurements .— 


Temperature 

Volume 

Specific gravity. 

Weight 

17°95 

019589 

0 71627 

0*14031 

15 50 

0*19554 

0 71902 

0*14060 

16*20 

019571 

0 71805 

• 

0-14053 


Mean weight . , . . 0*14048 


The volume tube was a new one, and was carefully calibrated by weighing with 
mercury. A low pressure and a high pressure gauge were employed. Where 
possible, readings on both were taken. The manometers were calibrated by 
weighing with mercury, and contained air dried over phosphorus pentoxide. 
The following corrections for volume, pressure, and temperature were applied:— 

For volume.—Meniscus of mercury and of liquid. 

Expansion of glass by heat. 

The expansion of the tube owing to internal pressure was not 
allowed for, as it would have been much within the errors 
of reading. 

For pressure.—Meniscus of mercury. 

Levels of mercury in volume tube and in pressure gauges. 

Difference of temperature in water-jacket at time of filling and time 
of reading. 

Deviation of air from Boyle’s Law, as determined by Amaoat 
(‘Compt. Bend.,’ vol.-99, 1884, p. 1153). 

For temperature.—Reduction of the pressure under which the liquid boiled, as 

read on the gauge, to 0° (see f Ohem. Soc. Journ.,’ vol. 47, 1885, 
p. 640). 

The temperatures are those of an air-thermometer. 



Pressure 

Temperature 

Volume of 

Volume of 

Specific 

Vapour- 

Mean 


of alcohol 

of alcohol 

liquid. 

1 gramme. 

gravity. 

pressure.* 


mms 

°0 

c ca 

C.CS. 


mms. 

mm k. 

A' (1) 

133 7 

40 

0 20220 

14505 

0 68943 

9211 







920 l 
922 ( 

921 







922 ] 


(2) 

172 2 

45 

0 20398 

14632 

0'68342 

1085 s ) 








wmR 

1085 5 







1086 1 


(3) 

220 0 

50 

0*20611 

1*4785 

067636 







* 

■gili 

1277 







liill 



* In this, and m all otter cases, the vapour-pressures were determined at widely different volumes. 
MDOCCLXXXVn.—A. K 
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Compressibilities of Liquid. 


Volume 

Volume of 1 gramme 

Pressure. 

CCS 

0 cs 

mms 

0-20576 

1 4760 

2,635 

0 20472 

1-4685 

5,878 

0 20401 

1-4635 

16,539 

0 20365 

14609 

24,986 

0 20296 

1-4559 

33,929 


Pressure Temperature Volume of Volume of Specific 
of alcohol. of alcohol. liquid 1 gramme gravity 


mm a. 

278 6 


350*3 


437-0 


5412 


665 55 


(Chlorobenzene 1 

(9) 1448 

(jlO) I 174-25 

t 

C 1 

J 

(11) ' ? * 20835 ' 

(12) / 247-7 


r |13) 202*75 

^ > 

r ;* l » 

4‘ .W'lrfiH ">* *• ■’ 

» * > * *L_* . r 


>1 ^ * ‘■t £ s t 

l f-i 



CCS CCS 

0 20753 14887 0*67172 


0-20999 1-5063 0-66387 


0-21141 1-5165 0-65940 


0 21355 1-5319 0 65280 


0-21556 15463 0-64671 


0-21848 

0-21984 


1-5673 

1-5770 


0-22378 16053 


0 63806 
0-63412 

0-62298 


022590 1*6205 0-61709 


0 22840 1*6384 0*61034 


Vapour proBBurB. 



mms, 

1490' 

1488 

1491 

1494 

1732 

1738 

1732 

1736 

2002 

2003 

2004 
2007 
2299 

2306 
2305 

2307 
2637 
2640 
2639 
2639 


2976 

2976 

2978 

3393 

3388 

3392 

3385 

8829 

3835 

3829 

3832 

4326 


4849 

4855 

4871 

4852 


Moan. 

mms. 

1491 

1734 

2004 

2304 

263p 


4322' 

4325 

4327 

4830 

4855 

4853 

4860 

4852 




2977 

3389 

3831 

4326 

4887 


^LpW-ptessure gauge and high-pressure gauge. 
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Volume. 

Volume of I gramme 

Pressure 

c ce. 

CCS 

mma. 

022770 

I 6334 

7,208 

0 22700 

1 6284 

12,955 

0 22595 

1 6208 

19,515 

0 22420 

16083 

27,072 

0 22246 

15958 

44,154 



Pressure of 

Temperature 
of chloro¬ 
benzene. 

Volume of 

Volume of 

Specific 

Vapour-pressure * 

Mean. 


chlorobenzene 

liquid. 

1 gramme. 

gravity 

mmm 



* 




BBI 




nuns. 

• O 

c cs 

C.CS 


mma 

TQrpft 

mma. 

(14) 

34415 

105 

0 23121 

16586 

0 60292 

5441 








5445 

5443") 








6438 

5440 








5430 

5439 y 

5441 







5458 

5439 








5441 

5437J 


(IS) 

402 55 

110 

0 2S456 

1 6826 

0 59431 

6100 








6078 

60831 








6088 

6063 

6088 l 

6063 ( 

6082 




* 



6086 

6086 


(16) 

468 5 

115 

0 23825 

1*7091 

0 58511 

• • 

67731 








6778 
6772 f 

6775 







- 

6779J 


(17) 

542 8 

120 

0 24215 

17370 

0 57569 

• • 

74961 








7501 1 
7520 ( 

7513 








7535 


(18) 

626 15 

125 

0 24566 

1*7623 

0 56745 

P 9 

82741 
8307 
8327 f 
8344J 

8313 

(19) 

718 95 

130 

0 24987 

1 7925 

0 55792 , 

9 * 

91561 


■J 






9176 l 
9216 f 

9188 








9203 J 


A (20) 

144 8 

80 

0 22022 

15676 

0 63790 

2965 

I 







2976 

- > 

- 2971 

1 






2973 

- J 


1 

(Bromobenzene' 








(21) 

i 

372 65 

130 

0 25213 

1*7948 

0 55715 

• * 

9162 
91351 
9131 1 
9134 ( 
9125 J 

1 

f 

. 9131, 




| 






♦ Under this heading' are occ asi onally given tbe pressures under wbicb the liquid was measured. It 
will be seen that in no case does this pressure differ so much from tbe vapour-pressure as to sensibly 
reduce tbe volume of tbe liquid 


K 2 










4 ,^ 
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Pressure of 
bromobenzene 

Temperature 
of bromo¬ 
benzene 

Volume of 
liquid. 

Volume of 

1 gramme 

Specific 

gravity. 

Vapour-pressure. 

Moan. 

Ii. P.G 

H.P.G 


mms 

°C 

C5.CS 

acs. 


mms. 

mms 

mms. 

(23) 

430 75 

135 

0 25585 

18213 

0 54906 


10,222 









10,0561 









10,085 1 
10,086 f 

10,077 








10,081 J 


(23) 

495 8 

140 

0 26077 

1*8563 

0 53870 


11,087 









11,0481 









11,058 1 
11,039 f 

11,051 




1 




11,060 J 


(24) 

568 35 

145 

0 26651 

18971 

0*52712 

# 

12,260' 









12,1131 









12,128 1 
12,115 f 

12,122 








12,133 J 


(25) 

649 05 

150 

0-27133 

1*9314 

0*51774 

• * 

13,348 









13,2601 









18,228 1 
13,234 ( 

13,241 








18,242 J 



Compressibilities of Liquid, 


Volume. 

Volume of 1 gramme. 

Pressure, 

C.CB, 

acs. 

mms 

0*26993 

1*9215 

13,818 

0 26818 

19091 

18,258 

0*26644 

1*8967 

20,228 

0*26574 

A 

1*8917 

22,705 


The density of the saturated vapour was determined at this temperature. 


. 

Li'^^ufae df : 
VftpoUr. 

* 

-Volume of 
liquid. 

Weight of 
( liquid. 

Weight of 
vapour 

Weight of 

1 c. 0 . vapour 

Mean. 

Volume of 

1 gramme vapour. 

Vapour- 

density. 

037322* 
0*51918 
0*75893 
0*91823 j 

0 23042 

0 21594 

019121 

017377 

012930 

011180 

0*09900 

0*08997 

0*02118 

0*02868 

0*04148 

0*05051 

0 056751 

0 05224 1 
0*05466 r 
005501J 

0*05541 

18*047 

56*22 
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Pressure 

Temperature 

Yolume of 

Yolume of 

Specific 

Yapour- 

Mean. 


of aniline 

of aniline 

liquid. 

1 gramme 

gravity 

pressure 


mms. 

°C 

c CB 

* c cs 


mms 

mms 

(26) 

283 7 

150 

0 27133 

19315 

0 51774 

13,491 

13,347"! 








13,291 
13,290 [ 

13,292 







13,259 1 
13,272 J 


(27) 

3317 

155 

0 27766 

1*9766 

0 50593 

14,818 
14,5] 51 








14,532 1 
14,521 f 
14,488 J 

14,514 

(28) 

386 0 

160 

0*28433 

2 0240 

0 49406 

16,038 





• 


15,7761 

15.768 1 

15.769 f 

15,778 








15,799 J 


(29) 

447*1 

165 

0 29170 

2 0765 

0 48158 

17,335 







17,2651 





i 



17,209 
17,204 r 

17,201 







17,124 I 


(30) 

515 6 

170 

0*30186 

21488 

0 46538 

18,860 







18,7431 








18,666 1 
18,668 f 
18,597 J 

18,671 

(31) 

592 05 

175 

0*31443 

2 2383 

0 44677 

20,238 






i 

20,1781 








20,181 1 
20,210 f 

20,199 







20,228 J 



Compressibilities of Liquid, 


Volume 

Volume of 1 gramme. 

Pressure. 

/ 

CCS. 

CCS. 

mms. 

0 31199 

2 2209 

21,802 

0 30850 

21961 

22,556 

0 30501 

21712 

23,767 

0 30152 

2 1464 

25,496 

0*29454 

2 0967 

30,420 

0 29105 

2 0719 

82,780 

0 28756 

2 0470 

36,362 

0 28407 

2 0222 

40,177 





TO 


PROFESSOR W. RAMSAY AND DR. S. YOUNG 


The density of the vapour was here determined. 


Volume of 

Volume of 

Weight of 

Weight of 

Weight of 

Mean. 

Volurno of 

Vapour 

vapour 

liquid. 

liquid. 

vapour 

loo. vapour. 

1 gramme vapour 

density 

0*31360 

0 24414 

0 10907 

0 03141 

0'iooun 



O US. 

, 

0 58020 

018492 

0 08261 

0 05787 

0 09872 


0 09899 

10 103 

68*23 

0 86187 

012462 

0 05568 

0 08480 

0 09839 

r 

1 04445 

0 08340 

0 03726 

010322 

0 09883J 







Pressure 

Tempera tare 

Volume of 

Volurno of 

Specific 

Vapour- 


Mean. 


of aniline. 

of aniline 

liquid 

1 gramme. 

gravity. 

pressure 



rams. 

°0 

CCS. 

CCS. 


nuns. 


rams. 

(32) 

677*15 

180 

0 32943 

2 3451 

042642 

22,131 
21,804 s ] 
21,745 
21,776 
21,821 
21,807 J 


21,793 



(Methyl salicyl¬ 
ate) 








C33) 

249 35 

180 

0*32943 

2*3451 

0*42042 

21,942 








21,8201 

| 








21,804 ' 

> 

21,756 

(34) 

287*8 





21,645 J 

f 

185 

0*34936 

2*4869 

0*40211 

23,746 
23,6911 

i 










23,688 1 

> 

23,691 






1 

23,695 J 

f 


•Compressibilities of Liquid, 


Volume. 

Volume of 1 gramme 

Pressuro, 

CCS, 

C*CB* 

rams. 

0 33648 

2*3952 

25,243 

0*33299 

2*3704 

26,091 

0*32950 

2 3456 

26,888 

0^2602 

23208 

27,746 

0*32253 

2*2959 

28i720 

0*31905 

2*2712 

29,924 

0*81208 

2*2216 

32,640 

0 30860 

2*1968 

34,348 

0 30510 

2*1719 

36,355 

0*30161 

2*1470 

38,842 

0 29811 

2*1221 

41,820 
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Vapour-density Determinations. 


Saturated. 


Volume of 
vapour 

Volume of 
liquid 

Weight of 
liquid 

Weight of 
vapour 

Weight of 

1 o c vapour 

Mean 

Volume of 

1 gramme vapour 

Vapour- 

densitj 

0 31308 

0 62739 

0 89820 

0 24482 

014396 

0 05282 

0 09844 

0 05788 

0 02124 

0 04204 

0 08260 

011924 

n 

013290 

c cs. 

7*5245 

79 85 


UnsaturatecL 


Volume of vapour 

Pressure, 

Weight of 1 ac 
vapour 

Volume of 

1 gramme vapour 

Vapour-density 

11106 

23,408 

012649 

7 9059 

76 91 

11990 

22,947 

011716 

8 5352 

72 67 



Pressuro 
of methyl 
salicylate 

Temperature 
of methyl 
salicylate 

Volume of 
liquid 

Volume of 

1 gramme 

Specifio 

gravity 

Vapour- 

pressure. 

Mean 


mms 

° O 

0 cs. 

c cs 


mms. 

mmB. 

(36) 

330 85 

190 

0 38325 

2 7282 

0 36654 

25,645 
25,514) 
25,518 [ 

25,530 








25,558 ) 
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Vapour-density Determinations. 


Saturated. 


Volume of 
vapour 

Volume of 
liquid 

Weight of 
liquid 

Weight of 
vapour 

Weight of 

1 c.c vapour 

Mean 

Volume of 

1 gramme vapour. 

Vapour- 

density 

0*24674 

0*44219 

0*69501 

0*27581 

018704 

0 07641 

010110 

0 06856 

0 02801 

0*03938 

0 07192 
0*11247 

0*15960*] 

016264 V 
0 16183 J 

0*16136 

61973 

91*44 


Unsattmvfced. 


Volume of vapour 

Pressure 

Weight of 1 c e 
vapour 

Volume of 

1 gramme vapour. 

Vapour density. 

0 91519 

0 98687 

10578 

11991 

. 

25,331 

25,107 

24,705 

23,848 

015350 

0*14235 

0*13280 

0*11715 

6 5148 
7*0251 
7*5302 

8 5359 

8719 
81*58 
77*35 

70 69 



Pressure 
of methyl 
salicylate. 

Temperature 
of methyl 
salioylate. 

Volume of 
liquid 

Volume of 

1 gramme. 

Specific 

gravity. 

Vapour. 

proBBuro. 

Moon. 


mans 

°0. 

CCS. 

C.C6, 


nuns. 

mma. 

(36) 

349 45 

192 

040637 

! 

2*8928 

i 

i 

i 

0*34666 

26,482 
26,304 1 
26,324 V 
26,354 J 

26,327 


Compressibilities of Liquid. 


Volume. 

Volume of I gramme. 

Pressure 

C.CB, 

C.CS, 

mms 

0*40287 

2*8678 

26,482 

0*39589 

2*8181 

26,515 

0*38888 

2*7683 

26,786 

0*38189 

2*7185 

27,066 

0*37142 

2 6440 

27,580 

036444 

2*5943 

28,236 

085897 

2*5198 

29,441 

0 84700 

2*4701 

30,400 - 

0 33655 

2*3957 

32,518 

0*32957 

2 3461 

34,227 

081912 

2 2716 

38,474 

031215 

2*2220 

41,819 
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Vapour-density Determinations. 


Saturated 


Volume of 
vapour 

Volume of 
liquid 

Weight of 
liquid. 

Weight of 
vapour. 

Weight of 

1 c c. vapour 

Mean 

* 

Volume of 

1 gramme. 

Vapour- 

density. 

0 32029 

0 47047 

0 69794 

0 23773 

015523 

0 03801 

0 08218 

0 05366 

0 01314 

0 05830 
0-08682 

012734 

0182031 
0*18314 } 
018245J 

018254 

CCS 

5 4782 

100 20 


Unsaturated. 


Volume of 
vapour 

Pressure 

Weight of 

1 c c vapour 

Volume of 

1 gramme 

Vapour- 

density. 

0 91529 

25,842 

25,172 

015348 

CCB 

6 5155 

85 83 

1 05800 

013278 

7 5311 

76 23 

1 19930 

24,219 

011714 

8 5369 

69 89 



Pressure 
of methyl 
salicylate. 

Temperature 
of methyl 
salicylate. 

Volume of 
liquid 

Volume of 

1 gramme. 

Specific 

gravity. 

Vapour- 

pressure. 

Mean 

(37) 

turns. 

359 05 

°0 

193 

C.CS. 

0*42563 

C CB. 

3 0298 

t 

0 33006 

mms 

26,851 

26,7871 

26,797/ 

mms* 

• a 

26,792 


Vapour-density Determinations. 


Saturated. 


Volume of 
vapour 

Volume of 
liquid 

Weight of 
liquid 

W eight of 
vapour 

Weight of 

1 c c. vapour. 

Mean 

Volume of 

1 gramme. 

Vapour- 

density. 

0 43540 

0 51645 

015824 

011285 

0 05223 

0 03725 

0 08825 

010323 

0 202691 

019956 / 

0 20112 

C.CS. 

4*9722 

108 72 


MDCcoLxxxvrr. 
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(38 ) Apparent Critical Point. T == 193’8° (Mothyl salicylate). 


Yolume 

Yolume of 

1 gramme. 

Pressure 

Vapour- 
density * 

Volume 

Volume of 

1 gramme. 

Pressure. 

Vapour- 

donuity. 

acs. 

CCS 

mm 


CCS 

c.cs. 

mms 


11886 

8 4612 

24,466 

70 08 

0 48711 

3*4675 

27,125 

* i 

11320 

8*0582 

24,913 

72 26 

0 43616 

31047 

27,279 

* • 

10580 

7 5315 

25,372 

75 92 

0 41475 

2 9524 

27,273 

» $ 

0 98082 

6 9820 

25,827 

80 45 

0 38714 

2*7559 

27,84-2 

4 

0 89363 

6 3614 

26,316 

86 66 

0 37841 

2 6937 

28,443 


0 75374 

5*3655 

26,809 

100 85 

0 35711 

2 5421 

30,407 

. 

0 70044 

4 9976 

27,0 44 

107 34 

0*33235 

2 3659 

34,384 

« 4 

0 62930 

0 55802 

44797 

3 9723 

27,050 

27,079 

119 72 

• 

0*32103 

2 2853 

39,579 

« • 


(39.) T = 195° (Methyl salicylate). 


Volume, 


C.CS. 

11992 
10580 
0 95122 
0 84318 
0 73595 
0*69230 
0 55802 


Volume of 
1 gramme. 


CiCS» 

8*5373 
7 5315 
6 7713 
6*0022 
5*2389 
4*4797 
3*9723 


Pressure. 


mms. 

24,461 

25,662 

26,386 

26,947 

27,342 

27,569 

27,605 


Vapour- 

density. 


69 08 
75*25 
8141 
89 92 
101*54 
117*77 


Yolume. 


c.cs. 

0*48711 
0*45192 
0*41686 
0*38189 
0 36585 
0 34142 
0*32504 


Yolume of 
1 gramme. 


C t'8« 

3*40? 6 
3*2170 
2*9674 
2*7186 
2*6042 
2*4304 
2 3138 


Pressure. 


Vapour- 

densUy. 


mms. 

27,708 

27,810 

28,112 

29,097 

80,372 

34,346 

39,535 


(40.) T cs 197° (Methyl salicylate). 


Yolume 

Volume of 

1 gramme. 

Pressure. 

Vapour- 

density. 

Yolume 

Volume of 

1 gramme 

Pressure. 

Vapour- 

density. 

O.C8 

* ? 1*1994 
■*1*0681 
0*95130 
0*84326 
0*73601 

0 62935 
0*68807 

C.CB. 

8*5379 

7 5322 

6 7719 

6 0027 
5*2393 
44800 
3*9727 

mmft, 

25,116 

26,264 

27,027 

27,732 

28,059 

28,459 

28,495 

6812 

73 84 

79 81 

87 75 

99 36 
114*57 

* t 

0.C8. 

0 48716 
0*45196 
0*41690 

0 39941 

0 38543 
0*34947 
0*33066 

c.cs. 

3*4679 

3 2178 
2*9677 

2 8432 

2 7311 
2*4877 
2*3538 

mms. 

28,538 

28,724 

29,289 

29,679 

30,863 

34,327 

39,510 

4 t 

• * 



'vybether ibe substance is a vapour, this term must be aooepted *witb an extended 


A...W 
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(41 ) T = 200° (Methyl salicylate). 


4 

Volume. 

Volume of 

1 gramme 

Pressure 

Vapour- 

density. 

Volume 

Volume of 

1 gramme 

Pressure. 

Vapour- 

density. 

CCS. 

11995 

1 0582 

0 95187 

0 84832 

0 73607 

0 62941 

CCS. 

8 5387 

7 5329 

6 7723 

6 0032 
5*2398 

4 4804 

mms. 

25,545 

26,740 

27,643 

28,511 

29,108 

29,663 

67 39 

72 98 

78 52 

85 89 

96 38 
110 60 

C CS. 

0 55811 
048720 

0 45199 

0 41693 

0 37254 

0 34008 

c eg. 

3 9729 

8 4682 

3 2175 

2 9679 
2*6519 
2*4209 

mms 

29,847 

30,381 

30,725 

31,307 

34,318 

39,500 

123 97 

• 

• • 

• . 

• a 

• m 


(42.) T = 205° (Methyl salicylate). 


* 

Volume. 

Volume of 

1 gramme 

Pressure 

Vapour- 

density. 

Volume. 

Volume of 

1 gramme. 

Pressure. 

Vapour- 

density 

CCS 

11996 

10583 

0 95148 

0 84341 

0 73616 

0 62948 

c cs. 

8 5394 

7 5336 

6 7732 

6 0028 ’ 
5 2403 

4 4809 

Trvmfl 

26,354 

27,624 

28,664 

29,655 

30,484 

31,366 

66 01 

71 38 

76 52 

83 44 

92 99 
105 69 

c cs. 

0 55817 

0 48725 

0 45204 

0 41698 

0 38200 

0 34710 

CCS. 

3 9734 

3 4685 

3 2179 

2 9682 

2 7193 

2 4708 

mm 

31,873 
32,623 
33,] 33 
34,334 
36,634 
42,731 

'117 30 


(43.) T = 210° (Methyl salicylate). 


Volume. 

Volume of 

1 gramme. 

Pressure 

Vapour- 

density. 

Volume 

Volume of 

1 gramme 

i 

Pressure 

Vapour- 

density 

c.cs. 

11997 

10584 

0 95159 

0 84351 

0 73624 

0 62955 

c.cs. 

8*5400 

7 5343 
6*7739 

6 0045 

5 2409 
44815 

mma. 

27,161 

28,579 

29,784 

80,833 

32,000 

33,182 

64 71 

69 71 

74 40 

81 08 
89*50 
100 94 

c.cs. 

0*55824 

048731 

045210 

0 41702 

0 38204 

c.cs 

3 9788 

3 4689 

3 2383 

2 9686 
2*7196 

rrrmft. 

34,022 

35,230 

36,242 

37,696 

40,743 

108 50 

• * 

* 

a a 

* * 

• • 


(44 ) T = 223° (Methyl salicylate). 


Volume. 

Volume of 

1 gramme 

Pressure. 

1 

Vapour- 

density 

c cs. 

C.CS. 

'mmfl, 


12002 

8*5436 

29,231 

61 72 

10588 

7*5371 

30,954 

66 07 

0*95196 

6 7766 

32,426 

7015 

0 84304 

6 0069 

34,067 

75 33 

0 73653 

5*2430 

35,591 

82 61 

0*62980 

44832 

87,493 

91*71 


Volume 

Volume of 

1 gramme. 

Pressure 

Vapour- 

density. 

C.CS. 

c cs. 

TTITTipL 


0 55846 

3 9754 

39,040 

99*32 

0 52302 

8 7231 

40,100 

103 25 

0*48749 

3*4702 

41,090 

10810 

0 45226 

3 2194 

42,837 

111 77 

0 41719 

2 9698 

45,8X9 

113 28 


L 2 
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B. Weight .—The weight of portion B was ascertained by comparisons of its voluino 
with that of A at the same temperatures and pressures. As the real pressures were 
in no cases the same for both, it was necessary to construct curves showing the 
relation of the pressures of A to its volume at constant temperatures, and to read off 
the volumes at the required pressures. The mean of twelve observations at various 
temperatures and pressures gave the number 

0'01227 gramme. 


(45.) T = 50° (Alcohol). 


Vapour-pi assure 

Mean. 

nuns. 

12731 

mma 

1275 [ 

1277 f 

1275 

1275J 



(46.) T = 75° (Alcohol). 


Vapour-pressure. 

Moan. 

nuns 

26381 

2687/ 

nuns. 

2637*5 


(47.) T = 100° (Chlorobenzene). 


C.CB. 

1-16X0 

1*0906 

10201 

0-94895 

0-87730 

0-80529 


G.C& 

94-68 

8889 

83*14 

77-34 

7148 

65-63 

59*84 

56-95 



. Pressure , 1 


mtQB. 

2978 

3150 

3384 

3546 

3818 

4099 

4432 

4636 

4815 

'2893 


3458 

3435 

3401 

3365 

3350 

3301 

3254 

3289 


Vapour- 

tansity 


4114 

41- 40 
4182 
42 27 

42- 46 
48-09 

43- 71 
43-91 


Volume. 


COB. 

0-80529 
0-76967 
0 73419 
0 69876 
0-68101 
0-66325 



Volume of 
1 gramme. 

C.Cfl. 

65-68 
62 73 
59-84 
56-95 
55-50 
54‘06 


Pressure. 


nuns. 

4104 

4265 

4436 

4618 

4720 

4820 

AP.G. H.P.G. 

4865 4857’ 

4868 4861 

4841 4848 

4851 4853 

4852 4844 

4865 4847. 


3305 

3283 

3267 

3227 

3214 

3197 


Mean 

4853 


Vapour- 

density. 


43*04 

43-83 

43- 67 

44- 08 
44*25 
44*49 
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(48.) T = 130° (Chlorobenzene) 


Volume 

Volume of 
1 gramme 

Pressure 

HPG 

P V. 

Vapour- 

density 

Vapour- 

pressure. 

HPG 

Mean. 

C.C8. 

034641 

0 34293 

0 33945 

• • 

• * 

C.CS. 

28 23 

27 95 

27 66 

• * 

• • 

• • 

mm 

8975 

9038 

9097 

• • 

« 

• • 

3109 

3099 

3088 

• * 

• * 

• ■ 

49 43 

49 58 

49 77 

• 

9 9 

mms. 
9114^ 
9127 
9186 
9186 r 

9136 
9151 J 

9133 


(49.) T = 150° (Aniline). 


Volume 

Volume of 
1 gramme 

Pressure. 

P. V, 

Vapour- 

density 

Volume. 


Pressure. 

P V. 

Vapour 

density. 

CCS 

C.CB. 

mms. 



CCS. 

C.CS. 

mms 



11979 

97 63 

3375 

4043 

39 90 

0 38146 

3109 

9,066 

3458 

46 64 

11272 

9187 

3564 

4017 

4015 

0 34661 

28 25 

9,809 

3400 

47 44 

10568 

86 13 

3783 

3998 

40 35 

0 31180 

25 41 

10,581 

3299 

48 89 

0 98590 

80 35 

4027 

3970 

40 63 

0 29436 

23 99 

11,019 

3244 

49 73 

0 91430 

74 51 

4304 

3935 

40 99 

0-27692 

22 57 

11,500 

3185 

50 65 

0 84223 

68 64 

4561 

3917 

4118 

0 25946 

2115 

11,998 

3113 

51 82 

0 77064 

62 81 

5034 

3879 

41 58 

0 24199 

19 72 

12,570 

3042 

53-03 

0 69965 

57 02 

5481 

3835 

42 06 


i 18 30 

13,204 

2964 

54-42 

0 62860 

51 23 

6024 

3787 

42*60 

• m 

• • 

13,265' , | 


• • 

0-55739 

45 43 

6674 

3720 

43 36 

• ft 

■# 

13,289 1 

Mean 

» « 

0 48657 

39 66 

7484 

3641 

44 30 

ft • 

« # 

13,284 f 

13,283 

* 

041640 

33 94 

8497 

3538 

45 59 

■ ft 

-• • 

13,294 J 


« « 


(50.) T = 175° (Aniline). 


Volume. 

Volume of 

1 gramme. 

Pressure 

P.V. 

Vapour- 

densxty 

Volume 

Volume of 

1 gramme 

Pressure 

P.V. 

Vapour- 

density. 

CCS 

CCS 

mma 



■ 

c ca 

c.ca 

Tpmg r 



119860 

97 69 

3589 

4302 

39 71 

0-38170 

3111 

9,906 

3781 

45 18 

1 12790 

9193 

3803 

4290 

39 83 

0 34683 

28 27 

10,715 

3716 

45 97 

1-05740 

8618 

4035 

4267 

40 04 

0 31199 

25 43 

11,673 

3642 

46 91 

0 98649 

80 40 

4307 

4249 

40 21 

0 27709 

22 58 

12,730 

3527 . 

48-43 

0-91483 

74 56 

4626 

4232 

40 37 

0*24214 

19 73 

14,021 

3395 

50-32 

0 84276 

6869 

4987 

4203 

- 40 65 

0 22463 

18 31 

14,713 

3305 

5169 

0-77111 

62 85 

5396 

4161 

4106 

0 20712 

16-88 

15,531 

3217 

5311 

0 70008 

57 06 

5903 

4133 

4134 

018958 

15 45 

16,379 

3105 

55 02 

0 62900 

51 26 

6485 

4079 

4188 

0-17204 

14*02 

17,304 

2977 

57-38 

0-55774 

45 46 

7208 

4020 

42 49 

015447 

12-59 

18,388 

2840 

6014 

048687 

0*41665 

39 68 
33*96 

8065 

9248 

8§27 

3858 

43 51 
4434 

0 13690 

11-16 

19,354 

2650 

64 47 


VapoTtr-pressnre — 20,150. 























78 


PROFESSOR W RAMSAY AND DR S. YOUNG 


(51.) T = 185° (Methyl salicylate). 


Volume 

Volume of 

1 gramme 

Pressure. 

P. V 

Vapour- 

density 

Volume 

Volume of 
1 gramme 

Pressure 

P V 

Vapour- 

density 

CCS. 

11990 

CCS 

97 72 

mms. 

3,692 

4427 

39 45 

ccs. 

031208 

CCS. 

25 43 

mms. 

12,106 

14,641 

3778 

46 23 

11283 

9195 

3,915 

4417 

39 54 

024221 

19 74 

3546 

49*25- 

10577 

86 21 

4,159 

4399 

39 70 

0 20718 

16 89 

16,290 

3375 

51 75 

0 91510 

74 58 

4,755 

4351 

4014 

017209 

14*03 

18,324 

3153 

55 38 

0 73580 

59 97 

5,811 

7,434 

4276 

40 85 

013694 

1116 

20,667 

2830 

61*71 

0*55790 

4547 

4147 

4211 

011934 

9*726 

21,893 

2613 

66 85 

0 38181 

3112 

10,284 

3927 

44*48 

010174 

8 292 

22,984 

2338 

94 69 


Vapour-pressure = 23*518 } 23,520 ~ 


(52.) T = 190° (Methyl salicylate). 


Volume. 

Volume of 

1 gramme 

Pressure. 

P V. 

Vapouiv 

density. 

Volume 

Volume of 
1 gramme. 

Pressure 

P.V 

Vapour- 

density. 

C.CB. 

cea. 

mms 



c c& 

CCS. 

mms. 



10578 

86 21 

4,210 

4453 

39 64 

0*20720 

16*89 

16,650 

3450 

51*18 

0*91520 

74 59 

4,828 

4419 

39*96 

0*17211 

1403 

18,772 

3231 ; 

54 65 

0*73590 

59 97 

5,902 

4343 

40*65 

0*13696 

1116 

21,288 

22,663 

24,033 

2916 

60*56 

0 55790 

45 47 

7,549 

4212 

4192 

0*11935 

9*727 

2705 

05*27 

0 38185 

3112 

10,455 

12,335 

14,930 

3992 

44*21 

010174 

8*292 

2445 

72*20 

0*31211 

0*24223 

25 44 

19 74 

3850 

3616 

45 86 
4882 

008411 

6 855 

25,126 

2113 

83*54 


Vapour-pressure = 25,462 


(53.) T = 192° (Methyl salicylate) 

1 „ 11 


Volume. 

Volume of 
1 gramme 

Pressure 

P V. 

Vapour- 

density 

Yolume, 

Volume of 

1 gramme. 

Pressure. 

P V 

Vapour- 

density 


CCS 

86*42 

7460 

59 98 
45*48 
3112 
25*44 
19*74 

bit-- - 

mms. 

4,230 

4,847 

5,930 

7,590 

10,544 

12,428 

15,032 

4475 

4436 

4364 

4235 

4027 1 

3879 

3642 

39*62 

39 97 

40 63 

41 86 
44*03 

45 71 
48*69 

CCS. 

0 20723 

017213 
0*13697 
0*11937 
0*10176 
0*08412 

OCB. 

16 89 
14*03 
1116 

9 729 
8*293 
6*856 

mms. 

16,774 

18,909 

21,448 

22,848 

24,319 

25,641 

3476 

3255 

2938 

2727 

2475 

2157 

51*01 

54*48 

60 36 
65*02 
71*65 
82*21 


Vapour-pressure = 26,342. 
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(54 ) T = 193° (Methyl salicylate). 


Volume 

Volume of 
1 gramme 

Pressure 

P V 

Vapour- 

density 

Volume 

Volume of 
1 gramme 

Pressure 

P V 

Vapour- 

density 

c ca 
10580 

c.ea 

8642 

mm 

4,244 

4490 

39 58 

CCS. 

017213 

C.CS. 

14 03 

mm 

19,035 

3276 

54 24 

0 91530 

74 60 

4,859 

4447 

39 96 

013697 

11*16 

21,660 

2967 

59 89 

0 73600 

59 98 

5,941 

4372 

40 64 

011937 

9 729 

23,091 

2756 

6447 

0 55800 

45 48 

7,618 

4251 

41 80 

010176 

8 293 

24,498 

2493 

7128 

0-38189 

3112 

10,577 

4239 

43 99 

0 08412 

6 856 

25,878 

2177 

81 63 

0 31215 

25 44 

12,462 

3890 

45 68 

0 06648 

5 418 

26,659 

1772 

100 26 

0 24226 

19 74 

15,115 

3662 

48-53 

0 06294 

5*130 

26,764 

1685 

105 48 

0 20723 

16 89 

16,883 

3499 

50 79 






Vapour-pressure = 26,816. 


(55.) Apparent Critical Point. T = 193*8° (Methyl salicylate). 


Volume 

Volume of 
1 gramme 

Pressure 

P V 

Vapour- 

density 

Volume 

Volume of 

1 gramme 

Pressure 

P. V. 

Vapour- 

density 

C.CS 

10580 

c cs. 
86*42 

TDTT1H 

4,252 

4498 

39 57 

CCS. 

0*17213 

eea 

14 03 

mmi 

19,100 

3288 

5414 

0 91530 

74 60 

4,867 

4455 

39 96 

013697 

11*16 

21,731 

2977 

59 80 

0 73600 

59 98 

5,951 

4380 

40 64 

011937 

9 729 

23,211 

2771 

64 25 

0 55800 

45*48 

7,627 

4256 

41 82 

010176 

8 293 

24,682 

2512 

70 87 

0 38189 

3112 

10,587 

4043 

44 03 

0 08412 

6 856 

25,980 

2185 

8145 

0 31215 

25 44 

12,499 

15,152 

3902 

45 62 

0 06648 

5 418 

26,984 

1794 

99 22 

0 24226 

19 74 

3671 

48 49 

0 05941 

4 842 : 

27,039 

1607 

110 80 

0 20723 

16 89 

16,944 

3511 

50 69 

0 05235 

4-267 

27,091 

1418 

125 51 


y 


(56.) T = 195° (Methyl salicylate). 


Volume 

Volume of 
1 gramme 

Pressure 

P V 

Vapour- 

density 

Volume 

Volume of 

1 gramme 

Pressure 

P V 

Vapour- 

density 

C.CB. 

11993 
1*1258 
10580 

0 9153 

0 7360 

0 5580 

0 38189 

0 31215 

0 24226 

c cs. 

97 74 

91 97 

86 42 

74 60 

59 98 

45 48 

3112 

25 54 
19*74 

mms. 

3,797 

4,007 

4,260 

4,884 

5,969 

7,651 

10,631 

12,560 

15,241 

4554 

4522 

4507 

4470 

4393 

4269 

4060 

3921 

3692 

3919 

39 47 

39 60 

39 92 

40 62 
4180 

43 96 
45*52 

48 33 

C.CS 

0 20723 

017213 

013697 
011937 

010176 
0*08412 

0 06648 
0*05235 

C.C8. 

16 89 

14 03 

1116 

9 729 

8 293 

6 856 

5 418 
4*267 

Tnmfl 

17,105 

19,213 

21,906 

23,335 

24,956 

26,400 

27,435 

27,601 

3545 

3307 

3001 

2785 

2539 

2221 

1824 

1445 

5035 

53*96 

5948 

6407 

70 28 
8036 
9785 
12351 
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(57.) T = 223*25° (Methyl salicylate). 


Volume 

Volume of 
1 gramme 

Pressure 

P V 

: Vapour- 
density 

C.CB 

CCS. 

mms. 




97 81 

4,044 

4853 

38 99 

11293 

92 04 

4,289 

4844 

39-07 


86 29 

4,556 

4824 

39 23 

0 98771 

80 50 

4,870 

4810 

39 34 

0 91597 

74 65 

5,232 

4792 

39 49 

0 73650 

60 02 

6,412 

4722 

40 07 

0 55843 

45 51 

8,260 

4613 

41 02 

0 38217 

3115 

11,567 

4421 

42 81 

0 31238 

25 46 

13,698 

4279 

44 22 


Volume 


Pressure 

P V. 

Vapour- 

density 

CCS. 

C.C& 




0 24244 

19 76 

16,784 


46 50 

0 20738 

16 90 

18,918 

3923 

48 26 

017225 


21,669 

3733 


013707 

1117 


3426 

55*24 

011945 

9 736 

27,111 

3239 

58-48 

0*10183 

8 299 



62 61 

0 08418 

6 861 

32,289 

2718 

69 62 

0 06653 

5 422 

35,623 

2370 

79*84 


C. The weight of C was deduced by comparison of the volumes with those of B at 
the Bame temperatures and pressures. The mean value was found to be 

0*0035982 gramme. 


(58.) T = 50° (Alcohol). 


Volume 

Volume of 
1 gramme. 

Pressure 

P V 

Vapour- 

density 

■Hfl 

Volume of 

1 gramme 

Pressure 

P V 

Vapour- 

densiiy. 

CCS. 

C.CS, 

mms. 



CCS. 

CCS. 

mms 



10887 

302 6 

855 

930 8 

38-80 

0 73288 

203*7 

1240 

909*5 

39*75 

10183 

283 0 

909 

925 6 

39*02 

0 71519 

198*7 

1263 


39*99 

0 98965 

263 3 

974 

922*6 

3915 

0 70458 

195*8 

1272 

896 9 

40 30 

0*87533 

0*80384 

243 3 
223*4 

1051 

1139 

9211 

916*4 

39 25 

39 45 

0 69751 

193 8 

1273 

888*6 

40*68 


(59.) T = 195° (Methyl salicylate). 


7olume 

Volume of 
1 gramme. 

Pressure. 

P.Y. 

Yapour- 

density. 

Volume. 

Volume of 

1 gramme. 

Pressure. 

P.Y. 

Vapour- 

density. 

C.CS. 

11285 

10580 

0*98700 

0.91530 
0*73595 
0*55800 
0*38189 
0*34700 
0*31215 

ccs. 
313*6 
2940 
274 3 
254*4 
204*5 
155*1 
10613 
66*44 
86*75 

mms. 

1224 

1301 

1391 

1503 

1858 

2431 

3480 

3820 

4219 

1381 

1376 

1373 

1376 

1367 

1357 

1329 

1319 

1317 

37*89 

3802 

88*12 

38*04 

3827 

38 58 

39 38 
89*68 
89*74 

C.CS. 

0*27723 

0 24226 

0 20723 

017213 
013697 
0*11937 
0*10176 
0*08412 
0-06648 

C.CS, 

77*05 

67 33 

57 59 
4784 
38-07 
33-17 

28 28 
23*38 
1848 

mms. 

4,718 

5,856 

6,166 

7,312 

8,972 

10,108 

11,584 

13,450 

16,096 

Hi ■ 

HfUfl 

apMf 

40*01 

40 33 

40 96 
41*68 
42*59 

43 38 

AA'Af) 

JO TJJV 

46*26 
* 48*91 
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(60.) T = 222'85° (Methyl salicylate). 


Volume. 

Volume of 
1 gramme. 

Pressure. 

P V. 

Vapour- 

density. 

Volume 

Volume of 
1 gramme. 

Pressure. 

P V. 

Vapour- 

density 


CCS 

333 5 
323-? 
313 8 

KM 

1477 3 
1476 9 
1476 0 

37 53 

37 55 

37 57 

CCS. 

1-0905 

10587 

c.cs. 

3031 

294*2 


1476 6 
1474 8 

3755 

37 60 


Reduction and Arrangement of Results. 

I. Vapour-pressures —The vapour-pressures experimentally observed and calculated 
are given in the annexed Table, as well as those calculated by Regnatjlt from his 
observations. 


Temperature 

Vapour-pressures. 

Temperature 

Vapour-pressures. 

Observed 

Calculated 

Regkadlt 

Observed 

Calculated 

Reqnault 

-20 


62 99 

68 90 

95 

4326 

4326 69 

440181 

-15 

86 00 

85 22 

89-31 

100 

4855 

4859 01 

4953 30 

-10 

1123 

11181 

114 72 

105 

5441 

5439 35 

5556 23 

- 5 

144 8 

144 69 

146 08 

110 

6082 

6070 38 

6214-63 

0 

1849 

184 9 

184 39 

115 

6775 

6754 93 

6933 26 

5 

233 0 

233 52 

230 89 

120 

7513 

7495 73 

7719 20 

10 

290 8 

291 78 

286 83 

125 

8313 

8295 62 


15 

360 0 

360 93 

353 62 

130 

9155 

9157 42 


20 

439 8 

442 36 

432 78 

135 

10077 

10084 0 


25 

534-8 

537 51 

525 93 

140 

11051 

11078 2 


30* 

* m 

647*93 

634 80 

145 

12122 

12142-9 


35f 

7718 

775-25 

76120 

150 

18262 

13281-0 


40 

9210 

92118 

907 04 

155 

14514 

144951 


45 

1085 5 

1087*53 

1074*15 

160 

15778 

157881 


50 

1276 

1276 11 

1264 83 

165 

17201 

17162 9 


55 

1491 

1488 97 

1481 06 

170 

18671 

18622 2 


60 

1734 

172813 

1725 01 

175 

20189 

20168 4 


65 

2004 

1995 71 

1998 87 

180 

21775 

218043 


70 

2304 

2293 91 

2304 90 

185 

23623 

23532 4 


75 

2638 

2625-04 

2645 41 

190 

25513 

25355*1 


80 

2974 

299140 

3022-79 

192 

26331 

261112 


85 

3389 

3395 46 

3439-53 

193 

26800 

26495 0 


90 

3831 

3839 T1 

3898 26 






* The results given up to 30°, as observed, were read from the curve mentioned on p 62. 
f This result was calculated from the boiling-point under atmospheric pressure. The remainder are 
the meanB of actual observations. 
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PROFESSOR 17. RAMSAY AND DR. S YOUNG 


The formula which. Begnault employed in his extensive research on vapour- 
pressures was suggested by Biot. It is 

log p = cpK 

I 

The concordance between the found and calculated pressures through a range of 
temperatures so great as from —20° to 180° shows how well this formula interprets 
the facts. The constants employed were calculated from the observations at 0°, 45°, 
90° 135°, and 180°. The numbers directly read were, however, not taken; but small 
portions of the curve about these points were previously smoothed by means of the 
simpler formula 

log^> = a-\- bet*. 

The constants for the larger formula are 

a = 5-9834771, 
log b = 0*5240258, 
log c s=s 1-5733288, 

b and c are both negative. 

The greatest difference, calculated as temperature between the found and calculated 
results between —15° and 180°, is 0*2°; but above 180° the difference increases 
gradually, amounting to 0'8° at 193°; but, indeed, it is doubtful whether any formula 
can be expected to hold in the immediate neighbourhood of the critical point. 

The vapour-pressures of ether were measured between —20° and 120° by Begnault; 
though his results agree with ours at certain temperatures, yet there is, on the whole, 
considerable discrepancy; and, in our opinion, he himself furnishes the explanation. 
In only one case was the specimen of ether used by him purified from alcohol by 
repeated shaking with water; and this specimen appears to have been used only in 
detemuning the specific heat of the vapour. He points out that after standing much 
lower vapour-pressures were obtained than with freshly distilled ether; for instance, 
at 0° his calculated number is 184*39 mms. In the first series, in -which the ether 
had been distilled from calcium chloride, the pressure at —0*08° was 181-7 mms., 
corresponding to 182*5 mms. at 0°. In the third series the same ether had stood for 
a year, and was redistilled over lime before experiment. The vapour-pressure at 0° 
was 181-65 mms. The same quantity of ether was again allowed to stand in sealed 
flasks, and on redetermining the vapour-pressure after six months it had fall en to 
174*9 mms., and after three months more to 171*93 mms. Begnault states that the 
chemical composition was unaltered, and that the alteration was of a physical nature; 
b^t Lbbben ('Deutsch. Chem. Gesell. Ber/, Jahrg . 4, p. 758) states that pure ether, 
either afon©, or in contact with potash, lime, or sodium, does not change on standing ; 
but that the presence of water, ftised sodium chloride, calcium chloride, or anhydrous 


log a = 1*99827459, 
log/3= 1*99130336 ; 
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copper sulphate induces a change, the liquid exhibiting the iodoform reaction. We 
have little doubt, therefore, that the specimen of ether used by Regnattlt contained 
alcohol, and it is known from Professor G-uthrie’s researches that the presence of a 
minute amount of an impurity has a great influence on vapour-pressures. A further 
argument in support of this view will be given when we consider the heats of 
vaporisation. It should here be pointed out, moreover, that Regnatjlt’s observations 
below 0° agree nearly as well with our formula as with his own, whereas our observa¬ 
tions are in vexy close accordance with our calculated results. 

II. Compressibilities .—The isothermals of the liquid slate, showing decrease in 
volume with increase of pressure, were, for the purpose of smoothing, plotted on a 
sheet of curve-paper, and isobars were drawn representing the relations of volume to 
temperature. The discrepancies of individual observations were thus eliminated, and 
from the isobars the numbers were retransferred to the isotherms. It will be seen on 
inspection of the curves (Plate 6) that the smoothed curves agree well with the 
observations. The Table which follows shows these results, and includes some of the 
isotherms corresponding to the gaseous state. The volumes are those of 1 gramme. 
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00 O O O O O O 
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rH 
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;COH^OSiOOOCMH«(MHHHOOOOO 

OO^O^COCNHiHHH 


W5 05 CM 


CM UO CO 
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COGslOCftNCpiHOOOOCOOOOOWCQO 
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OOOOOOOOOOOOOOOOOOO 
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165 1599 .. .. 2*024 2*139 221l! 2*248 .. 2*279 2 302! 2 343 2 409 2 550 2 760 
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Above the critical point, 193'8°, the compressibility of the substance has been 
given, where its condition may be assumed to approximate to that of a liquid. 

Isothermals at even ‘pressures for 50° and 100°.—As the limits of pressure are so 
small, it has been thought advisable to give these isothermals separately, in order to 
save room. 


Tempera¬ 

ture 

Pressure. 

Volume of 

1 gramme 

Tempera¬ 

ture. 

Pressure 

Volume of 

1 gramme 

Tempera¬ 

ture 

Pressure. 

Volume of 

1 gramme 

O 

mms. 

C.CS. 

C 

mms. 

c CB. 

O 

mms. 

c e& 

50 

900 

286 3 

100 

2800 

1011 

100 

4000 

67*58 


1000 

256 4 


3000 

93 67 


4200 

63 83 


1100 

231 7 


3200 

87 18 


4400 

60 41 


1200 

2110 


8400 

8145 


4600 

57 26 


1276 

196 9 


3600 

76 32 


4800 

54 32 





3800 

71 74 


4859 

53 50 


III. From these results the curve, which we propose to call the orthobaric curve, 
was constructed. It represents the relations between the volumes of a gramme of 
liquid and temperatures, at pressures equal to the vapour-pressures. These were 
obtained by direct reading, sometimes, however, at pressures slightly higher than the 
vapour-pressures; and also from the points of intersection of the curves representing 
compressibility, with the horizontal lines, indicating vapour-pressure. The numbers 
read from the smoothed curve, representing the latter, and also the corresponding 
specific gravities, are given in the following Table :— 


Tempera¬ 

ture 

Volume 

Specific 

gravity 

Tempera¬ 

ture 

Volume 

Specific 

gravity 

Tempera¬ 

ture 

Volume. 

Specific 

gravity. 


13583 

0 7362 

O 

95 

1*617 

0 6184 

155 

1*976 

0 5061 


1 4505 

0 6894 

100 

1638 

0 6105 

160 

2 021 

0 4947 

45 

14650 


105 

1660 

0 6024 

165 

2 027 

0 4817 

50 

14785 

0 6 764 

110 

1684 

0 5942 

170 

2*147 

04658 

55 

1*4900 

0 6711 

115 

1 708 

0 5855 

175 

2 238 

0*4468 

60 

15020 

0 6658 

120 

1735 

0*5764 

180 

2 343 

0 4268 

65 

15175 

0 6590 

125 

1*763 

0 5672 

185 

2 489 

04018 

70 

1*531 

0*6532 

130 

1792 

0 5580 

190 

2 730 

03663 

75 

1550 

0 6452 

135 

1823 

0 5485 

192 

2 900 

03448 

80 

1*562 

■H 

140 

1857 

0 5385 

193 

3 030 

0 3300 

85 

1580 

m 

145 

1893 

0 5283 




90 

1600 

ill 

150 

1931 

0 5179 
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PROFESSOR W. RAMSAY AND DR”S. YOUNG 


Orthobanc Volumes of 1 gramme of Va'pour —The following Table gives the 
volumes of 1 gramme of the saturated vapour at even temperatures, with the 
corresponding specific gravities and vapour-densities. 


Temperature 

Volume of 
1 gramme 

Specific 

gravity. 

Vapour- 

density. 

Temperature. 

Volume of 
1 gramme. 

Specific 

gravity. 

Vapour* 

density. 

0 

0 

oes 

12091 

0 000827 

37 95 

105 

COB. 

47 62 

0 02100 

45-35 

5 

973 6 

0 001027 

38 00 

110 

42 57 

0 02349 

46 05 

10 

7911 

0 001264 

38 10 

115 

38 02 

0-02630 


15 

646 6 

0 001547 

38 35 

120 

34 09 

0 02934 

47 8 

20 

534 7 

0 001870 

38 5 

125 

31 30 

0-03195 

48 75 

25 

436 2 

0 002293 

38 6 

130 

27 49 

0 03638 

49 75 

30 

373 6 

0 002677 

38 9 

135 

24 73 

0 04044 

50 85 

35 

316 2 

0 003163 

39 05 

140 

22 28 

0 04488 

52 0 

40 

268 0 

0 003731 

39 4 

145 

20-03 

0 04992 

53 4 

45 

229 5 

0 004358 

39 6 

150 

18 01 

0-05551 

54 95 

50 

196 9 

0-005079 

39-95 

155 

16 18 

0 06179 

66 7 

55 

170 3 

0-005886 

40*2 

160 

14 47 

0-06911 

19 

60 

147 7 

0-006771 

40 5 

165 

12-90 

0*07754 

BUM 

65 

! 1284 

0*007790 

410 

170 

11-45 

0-08731 

64 55 

70 

1121 

0 008920 

41-45 

175 

10-12 

0 09879 


75 

98 33 

0 01017 

419 

180 

8-815 

0-1135 

73-25 

80 

86 60 

0-01155 

42 35 

185 


01320 

79-75 

85 

76-56 

0*01306 

42-8 

190 

6-172 

0-1620 

91-45 

90 

67 70 

0 01477 

43-4 

192 

5-476 

0-1826 


95 

60-14 

0-01663 

43 95 

193 

4-970 

0 2012 

108-7 


5355 

0 01867 

44 55 



! 


The curves showing the relations given in the preceding Tables between specific 
gravity and temperature of liquid and vapour are represented in Plate 10, and the 
volumes of 1 gramme of liquid and vapour are shown in Plate 9, but mapped against 
pressure.' 

















Densities of Unsaturated Vapour at even Pressures.—(H = 1.) 
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88 PROFESSOR W. RAMSAY AND DR. S. YOUNG 

These results are graphically shown on Plate 7. The curves were smoothed hy 
constructing others showing the relations between temperature and pressme at equal 
vapour-densities, and then transferring back to the original sheet of curve paper. It 
can be judged by the position of the circles how nearly the observations agree with 

the smoothed curves. 

IV. Heats of Vaporisation. —From the thermodynamic equation 

L dp t 

“* Scj c(/t J 

the heats of vaporisation at definite intervals of temperature were calculated. The 
values of the expression dp/dt were calculated in the following manner. By means of 
the formula log p = a-\~botf-\~cf3t, the vapour-pressures at one-tenth of a degree above 
and below the defini te temperature were calculated, and the difference was multiplied 
by 5 to obtain the values for 1°. This method gives results probably as nearly correct 
as it is possible to obtain. The pressures were reduced to grammes per square centi¬ 
metre, and the value of J was taken as 42,500. 


Temperature. 

& 

dt 

dt 

dp 
dt J 

03 

*-* 

I 

& 

i 

L 

0, 

Q 

0 

Abs. 

2^3 

inmms. 

8'843 

in grammes. 
12-023 

0-07723 

1207-7 

98-27 

10 

283 

12-695 

17-26 

0*11493 

789-8 

90-77 

20 

293 

17-585 

23-91 

016483 

533 3 

87-90 

30 

303 

23*720 

82-25 

0*22992 

872-2 

85-00 

40 

313 

31160 

42-37 

0-33200 

266-6 

88*18 

50 

323 

40*095 

54-51 

0-41430 

195*4 

80-95 

60 

333 

50 620 

68-82 

0-53924 

146-2 

78-84 

70 

343 

62*840 

85-44 I 

0-68932 

110-58 

76*42 

80 

353 

77*005 

104-70 

0*86958 

85-04 

73 95 

90 

363 

93 010 

123 46 

1-0801 

66-10 

71-39 

100 

373 

110 48 

350-21 

1-3183 

51-85 

68-35 

110 

383 

131*48 

178 76 

16113 

40-95 

65*98 

120 

393 

153 95 

209-3 

1*9355 

32*36 

62-63 

130 

403 

178*61 

242 8 

2-3027 

25-67 

59-11 

140 

413 

205*8 

279 8 

2 7191 

20*42 

55*52 

150 

423 

234*9 

819-4 

3-1786 

16-10 

5118 

160 

433 1 

266*65 

362 5 

8-6936 

12-45 

45*99 

' 170 

443 

800*4 

408*4 

4*2572 

9*324 

39-09 

180 

453 

336*4 

457*4 

4*8751 

6*478 

31*58 

185 

458 

863-0 

493*5 

5*3186 

5*085 

26-78 

190 

463 

4070 

553-4 

6-0282 

3*467 

20*90 

192 

465 

446-0 

606-4 

6-6344 

2 578 

17*10 ; 

193 

466 

472-0 

641-7 

7*0864 

1*942 

13*67 


The heats of vaporisation have been determined by other observers; Bbix 
C Liebig’s Annalen/ vol. 44, 1842, p. 169) gives determinations of the heats of 
vaporisation of water, alcohol, and ether. Translating Bdaumur into Centigrade 
:deg^ees, of water becomes 539*6 calories; of alcohol, 214*25 calories; and of 
^Wies» Determinations were next made by Andrews (‘ Ohem. Soc. 
Joum., voh j^ 1|49, p; 27), who found 90*5 calories. The sample of ether he employed 
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boiled at 34*9° at 752 mms, pressure Favre and Silbermann found 91 11 calories 
0 Annales de Chimie/ vol 37, 1853, p. 465). Begnault (‘M&noires de TAcad^mie/ 
vol 26, p. 881) gives a formula for calculating the total heat of vaporisation from 0°; 

• i • • 

it is 

where a = 94, b = 0*45, and c == —0 00055556. 

From this formula the heat of vaporisation at 0° = 94 calories, but for higher 
temperatures the specific heat of ether is required, for calculating which he gives the 
formula 

Q = at-\-bt % , 

where Q is the total quantity of heat required to raise 1 grm. of ether from 0° to t; 
log a = 17234538 ; and log b = 4*4711026. Four experiments were made, of which 
the results of only three were employed in calculating the constants, although the 
fourth experiment was moderately concordant with the others, the range was only 
from —30° to +32°. Taking into consideration the small number of experiments, 
and the not very close agreement between the result of the second experiment and 
the value calculated from the formula (calculated, Q = 15 821 ; observed, Q = 15 930), 
it is doubtful whether these constants would hold good for temperatures much higher 
than 35°. Begnault made two series of experiments, of which there were seven 
observations in the first and four m the second, on the heats of vaporisation of ether. 
The ether employed in the first series was purified by the ordinary methods, and 
distilled from time to time with lime to lemove acids and water. In the second 
series, including experiments at very low pressures, the ether was purified “ with the 
greatest care,” and kept in a stoppered flask. Nevertheless, on distillation, a quantity 
of less volatile liquid remained behind, having, as he states, the percentage composition 
of ether This modification, according to him, is absent from ether recently distilled, 
but forms after some months (see remarks on p, 82). In the second series the weight 
of the residual liquid in the calorimeter was always subtracted from the total weight, 
the liquid having been distilled from the calorimeter. The following Table gives the 
individual results of Begnault’s experiments, and also the total heats at the same 
temperatures, calculated by means of his formula. The first four experiments were 
made with the carefully purified ether. 


Temperature 

Total heat. 

Temperature, 

Total heat. 

Observed. 

Calculated. 

Observed 

Calculated. 

O 

- 37 

92 235 

92 343 

34°83 

109117 

109*0 

* 7 51 

95 370 

9735 

90 05 

128 900 

* ■ 

12*9 

97 282 

9972 

93 85 

130 880 

0 ft 

15 5 

98*801 

100 84 

108 80 

138 196 

136 38 

17'15 

2195 

101*278 
104 366 

101 56 

« • 

120 90 

140 781 

* 
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From some of these the heats of vaporisation were calculated by help of the formula 
*iven for calculating specific heats. 


Heats of Vaporisation. 


Temperature 

Observed, 

Calculated 

R and Y 

Temperature 

Observed 

Calculated. 

R. and Y. 


94188 

94 296 

94 4 

17° 15 

92*12 

92 40 

88 8 


91 38 

93 36 

913 

34 83 

90 333 

90*21 

84 5 


90 41 

92 85 

89-9 

120 9 

72 49 

* • 

62*5 

15 5 

90 53 

92 57 

89 25 






It is noticeable that the agreement between Begnault’s observed and calculated 
lumbers is much less good at low than at high temperatures, with the exception of 
Be first at —3*7°; and, as the four first determinations were made with the purest 
jample, more stress has been laid by Begnault on his observations with the less pure 
Ban with the purer ether. 

The heats of vaporisation thus calculated are widely different from the results 
obtained by us, with the single exception of that at the lowest temperature; but it is 
also remarkable that the individual experiments with the purer substance exhibit 
much closer concordance with our results. 

As the results about the temperature 35° by all observers exhibit fairly close agree¬ 
ment with the observations of Begnault, but differ widely from our calculated values, 
it appeared desirable to submit them to proof by translating Begnault’s results into 
vapour-densities ; and for this purpose the values of djpjdt were calculated by means of 
Biot’s formula, using Begnault’s constants. By thus doing, the work is entirely 
Begnault’s. The results are given in the following Table:— 


Temperature, 

dt 

dp 

dt 

dp t 
dt 1 

L 

— *9 


V aponr- 
demuty. 

0 

0 

runs. 

8*44 

grammes 

11 47 

0 07388 

94 0 

1272*4 

1273*8 

36 12 

10 

12*22 

16*615 

0*11063 

93*12 

841*7 

8431 

36*37 

20 

17175 

23 35 

0 16099 


572 0 

573 4 

36 69 

30 

28 47 

31*91 

0*22749 


399 4 

400 8 

37*01 

35 

27155 

36 92 

—--at- -- 

0 26756 


377*05 

338 5 

37*15 


W 


As the minimum value of the vapour-density of ether is 37, the first three results are 
impossible; and, on consulting the Table on p. 64, giving the results of our measure¬ 
ments at 12*9°, and Table 58, p. 80, it will be seen that the density of the saturated 
vapour rises to 38*25 at 12*9°, and 39*95 at 50°. At 35° the vapour-density read from 
the curve is 
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Our results also receive confirmation from a number of experiments by Hobstmann 
(‘ Liebig’s Annalen/ Suppl. 6, 1868, p 63), which, although not very concordant with 
each other, yet amply suffice to prove that the vapour-density is not constant, and 
that, therefore, p v. is variable. 

It follows from the Table already given that, if Regnault’s results are correct, the 
thermo-dynamical formula does not always hold; the same discordance was noticed in 
his observations with aicoho^ 

It is possible, assuming the impurity in Regnault’s ether to have been alcohol, 
which is not unlikely, inasmuch as no mention is made of the sample of ether having 
been purified by washing with water, to calculate the percentage which must have been 
present in order to raise the heat of vaporisation from 84*5, calculated by us, to 90*2, 
calculated from Regnault’s formulae; it is 4*4 per cent, and an analysis of such a 
mixture would give 64*3 per cent, of carbon, instead of 64 86 per cent, contained in 
pure ether. This does not, however, account for the composition of the high-boiling 
residue, which, if alcohol, should have contained 52*17 per cent of carbon. 

From these experiments it is noticeable that with ether, although the density of the 
saturated vapour is very abnormal, even more so than with alcohol, yet there is no 
tendency towards a rise with decrease of temperature It therefore seems probable 
that, for the same reasons which were stated in the memoir on alcohol, combination of 
gaseous molecules to form complex molecules does not take place. 

It is impossible to state accurately the temperature, pressure, and volume of any 
substance at the critical point; but the following numbers may be regarded as closely 
approximate for ether.— 

Temperature . . 194°. 

Pressure . . . 27,060 mms. =35*61 atmospheres. 

Volume , , probably 4 06 cub. centime, for 1 gramme. 

Appendix 

Received February 2, 1887, 

Since the foregoing memoir was read, it appeared to us of importance, in consequence 
of some theoretical deductions, a short account of which has been communicated to the 
Society by Professor Stoxes, to make fresh determinations of the relations between 
volume, temperature, and pressure of ether at higher temperatures and greater 
pressures than we had formerly employed. 

For these experiments a fresh stock of ether was prepared; the volume tube was 
new; and the air-gauges were refilled. The weight was not determined directly, but 
was ascertained by comparison with our previous results at 175°, 185°, and 195°. It 
was 0*055406 gramme, 

N 2 
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The temperature 175° was maintained by jacketing the experimental tube with 
aniline; methyl salicylate was used for the temperatures 185° 195°, and 220°; and 
bromonaphthalene for 250° and 280°. It should be mentioned that fresh samples of 
aniline and methyl salicylate, carefully fractionated from impurities, were employed. 


Temperature, 175°. 


Volume of 

1 gramme 

Pressure. 

Volume of 

1 gramme 

pressure 

Voluiue of 

1 gramme 

Pressure. 

CCS. 

mms. 

c es. 

mms. 

CCS. 

mms 

22 608 

12,729 

17199 

15,392 

13 154 

17,994 

21 254 

13,804 

16 524 

15,822 

11 821 

18,943 

19 901 

18 552 

18,960 

14,673 

15*847 

14496 

16,207 

17,163 

10 493 

19,930 


Yapour-pressure. P = 20,180 ; 20,271; 20,284 ; 20,277 ; 20,321. Mean, 20,271. 


Temperature, 185°. 


Volume of 

1 gramme 

* 

Pressure 

Volume of 

1 gramma 

Pressure. 

Volumo of 

1 gramme 

Pressure 

CCS 

22 615 
19*907 

17 204 

14 500 

mm 

13,248 

14,549 

16,061 

17,948 

C.C8. 

13158 
11825 

10 496 
9181 

mms 

18,988 

20,115 

21,346 

22,437 

CCS. 

8*530 

7*880 

pima 

22,956 

23,451 


Yapour-pressure. P = 23,750; 23,760; 23,774; 23,770. Mean, 23,763, 


The mean of previous determinations of vapour-pressure at 175° is 20,189; and at 
185° 23,623, Considering that the samples of ether, aniline, and methyl salicylate 
were different, and that the gauges were refilled, the agreement is satisfactory. 


Temperature, 195°. 


Volume of 

1 gramma 

Pressure. 

Volume of 

1 gramme 

Pressure. 

Volume of 

1 gramma 

Pressure. 

c.cs. 

22*620 
19*911 
17*207 
14503 
W61 , 
11W- 4 

Tmrift, 

13,723 

15,102 

16,752 

18,793 

19,931 

21,169 

c cs. 

10498 

9*183 

7881 

7*237 

6 593 

5 950 

mms. 

22,503 

23,904 

25,325 

25,988 

26,529 

27,039 

CCS. 

5*808 

4*665 

4*025 

3*386 

2 748 

,— . . 

mms. 

27,873 

27,599 

27,704 

27,735 

28,846 
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Temperature, 220°. 


Volume of 

1 gramme 

Prefigure. 

Volume of 

1 gramme 

Pressure. 

Volume of 

1 gramme 

Pressure 

CCS. 

mmg. 

CCS. 

mms. 

C.CS. 

mms. 

22 635 

14,886 

9189 

27,584 

4 028 

37,740 

19 925 

16,451 

7*887 

29,708 

3 389 

40,278 

17 219 

18,357 

6 598 

82,123 

3 069 

42,630 

14 513 

20,772 

5 954 

33,325 

2 749 

46,921 

11836 

23,763 

5*311 

34,715 

2 622 

50,342 

10 505 

25,542 

4 669 

36,201 

2 558 

52,753 


Temperature, 250°. Pressure of bromonaphthalene vapour, 386*35 mms. 


Volume of 

1 gramme. 

Pressure 

Volume of 

1 gramme 

Pressure 

Volume of 

1 gramme. 

Pressure. 

C.CS. 

mm a. 

C.CS# 

mms. 

CCS. 

mm a 

22 651 

16,223 

10 513 

29,074 

5*315 

43,259 

19 938 

18,058 

9195 

31,741 

4 672 

46,155 

17 231 

20,269 

7 892 

34,815 

4 351 

47,884 

14 523 

28,110 

6*602 

38,513 

4 031 

50,129 

11844 

26,789 

5 958 

40,664 

3 711 

52,599 


Temperature, 280*35°. Pressure of hromonaphthalene vapour, 758*2 mms. 


Volume of 

1 gramme. 

Pressure. 

Volume of 

1 gramme. 

Pressure. 

Volume of 

1 gramme 

Pressure. 

C.CS. 

mm 

C.CJ3. 

mma r 

C.CS. 

•pima. 

22 669 

17,806 

10 521 

33,349 

5 963 

49,552 

19 954 

19,881 

9*203 

36,777 

5*642 

51,598 

17 245 

22,499 

7 899 

41,084 

5*319 

53,841 

14 535 

25,834 

7 253 

1 43,537 



11853 

30,430 

6 607 

46,552 




At 175° and at 280° the readings of pressure were double, one set being made with 
rising and the other with falling pressures; the means are given. 
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IV. On the Discrimination of Maxima and Minima Solutions in the Calculus 

of Variations 

By Edward P. Culverwell, M.A., Fellow and Tutor, Trinity College, Dublin. 

Communicated by Benjamin Williamson, M.A., F R.S., Professor of Natural 

Philosophy in the University of Dublin. 


Received June 5 ,—Read June 10, 1886 


The criteria for distinguishing between the maximum and minimum values of 
integrals have been investigated by many eminent mathematicians.* In 1786 
Legendre gave an imperfect discussion for the case where the function to he made a 
maximum is J f(x, y, dy/dx) dx. Nothing further seems to have been done till 1797, 
when Lagrange pointed out, in his * Thdone des Fonctions Analytiques/ pubh.sh.ed 
in 1797, that Legendre had supplied no means of showing that the operations 
required for his process were not invalid through some of the multipliers becoming 
zero or infinite, and he gives an example to show that Legendre’s criterion, though 
necessary, was not sufficient. In 1806 Brunacci, t an Italian mathematician, gave 
an investigation which has the important advantage of being short, easily compre¬ 
hensible, and perfectly general in character, but which is open to the same objection 
as that brought against Legendre’s method! The next advance was made in 1836 


* This sketch is founded on Todhuntee’s valuable ‘ History of the Calculus of Variations ’ 
f Bbuxacoi’s method may be explained as follows. Let 

U = jj(», y, 0 . % 

be the function to be made a maximum, and let us deuote dzjd& and dzjdy by jp and respectively. 
Thus, the limits of as being supposed fixed, 


an 


-IKI* 

•IKS' 


a # j. <*/ 

+ %* P + Tq 


tq\ dady 


+ 2 to + 2 Mz + S V + 2 & + %A*«■ 


dz dp 


dz Sq dpfi 


dpdq 


( 1 ) 


The first integral must he made to vanish by a relation between a, a, and y. Eliminate as for the 
coefficients m the second integral of (1) hy means of this relation, and let it he written—* 


JJ (A&z a + 2B hz -f 2C 8s Bq -j- P V + 2B,tipSq + Q Sq*)dady .(9) 

Now, remark that, the limits being fixed, J 8as 2 (a da + pdy) vanishes, whatever a and /3 may he, for 

4.6 87 




96 


MR E P CTJLVERWELL ON DISCRIMINATION OF MAXIMA AND 


by the illustrious Jacobi, who treats only of functions containing one dependent and 
one independent variable. Jacobi says (Todhunter, Art. 219, p. 243): “ I have 
succeeded in supplying a great deficiency in the Calculus of Variations. In problems 
on maxima and minima which depend on this calculus no general rule is known for 
deciding whether a solution really gives a maximum or a minimum, or neither. It 
has, indeed, been shown that the question amounts to determining whether the 
integrals of a certain system of differential equations remain finite throughout the 
limits of the integral which is to have a maximum or a minimum value. But the 
integrals of these differential equations were not known, nor had any other method 
been discovered for ascertaining whether they remam finite throughout the required 
interval. I have, however, discovered that these integrals can be immediately 
obtained when we have integrated the differential equations which must be satisfied 
in order that the first variation may vanish.” 

Jacobi then proceeds to state the result of his transformation for the cases where 
the function to be integrated contains x, y, dy/dx , and x, y } dy/dx, d^y/dx 1 , and in 
this solution the analysis appears free from all objection, though, where he proceeds to 
consider the general case, the investigation does not appear to be quite satisfactory in 
form, inasmuch as higher and higher differential coefficients of ty are successively 
introduced into the discussion (see Art. 5). Jacobi's analysis is much more com¬ 
plicated than Bbunacoi’s, its advantage being that the coefficients used in the trans¬ 
formation could be easily determined; hence it supplied the means of ascertaining 
whether they became infinite or not. 


8z = 0 all along this curve, and it may, therefore, be added to the integral (2) without altering its 
value Now, 

j* 8z 3 (adx + p dy) — 0 = jj (ft 8z 2 ) -f ~ (afa 2 )^ dx dy 


= j*| ^ 4- fa 3 + 2/3 8g 8jo + 2 a 8z 8%j dec dy. 


Adding this quantity to the integral, we get for the quantity under the integral sign in (2) the 
expression 

|(a + 4* & 2 + 2 (B + P) fc ip + 2 (C + a) fe 8q + P 8p s + 2R 9p 8q + Q *<f}(fody. 

This expression cannot change sign if PQ — R 9 is positive, and 

(PQ-B»)(f(a + ^ + |0_(B + ,3)»)-(P(O-M)-(B + #E)»>O. ... (8) 

We can determine a and /3 so that (3) shall be true, and hence, if PQ ~ R 9 be positive, the second 
variation will be invariable in sign, 

The objection to this method is that there is no means of ascertaining whether a and p remain finite 
or not. If the region of integration he small, they can always he determined so as to satisfy (3). But 
in general they become infinite when tho integration extends over a large area, Thus, to complete the 
solution,it Is necessary to have some means of finding within what range of integration tbe criteria are 
sufficient, it was because Brunacoi’s method did not easily lend itself to the discussion of this problem 
that Jacobi devised his fair more intricate method. 



MINIMA. SOLUTIONS IN THE CALCULUS OP VABIATIONS. 


97 


Jacobi did not himself give a detailed account of his process, but said that “ the 
analysis just indicated requires a good knowledge of the Integral Calculus.” Various 
demonstrations were subsequently given by different mathematicians. That of 
Delaunay has been adopted by Jpllett and other English writers. 

In 1852 Maenardi devised a method somewhat similar to that of Brunacci, but 
he endeavoured to remedy the omission in the latter by showing how to determine 
the coefficients used in the transformation, the equations for determining these 
coefficients being supplied by Jacobi’s reasoning But m this he was not successfub 
even in some of the simple cases which he discussed, and in the more complicated 
cases the equations appear to be quite unmanageable. 

In 1853 Eisenlohr extended Jacobi’s method to double integrals. In 1854 a 
memoir by Spitzer was published which seems to have been more complete than 
Matnardi’s ; but the most important advances were made a few years later when the 
Theory of Determinants was applied by Hesse and by Clebsch to simplify and 
extend Jacobi’s methods. 

From the foregoing sketch it will be seen that as early as 1806 the criteria had 
been correctly given and simply proved, with the exception of one point, namely, 
that there w^s no means of ascertaining for what range of integration the criteria 
ceased to be sufficient. Jacobi endeavoured, by the help of a complicated analysis, 
to remedy this defect; aud, although all the efforts of later mathematicians have 
been directed to the extending or simplifying of Jacobi’s method, the analysis is still 
very complicated, and requires au intimate acquaintance with other branches of 
mathematics. 

All these methods, however, are open to the objection stated in Art. 5, and, further¬ 
more, it appears to me, for the reasons briefly indicated iu Art. 12, that, although the 
results arrived at by these mathematicians are undoubtedly correct, it would he 
impossible to give a strict proof of them by any method based on transformations. 
However this may he, I cannot find that anyone has yet given a proof of them. 
Jacobi merely states the limits within which the criteria hold. 

The chief object of the present paper is to show that a rigorous discussion of the 
discriminating conditions pan he given without introducing any analytical trans¬ 
formations whatever, the results being obtained by reasoning from the fundamental 
conceptions of the Calculus of Variations. In the first Part of the paper will, how¬ 
ever, be found an analytical method leading to Jacobi's transformation, but free from 
any serious difficulty. It is inserted chiefly on account of the historic interest of the 
problem. I had extended this method to obtain the criteria for the case of any 
integral whatever before I was aware that the results were not altogether new. It 
was after finding the limits up to whioh the criteria were sufficient that I was led to 
the general method given in Part II. 

For convenience, a summary of contents is given below; the numbers refer to the 

MDCCOLXXXVn.—A. O 
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articles. Those who desire to read only the general method will find Part II. 
complete in itself 

It was origin ally intended that a tolerably complete account of the treatment of 
the problem, when the limits were not all fixed, should be inserted, but the length to 
which the paper has extended seems to render this inexpedient. 

Part I. 

Algebraic Transfoi'niations of the Second Vanation 

1. Notation. 

2, 3, and 4. General remarks on the problem for two variations. " Synclastic ” and 
“ anticlastic ” functions. 

5 and 6. Examination of Jacobi’s method. 

7 and 8. Comparison with algebraic method of this paper. 

9 and 10. Two variables—general case. 

11. Probable failure of the transformation if the limits widely separated. 

12. Criterion given by the result of the transformation. 

Part II. 

The General Method. 

13 and H. Conditions implied in the problem. 

15. 8 2 V and d z f/dy % have the same sign for small range of integration. 

16. Integration—limits within which the property holds. 

17. General remarks on the foregoing proof 

18 Any number of vanables—notation and limitations, 

19. Statement of the general problem. 

20. Criterion for the sign of S 2 U where the “ highest fluxions ” of any dependent 

variable are all of the same order, the integration extending over a small 
region only. 

21. Limits within which the criterion is sufficient. 

22. The "highest fluxions” are not all of the same order. The result includes 

thast of Art. 20. 

23. The highest of all the fluxions of any dependent variable appears in the first 

degree only. 


Part I. 

Algebraic Transformations of the Second Vernation. 

1> In the following pages the word "fluxion” will be used instead of the long 
expression u differential coefficient.” When there is but one independent variable, 
x, the et$bes&t$& fluxiohs of the dependent variables' will be expressed in the known 
notation 
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dy_ 

da 



*1 

d$ 


y, &c., &c., 


^ =w <») 
dot 1 y ’ 


- 59 

( 1 ) 


and the partial fluxions of a function (f) of these quantities with respect to any of 
them, say y M , will be denoted by df/dy M . Tt will often be convenient to use a 
biacket [ to denote the result of subtracting the value of the quantity in the 
bracket, when taken at the lower limit of integration, from its value for the upper 
limit, thus by [y Sy ] 1 is meant y l By l — y Q By Q In other cases, where it is unnecessary 
to write out the limiting terms, the letter L will be used as an abbreviation for the 
expression “ terms depending on the limits only,” as in the following equations — 

» 

\y dx — h — J#yd£c = L + iJ x*y dx, . . (2) 

where, though the letter L is the same in both equations, it does not necessarily 
denote the same quantity. 

2. To obtain a clear insight into the nature of the problem before us, let us examine 
it in the most simple and familiar case, that in which there is but one dependent and 
one independent variable. Writing 

u = If (®* y> y, y • • • y {n) ) dx, . (3) 


let us call Y.U the total variation of U due to a change of form in y, by which it 
becomes y + By (y being always a function of x ): 


™=I * ■+ %' * ■+ &0 -+#■> w) dx 
+Af(fy+ 2 i 5 8?8j+4c ' + r 8jW, ) ii 

+ roJ'(^^S |3 + + 




which we may write 

Y TJ = SU + P 3 U + t-H S 3 U + &C., 



where SU is the part of Y. U depending on the first powers of By and its fluxions, 
8 2 U that depending on their second powers, S 8 U on their third, and so on. As usual, 
these will be termed the first, second, and third variations of U, and so on. 

3. The form of U having been determined so that the value of SU vanishes inde¬ 
pendently of the value of S y, the terms which we have to examine are those of 8 2 U. 
This quantity, as obtained in the first instance, is explicitly a function of x, y , and By. 
But, as the value of y obtained by making 8U vanish is known in terms of x, 8 2 U 
can be expressed in terms of x and By. When so expressed, 8 2 U may either remain 
of the same sign, whatever function By may be of x, or else it may have-one sign 

o 2 
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when By is a suitably chosen function of x, and the opposite sigii wheil aiiother 
expression is taken for By. In the former case the integral must be either a maximum 
or a minimum; a maximum if the sign of is constantly negative, and a minimum 
if it is positive. In the latter case the integral is neither a maximum nor* a minimum ,* 
its only characteristic is that the first variation vanishes. It will save much useless 
verbiage if we use a single word to express this latter class of integral, and the word 
t( anticlastic,” borrowed from geometry, seems a suitable Orte. It has also the advan¬ 
tage of suggesting another termj “ synclastio,” for those functions which give either a 
maximum or a minimum. With this explanation the problem before us is to ascertain 
whether the integral U is synclastio or anticlastic. If it be the former, a glance will 
enable us to determine which the result is, a maximum or a minimum. 

4. We might reduce, by a real linear algebraic transformation, the part of S a U under 
the integral sign to the sum of n squares, and say that, if then* coefficients be positive 
all through the integration, then, whatever be the limiting values of the arbitrary 
variations, the second variation must be essentially positive (at least unless dx 
changes Bign during tbe integration); but the converse of this is not true, for it does 
not follow that, if tbe coefficients Of tbe squares have different signs, it is possible to 
make tbe second variation change sign. If By, By j . . . By M were all independent, 
this converse would be triie; hOnce one element in the problem before us is to introduce, 
in a suitable form, the interdependence of the quantities By, By ... . 'By ( ' l) . Again, 
if the limits ate not all arbitrary, there will be further limitations to the range of 
values taken by By a.nd its fluxions; and the second element in the problem is to find 
how these limitations to By and its fluxions affect the sign of the second variation. 



5v Jacobi's method appears to me open to the serious objection that it is necessary 
to its validity that tbe first (2n—*1) fluxion of By should he continuous; so that the 
discussion only proves that a curve AB V fulfilling the synclastio condition gives a 
better result than any infinitely near curve fulfilling the same limiting conditions, and 
which is continuous to the 2 n® fluxion of y. And it would not show that it was not 
possible to find other broken curves fulfilling the same limiting conditions, and giving, 
at our pleasure, a value to the integral either greater or less than that given by the 
curve AB. Thus, for instance, in the case of least action, it would not show that the 
th& trajectory was less than in any constrained path (which it is, in fact), 
blit t was less than that in any path for whioh the tangent had but one 

position a%^^^^obitTo show for the general case that Jacobi's proof assumes 
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tins continuity of would require a large amount of work, but it will be sufficient for 
our purpose to take the simple case where the function to be made synclastic contains 
only x, y, and y. 

Let us apply his general method to the integral # 


therefore 


integrating by parts, 


U — \f( x > y> y)d®i 

•-C(S* 






Hence 

SHJ = 


m w+ a 

\_dydij y ^ dtf 




d?f 


* UtL 4 l 




It will save trouble if, in what follows, we use the abbreviations 


|= Y o. f = Y i> and, in general, J 55 = Y ri 


_y dy 

dy* 005 dy dy 


= Y oi. and, in general, = Y„, 


Then we may write 

8 2 U = £y 01 83^ -f Y n % 8yj^ Hh ^oo % “I s Y 0l 8y —* — (Y 01 Sy -f- Y n 8y } 8y dx^, 

of which the part under the integral sign is 

[ (f* V + 1 « - for Sy - Y u * <fa 

“It( Y »“ fOM^* -1 **)}*** .... 

Now let 2 be a solution of the equation 

T »-f*)*-^-V*‘=°,.(«) 


( 5 ) 


• Jacobi treats this case by a method not identical in form with the general method he gives. 
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’ Multiply (6) by By 2 /z . dx ,, and subtract it from the part under the integral sign in 
equation (5): then we have for the part under the integral sign 


t( 


dY- 




dY n z 8 u 


dx ^ ' dx z 


~ Yn V + Y n tydx — | ^ ^Y u {zBy-zBy )^ ^ da j, 

Y n (iSy — z $y) ~f| - [ Y n $y) £ 

L Jo ' * 

T ll( ;^—«)J];+fT n {?(»)}Vdk 


and, writing out the complete variation, we get 



the final expression; from this it is evident that, if Y u dx changed sign in the course 
of integration, the fimction could not be synclastic. 

6 . If the variation By were such that By suddenly changed from ono finite value to 
another, By must be infinite at that point, and the integration would not be permis¬ 
sible, or, at least, it would require a justification which, so fur as I am aware, has 
never been considered necessary. 

Again, it will be observed that the limiting values of By are introduced in the 
process (though for this case it is easily seen that in the final result the terms in 
which they appear are identically zero). 

What has been shown in this case is true in general: the first 2 n fluxions of By are 
brought in \mder the integral sign, and of these the last n fluxions y (H+l) . . . y m are 
got rid of by integration. Again, the limiting values of the first 2n — 1 fluxions are 
introduced outside the integral, and, of these, the n fluxions ,. . y® n ~u disappear 
through their coefficients being identically zero; but the direct proof of this in the 
general case would, so far as I can see, require transformations of even greater length 
than those hfeually applied to the’ part under the integral sign. 

7. It was with the object of ascertaining whether it was necessary, in the general 
case, to assume the continuity of the’value of By and its %n — 1 fluxions that I first 
considered the problem; and I communicated to the British Association at Montreal 
an account of a method which was free from this objection, and had the additional 
advantage of a simplicity which enabled it to be easily extended to any number of 
dependent variables; and it is, in its main principles, applicable to the most general 

& BiA application of this method to the preceding case is as follows. Taking the 
second'^Ai^ftdn T th@ form on p: 99, equation (4), in expanding Y.TJ, we havB 
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S*tT = {(Y 00 V + 2 Y 10 By By + Y u Bf) dx. 

Writing in this 0 B x y for By, where 0 is a function of x at present unknown in form, 
and expanding the result, we get 

S a u = | (V By + 2 Y m e Btf (8B iy + e sy + y u (b b iV + e B lV f) dx 

= f (V CV + 2Y 1O 00 + Y n fr) + 28 , 1 / Bjy (Y lo 0» + Y n B0) + Y u 0* By) dx. 

Integrating by parts the term involving B x y B x y, 

= [CV + Y U M) 3^1 + { (y*P + 2 Y 10 M + Y n ff> - J (Y 10 ^ + Y u ft9))sy Sx 

+ \(Y u PBy)dx. 

m 

The multiplier 0 is here quite arbitrary, and Gan therefore be determined so that 
the quantity multiplying 8 y z under the sign of integration shall vanish, and hence, 
when this value of 0 is chosen, we have 

8 >U = [(Y lo 0 » + Y,>J) 8 ^| + } Y u fl» By dx 

This is the same form as that m the other reduction, and it is easy to prove that 0 
is a solution of the equation (6) used in finding z in Jacobi's method. 

9. We have now given examples of the simplest cases. The method of treating 
S 2 U, where 

u = [/(», y, y, • • 3/ 0,) ) 

will now be given in its shortest form, 

Using the notation already adopted, we may write 

& 3 J* fi x > y>y> ’ • • y w ) <&c= [ ttY rs By (r) By {t) dx 

If we transform this by writing z 1 8 x y for 8 y t and expanding the fluxions, we shall 
get an expression which may be written 

r (»){n) 

8 2 U = | 2 2 k rt B x y^ 8 l2 /W dx, . , . .(7) 

J (0)(0) 

where for instance, means djdx, B x y and A. r# contains % x as well as x. This 
expression consists of terms in which 8^ itself enters, and other terms in which only 
its fluxions appear. Integrate by parts the terms containing 8$; thus, in the 
previous expression 
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| T w 8 y dy = [Y,. 8 y 8 ,/-^ - ( (j£ 8 y 8 i/~'> + Y„ 8 y 8 ydx 

+ [ By 8^ 8 y^> - Y„ By 8f~^ dx ; 

and, finally, 

\Y„8 y 8y = -L±\{^b/- By (^ 8 jr + &<=.) ) cfa, 

where, with the exception of the term involving 8 y 3 , the integral involves only 
fluxions of By, and a similar reduction cam of course, be applied to any terms of the 
same form. 

Reducing all the terras involving 8 $ in (7), we get for S 3 U an expression which we 
may write 

rp=t,+j (Ao By +1 |a'„ s#* 8tf«) dx, 

where, in the terms under the double summation sign, 8 $ only appears through its 
fluxions. If we determine % x by the equation A 0 = 0 , a differential equation of the 
2 n th order, we have 8 3 U depending on the limits and on terms involving 8 x y only 
through its fluxions. If this expression be transformed by writing % 8 $ for 8 $, then, 
after expanding, we get an expression which we may write 

__ _ f (ft-1) (n-l) , „ , v , 

m = % t B rt 8 &<*dx, 

J (p) (0) 

in which the highest fluxion of 8$ is of the (n—l) th order. 

This expression oan be reduced, hy tfle same method, and we get 

S>U = I ) + { (b 0 80 * + ‘I" Vb'„ 80 ® S^) dx. 

Determine so that B 0 = 0 for all values of ps, then 8 3 U will depend on L and the 
fluxionB of 8 $ \ transforpa this by writing, in the part under the integral sign, 
$0 = H ^d reduce in the same way, and so on till we come to the last trans¬ 
formation but one, in which 

S*U = I, + { (u, (8_ lV y +11 Mr, 8,.^ 8^«) c lx, 

which, treated similarly, gives 

8 3 U x=s L + J (N 0 8 n y* -f N u 8 n y*) dm \ 
ahi, determining z H so that K 0 = 0, we get finally 

^U^L + JNuCS^cto. 
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"When we substitute for B„y its value in terms of By and its fluxions, we must clearly 
have an expression of the form 

S 2 U = L + JN n {/ 0 (as) By™ +/i (*) ¥' 1 ~ 1) + &c. +/. (*) Zy}'dx ,* 

and, as it is evident that the coefficient of 8y (n)2 is unaltered by the transformations, 
the expression for S 2 U may be written in the form 

L + f Y*» (Sy (w) + a i V“ 11 + &c - + a< ‘ ty) 2 d x > 

where L contains By and its fluxions up to, but not including, By". 

10. This is the same form as that in Jacobi’s method, and it has been obtained on 
the supposition that integrations may be performed on By, By ,. . . 8y {n) ; this requires 
that By . . . should be continuous in every sense, and that By 0l) should not 

become infinite, but it may suddenly change from one finite value to another. It is 
very important to note this in connection with the condition determining the point at 
which a*curve ceases to fulfil the synclastic condition 

As yet, the equations determining the quantities z l3 z# . . . z„ used in the trans¬ 
formation have not been given, and it might be supposed that they would have to be 
found in order to determine the part of S 2 TJ depending on the limits. It will, 
however, be seen that in this as well as in every other case under the Calculus of 
Variations it is only necessary to use these quantities to show that the reduction can 
be made . As a matter of interest, however, a short discussion is given below* 


* It may be interesting, though, not required for our immediate purpose, to examine the relation 
•which the coefficients j? lt &c, in the transformation bear to the value for y which gives the synclastic 
value to the integral For this purpose it will be convement to use A oU instead of a 3 U 

In the first place, it is evident that, if we have any expression for <S 2 U as a quadratic function of Sy 
and its fluxions, we shall get MU by taking the polar, with respect to the quadratic function, of the 
point whose coordinates are Ay, Ay, Ay, and so on, using the word “ point ” in an extended sense. If a 
proof of this is desired, write (a + KA) for a in 

=/(*,*, 

and get 

(a -f KA) 3 u = / {(a + KA) y, (a + KA) y .. (a -f KA) y n }, 

and, after expanding, equate coefficients of K, which is quite arbitrary. Hence, from equation (7) we 
obtain 

A aU = L 4- Js 2 A r , A x y r dx, 

and, since the integral contains only fluxions of A 1 2 / 1 , A aU will depend only on the limits, whatever be 
tbe form of Sy, provided A ■$, that is, A yjs^, is constant; and therefore is one of the values of Ay for 
which. A aU is independent of the form of aU. Now, 

OT-L+J(T,fa)** 

p 


MDCCCLXXXVn.—A. 
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11 . It is important to observe that this transformation is only valid, provided none 
of the quantities z h . z„ used m the transformation vanish for any value 

of x passed through in going from x 0 to x v For, suppose z r vanishes, then, as 
S,_iy = z r B, y, the corresponding value of 8 r y must be infinite. Now, since z 1 . . . z n 


and therefore 


ASU = L +|a (y 0 — 4- . hjd®, 

and this can only he independent of the form of 8y when 

*(*.-£+...)=a 

that is to say, when y + Ay satisfies the equation satisfied by y, i e., 

+ & o=0 . 


(a) 

(&) 


If, then, the solution of (5) be y —f (x, Cg, .. c*,), that of ( a ) is obtained in the well-known form (see 
Todhunter, 1 History of the Calctilns of Tarnations,’ p. 271, or Jellitt, * Calculus of Variations,’ p. 84) — 

+ .. • (0) 

It follows that #]_ must be Oj df/dc \ + C 3 df/dc^ + &c., or, shortly, sq = y l ; y Xi t/ 2 , . . y zn being indepen¬ 
dent solutions of (c). 

In finding « 3 , we employ a similar process. Since the part of trU under the integral sign has been 
expressed m terms of the fluxions of 8 z y, that of A 5TT can be expressed m terms of the fluxions of 8$ 
and Ag y. Hence, if we ohooso A y, so that Agi/ = constant, the integral vanishes identically, and the 
whole variation A SIT depends only on limitmg values of 8y, and not on the general value. Hence, as 
before, A y must be a solution of (a), and evidently it must not be the y x solution. Let us denote it by 
y% (observing that y 3 , however, cannot be quite arbitrarily chosen from the remaining 2w — 1 solutions 
because the equation for A y is only of the (2n—2)' Ul order, and can only have 2 n — 2 solutions). Then, 
since # 3 = Aj^/Agy = 1/A 3 y . d/dx (A ylz{), it easily follows that 2 3 = c djdco (y^Vi) • Similarly, when we 
come to the third transformation, we have 8gA 8 y = A$ } whence 


*8 = 


— Ag?/ _ 1 d 
A 3 !/ dx 


-±(*3L\ 

dx\]hl 

±(y*\ -I 
-<fa\yj J 


d 

*"5 


^i/ 

and, when A a y = constant, Ay is a solution y 8 of (a). Hence, 

'IfsiY 

dca\yi/ 

±7b) 

Ldb\ft/_i 

and similarly for the remainder. As nothing hangs on the discussion of these quantities, it is not worth 
writing ont any more. In foot, the only application of the investigation to the present case weald be to 
show that the transformations in Art. 9 are always possible, provided a sufficiently short length of the curve 
S *o show that it is always possible to choose a? 3 , % &c., so that none of them vanish 

of w between the limits of integration. But it is easier to see that thi p is, in general, the 
[nations obtained for &c., m the course of the tinnsformations themselves. Bor, 

« ^ of 9 and arbitrary constants, it follows that, if we put % r = 0, we can solve for the 

value of # tfeose arbitrary constants, and hence, by taking suitable values for the constants, 

we can, in general, enStfe idiat s ft does not vanish for a value as = dj Qt 




MINIMA SOLUTIONS IN THE CALCULUS OF VARIATIONS. 


107 


are definite functions of x and the arbitrary constants introduced in the solution, it is 
evident that, x 0 being the initial value of (x), there will in general be some value x 1 
at which it becomes impossible to determine the arbitrary constants, so that some one 
at least of the solutions z 1 ... z n shall not have changed sign. Up to this point the 
transformation must hold, and the conditions for synclasticism derived from it must 
be sufficient and necessary. 

12. Confining our attention to integrals for which the transformation does hold 
(that is, integrals whose limits are not too widely separated), it is easy to see hy the 
usual method that, unless Y nn dx retains the same sign throughout the integration, the 
integral cannot be synclastic.* For the integral 

8 2 U = JY,«, (fy«+a V^+Ac f dx 

may then be divided into two parts, one negative and the other positive, and, as the 
form of hy is arbitrary, we could make the numerical value of either of these parts 
exceed that of the other, and therefore 8 3 U would be capable of either sign. 

But the condition that Y„ n dx remains of the same sign throughout the integration 
is not suffic ie nt to ensure that this integral shall be synclastic. This would be the 
proper place to examin e the further condition if it could be derived from the preceding 
transformation, but it does not appear to me that we can avail ourselves of the 
analysis, for the following reasons —Some of the quantities z r used in the tranforma- 
tion may vanish for some value of x included in the integration, and the investigation 
would not apply. Hence we should have to give an independent discussion to 
discover the limits of the integration within which the transformation does apply. 
But even then we should only have proved that the function was synclastic up to 
those limits at least, and we should have still to discover whether it might not he 

* It is usually stated that, unless Y, u , preserves its sign, the integral could not "be synclastio, but 
tin a is a mistake arising from the supposition that, because dx increases from the lower to the higher 
limit , it must have the same sign throughout the integration. But it is evident from the figure 



that das may change sign for a value of x between the hunts, in which case there must be an even number 
of iVhfyngftR, or it may change sign an uneven number of times for values not numerically between the 
lower and higher limit, but yet passed through in going from the one to the other md the curve It 
would be easy, by transforming the axes, to multiply examples of the latter, and in these and dx will 
change sign together. 

P 2 
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synclastic for wider limits. Tor it does not seem by any means ovident that the 
function cannot be synclastic unless the transformation is valid. It might still be 
possible to reduce it to a Bum of several squares, for instance, after it had ceased to be 
possible to reduce it to a single square term. At first sight this would appear not 
improbable, for it would mean that it was still possible to determine the first few 
coefficients, z lf z 2 , ... . z r , &c., so that none of them vanished, although it was impos¬ 
sible to determine z r+1 so that it did not vanish ; then the integral would be reduced 
to the sum of (n-~r) squares, and the conditions would be that all their coefficients 
were positive. 

These difficulties seemed so great that it appeared better to attempt the problem 
by an altogether different method, namely, that of supposing that the synclastic 
property does hold for a given length of the curve and then ascertaining where the 
property ceases to hold. 

It is evident that if this could be done it would be sufficient to find the synclastic 
condition for an infinitely small 1 range of integration, and this suggested the method 
now to be given. As already stated, the discussion of the further condition for 
synclasticism will be postponed to Art. 21. 


Part II. 


The General Method. 

13. A full account will now be given of the general investigation as applied to the 
case of two variables, and a somewhat shorter discussion of the general case will be 
found in Arts. 20, 21. 

Consider the conditions under which the equation 

£ f{ x > V + 2 / +&/,.. . y in) + By M ) dx = £ / (x, y, y ,. . . y (n) ) dx 

+ Ct 

+*c 


* 0 $* • • ■ + dx 

j ^ 'Sr ^ r & w . * < & / 

~ + *^%***ty+~ t ^ ¥**)<& + &c. 



is valid. It is obtained by writing f -p %v $ <£ By* r . ffir y, y ... in/(cc, y,y... y {n) ), 
expanding by Taylor's Theoremjand. J Taylor's Theorem requires 

atttterical values of the quantities By, tiy, &c., shall not exceed certain limits, and 
f of %, y, y, &c., shall not be such as to make the coefficients in the 
rHmce, if f(x , y, y . . . y (n) ) satisfy the latter condition for every 
value of x the range of integration, and if we take By l By x &c., small 
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enough, we can always ensure that the above expansion holds. So far, nothing has 
been said as to the continuity of By, By, &c., but, By, &c., being the successive fluxions 
of a single quantity By, they must all be continuous functions of x except By M , the 
highest fluxion, whose magnitude is not so restricted. For, if 8y (r) changes suddenly 
from one finite value to another, for change of x from x' to x -f- dx, its differential 
coefficient, By {r+1) , would become infinite for that value of x. But, as By (n+1) does not 
occur m f(x, y, y . . . y (w) ), the validity of the expansion will not be affected by its 
becoming infinite, and therefore By {n) may change from one finite value to another. 

14. Hence, if we discuss the problem of maxima and minima by the usual method, 
the variation we give is of necessity restricted as follows • By, By,. . . must all be 
continuous functions of x. By {n) need not be continuous, but the magnitude of each 
fluxion must be restricted with certain limits, which will vary with the nature of the 
problem under discussion, but it will in all cases be sufficient to make them Infinitely 
small. It will be convenient to consider By as oufrx, where a is a small numerical 
coefficient, and <jjx is a function of x, such that it and any number of its fluxions may 
become zero, though in general they will be finite, while neither the function itself nor 
any of its fluxions up to and including the n th can become infinite for any value of x 
occurring in the integration. 

The coefficient a must be taken sufficiently small to ensure that, when considering 
only the sign and not the value of an expression involving it, we may neglect terms 
depending on a 2 or higher powers in comparison with those depending on a. Denoting, 
as usual, by SIT, 8 3 U, &c., the part of the expansion depending on the first, second, 
&c., powers of By and its fluxions, we may say that 8U is of the order a, S 3 TJ 
of the order a 3 , and so on. Hence, in the absence of special determinations of the 
form of By, 8 2 U, the part depending on a 2 will exceed all terms depending on a 3 and 
higher powers of a, and then the sign of the whole variation will be the same as that 
of 8 3 TJ (8TJ being zero when y has its synclastic value). 

It is convenient to have a geometric representation, and the function y will be 
taken as the ordinate of a curve of which x is the abscissa, and the curve corre¬ 
sponding to the synclastic form for y will be called the synclastic curve. 

15 We may now easily prove the following proposition.— 


Let 


TJ = ( l f(x, y, y . . y M )dx, 


y being any function of x. Let the second variation 8 3 U be taken, subject to the 
condition that By, By, . . . Sf/k-D are Z ero at each limit. Then the sign of 8 3 U is the 
same as that of the term involving B^ n)% in the integral, provided the range of the 
integration be sufficiently small. 

The second variation being written 


8®U = P (Yoo 8y 3 + 2Y 01 By By + Y u 8/ + &c + 2Y„_ 1)W By^ S^> + Y nn By™) dx, 
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the proposition will be proved when it is shown that throughout the integration 
VW*. &c., are all negligible, for then the term Y„ tt Bif tt)z is 

obviously the most important, 

Now rx 

wr n = f 


no constant being added, as %^~ 1) vanishes when x — x Q . Let the numerically greatest 
value of x ~ x Q in the integration be /3, and that of By M be y; then, numerically, 

A fortiori, < j&y, for, if /3 s be the greatest value of 8y {n ~ l) , 8y (n ~® < fi f¥. 

But /3' < /3y, similarly 8y (f/ ~ 3) < j3 3 y, and so on. Hence By {,i ~ l) /By {ll) is of the order /3, 
and similarly for each of the fractions.* 

It follows from this that the only term of the order a 3 in the expression for 8 3 U is 


(*Y mtyVdtt. 

J nv, 


It follows that, if Y, w dx does not change sign in passing from a? 0 to x 1} neither can 
8 S U change sign, whatever be the form of By, and it is clear that S S U/U is of the 
order a 3 , exactly as if the integral were taken over a finite portion of the curve; 
and it should be remarked that the value of 8 3 U is of exactly the same order as 
if the limiting variations By . . . had not been zero—that is, the order of 8 3 U 
is the same as if the most general variation possible had been given to y, although 
the actual variation is 2 ero, as also are all its fluxions up to, but not including, the w th . 

It might possibly be objected that, as §y ( - u ~~ l) is zero at each limit, therefore By^ dx 

is also zero. Hence, as dx may be taken to increase uniformly, By (,i) must change sign 
between x = x Q and x = x 1 ; and, as these values are very close, By (n) is everywhere very 
near its vanishing point, and is therefore everywhere very small. But this proceeds 
on the idea that By M must be continuous. There is no difficulty when it is remem¬ 
bered that By^ may change suddenly from a positive value to a negative value. 

16. Thus, without any analytical transformations, it has been shown that if Y m be 
positive the integral is a true minimum, and if Y m be negative it is a true maximum 
when the integration is extended over a very small range. "We have still to consider 
how far the integration may be extended without annulling this property. With¬ 
drawing the restriction that x l — cc 0 is small, let us consider the continuity of the 
second variation 

8 3 TJ = f 1 (Y 00 8/ + 2Y 01 By By + fe + Y„„ 8y<»> 3 ) dx ,, 

j Xq 


t ' 'y |hlWi similarly that, provided /3, the range of the integration, be not too great, the sign of a°TJ 
t:as .that of P By m ) dx, that of W the same as that of f h d^ldy lnH («u tn) ) 4 ck, and 

^ IobS noiia any way depend on y having its synolastio value. 




BOr 
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It is, in general, a quantity of the order a 2 (Art. 14), and it is continuous if we can 
alter it by amounts infinitely small compared to a 2 . This is always possible. First 
let the limiting values of x be unchanged; then, writing, for By, By + B 2 y, where B 2 y is 
infinitely small compared to By or a, it is evident that the change in the integral is 
infinitely small compared to a. If, still keeping the same variation By -{- B 2 y, we change 
the limits by writing + dx lt cc 0 + dx& for x } and x 0 , the most important additional 
terms due to this change, 

[(Y 00 ty 2 4 2Y 01 By By + ... + Y«„ V n)2 ) d® J 

are also infinitely small compared to the original integral 

Now, as in the original expression for S 2 U we may suppose By, By, . . By*"" 1 ' zero 
at each limit x 1 and x 0 , so we may suppose B 2 y so determined that By + B 2 y, 

a * 

By + B 2 y ,. . . + B i y^ tt ~' 1 \ shall be zero for the values x Q + dx Q , x 1 + dx ± . 

Hence, representing by the value of the second variation when the value of 

By is such that it and all its fluxions, up to the n tu , vanish for both limits of integra¬ 
tion x Q and x 1} we see that we can always alter the value of By so that 

s*u:: 

is infinitely small. (Of course we might also alter it so that it should be finite.) 

It will simplify the further explanation if we represent the values of y by ordinates 
of a curve of which x is the abscissa,* and we will suppose that the value of Y„„ at 
the lower limit is negative, so that the curve obtained by making 8U vanish is a 
maximum when the upper li mi t is very near the lower one. 

Considering the lower limit of integration ^ as a fixed point A, and the higher one 
x 1 as an arbitrary point M, on the curve ABC, we know from § 15 that when M is 
sufficiently dose to x 1 the integral is a maximum, i.e., S a U^/(cc 1 —aJ 0 ) is a negative 
quantity of the order a 2 . Suppose the curve first ceases to give a maximum when M 
coincides with C. Then we may easily see that C is the point to which it first 

* It is evident that what has "been said about the admissibility of a variation may be expressed thns: 
by is the difference between the ordinates of the new curve and old onrve, and any curve is admissible, 
provided by* is nowhere infinite Thns the broken curve ABO is admissible provided that at D and E, 



/; 
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the points of junction with AFO, it has contact of the (n — 2)^ order Furthermore, the difference of the 
integrals taken along ABO and AFO is the same as the difference of the integrals along DBS and DFE, 
as is seen at once by regarding the sign of integration as one of summation 
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becomes possible to draw a second curve such that S 3 U A = 0. For, if S a U A could be a 
positive quantity of the order a 3 , we could alter By so that S 3 U A should be positive 
and of the same order, C r being between A and C, infinitely near C« Hence the 



maximum property would have ceased at C', but by supposition it does not cease till 
0, and therefore we have to find C as being the first point for which 8 3 TJ A or 

w:=°. 

Now 8 3 U*J=0, 1st, because.it vanishes independently of the form of By, or 
2nd, because a particular form is assigned to By, causing it to vanish, or 3rd, because 
x 1 — x 0 can be divided into separate parts, some of which vanish from the first cause 
and the rest from the others. 

The first case can only occur if S 3 U vanishes identically, i.e., if its coefficients 
vanish, and will not be further discussed. The second case will occur when Y m does 
not vanish between A and the point for which 8 3 U A ss 0 (this will be evident 
presently). The third case must be investigated on the supposition that the parts 
which vanish independently of the form of By are infinitely small (for otherwise 
8 3 U would vanish identically), and for these parts Y„„ must vanish, for when the 
limits of integration are infinitely close, and the limiting values of By, By ,. . . 
zero, S a U = J Y m By ,Cw)a dx, and this vanishes independently of the form of By when 

We have then only two cases to discuss— (a) Y m does not vanish throughout the 
integration, so that 8 a Ul vanishes in consequence of a particular form being assigned 
to By throughout the integration, and (b) that in which Y nn does vanish. 

First suppose that Y m does not vanish. Then C is evidently determined at the 
first point to whioh a second synclastic curve can be drawn, having at each limit 
contact of the {n — 2)^ order with ABO.* 

* For ifc is evident that if vanishes in passing from ABO to ADO, and of any portion as EF of AD 0 

were-not itself synclastic, we could .obtain, an integral greater than that along ADO, and therefore greater 
y that along ABO, by joining BF by a Bynclastio curve EHF, having at E and F oontaot of the 

*>rder with ADO 5 and therefore the preceding reasoning shows that 0 would not be the first 
Lu can te drawn so that S S U° = 0 . Hence we must use the synclastic curve to get 
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Next suppose that, in fig. 4, the point S represents the first intersection of a 
consecutive synclastic curve AB'S with ABS, and that the dotted line, through T, is 
a line whose equation is x — x', x' being the value of x for which Y*„ = 0 (if there is 
more than one value, take the first one you pass through in going from A vid the 
curve). Then, in that figure, 8 3 Ua first becomes capable of the value zero at C, where 
the curve meets the ordinate through T. For the second variation v anis hes in passing 
from ABO to a curve ABC'O coincident with ABC up to O', a point infini tely close 
to C, and having at C and 0 r contact of the (n — 2) th order with ABC, since from A 
to O' hy is zero, and from 0 to C' Y„„ is zero. 

Hence S S U A first becomes capable of a zero value when C coincides with the inter¬ 
section (S) of a consecutive synclastic curve having contact of the (n —l) t}l order with 
ABC, or with the point (T), given by Y m = 0, whichever is first reached in passing 
from A along the curve. 



It follows, rigorously, that the synclastic property cannot cease until the first of 
these points is reached. It does not follow that, if the integration is extended 
beyond this limit, the integral is antidastie. 

Three cases arise :—1st, S is nearer A than T is; or, 2nd, T is nearer to A than S; 
or, 3rd, T and S coincide. 

Case 1.—In this case we can easily show (see fig 3) that, C being the intersection 
of a consecutive synclastic curve ADC with ABCG, the synclastic property does 
cease at C, that is, we can join A and G by curves the integral along which 
is either greater or less than that along ABCG. Let ADC be a consecutive 
synclastic curve for which 8 2 Ua = 0, then evidently, representing by I (ABC » * * ) 
the integral along the curve ABC . . ., we have 


add 

and get 


I (ABC) = I (ADC) j 
I (CG)»I (CG), 

I (ABCG) = I (ADCG) 

Q 
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(which is legitimate, as hf is nowhere infinite). Now take two points P and Q on 
ADO and CG respectively, and join them by a synclastic curve PB.Q having contact, 
of the (n— 2) lb order with ADO and CG, P and Q being sufficiently close for the 
synclastic property to hold between them. Then, since I (PRQ) is a maximum, 


add 

and get 


I (PRQ) > I (PCQ); 

I (ADP) +1 (QG) ss I (ADP) +1 (QG), 

I (APKQG) > I (ADCG), and therefore > I (ABCG), 


showing that the integral taken along ABOG is not a maximum, and evidently it is 
not a minimum, for, if it were, every part of it would have to be a minimum, and the 
part from A to B, for instance, is not a minimum, but a maximum.* 

Case 2.—In this case, if Y m changes sign as well as vanishes, the integral becomes 
anticlastic when the limit is beyond T (the point where Y m = 0). This is obvious, as 
the part immediately beyond T then gives a minimum value to the integral whose lower 
limit is T, while from A to T it gives a maximum value. If Y«„ does not change sign, 
it is easy to see that the maximum property does hold beyond C, with this nominal 
exception. A curve ABC'C"C"'G can be found the integral along which is equal 
to that along ABOG, O' and O'" being infinitely near 0, and 0'0"0'" being any curve 
having contact of the (n—l) th order with ABOG at O' and O'". It is not difficult to 
see this by reasoning similar to the above, but it is shorter to observe that if we alter 
very slightly the value of Y wn , so as juBt to make it preserve its sign without vanishing, 
we alter the value of the integral very slightly, and, therefore, &c. 

Case 3.—Very slight consideration shows that the synclastic property ceases at T. 

17. Before passing to the general case, it will not be amiss to add a few explanations. 



The argument is not that it is possible to pass from the original curve to any 
other infinitely near curve by repeating again and again for each part of the curve a 

* It 1b sometimes considered sufficient to say that, os = 0, and =? 0, while changes sign 
with By, the maximum property must cease at A In Todhuntek’s “ Adams’ Prize Essay on the Calculus 
of Valuations ” this reasoning is employed (Art. 24, p 25). But it is invalid for two reasons. 1st, S 3 !! 
and all higher variations may vanish, as in the case of great circles on a sphere j and 2nd, it shows only 
a curve can he got giving an integral greater than that corresponding to ABOGf- by terms of the 
,of the second, order. Now, as the second and third variations are quite independent of eaoh 
is nothing whatever to show that when a value is given to By other than that which makes 
tVfiiia&ion FEF can he made to change sign. It is absolutely necessary to show this, for 
A t© <1 would really he a true maximum, though of a very ounous nature. 

m. if. 



j&tsom 
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variation such, as we have just given. No doubt, if we were to do this, we should at 
last get a curve differing from the original one, and, since Y mt is the same if cc be the 
same, it seems that we should get the variations all of the same sign, and that the 
result could thus at once be extended to a finite length of the curve; but, although it 
would be true that the sign of the second variation in passing from any one of the 
curves thus found to the consecutive one would have the same sign as Y„ a dx, yet the 
first variation would not vanish. 

It is not difficult to see that these two alternative conditions, treated of in Cases 
1 and 2 respectively, are independent. For, if the points obtained by the two criteria 
coincided, the least root of the determinant equation (a) in the note* must coincide 
with the least value of x for which Y„ n = 0, and it seems evident that there can be 
no such connection. It may, however, be as well to give an example, to show that 
the condition in Case 2 may cease to be fulfilled, while that in Case 1 still holds. 
Taking for TT the expression f y 4 x dx, we have 

8 U = 4 {Sy y z x dx = [4,fx 8y] * — 4 j* ^ (y*x) 8 y dx, 

and the equation given by the calculus is 

d •„ A 
— ifx = 0 ; 
dx J 3 

integrating, we get 

y — cx 2ls -f c', 

whence it is easy to see that Y m dx or 4.3 .y 2 xdx changes sign as x passes through 
the value zero. (It might be thought sufficient to say that, as y 2 cannot change sign, 

* 16 y = / («, Cj, Gj, . . Can) be the general solution obtained by making 

T » _ ^ l+ S a + &0 ± 15' =0 ’ 

then, denoting df/de^ df/dc# &c , by y v y 3 , &e., it is well known that we have for the value of x 1 , to 
which a second curve of the species can be drawn from x^ so as to have, at x 0 and the point we seek, 
contact of the (n — 2) 01 order with the curve y = f(x, Cj, c 2 , . c in ), the equation 

y\» y'fy • • 2 / 2 » 

« • • 

Vlt V& * 2/s» 


yV w ~ 1, J y's ( "~ 1, » 

v\> y» 




yi tn ^\ ya (n_1) 5 


where y‘ means the value of y when a>o is substituted for » The least value of x satisfying this, or more 
properly the value first reached in going from x$ vid the curve, gives the point in question, 

Q 2 
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this quantity must change sign with x, as dx is a constant quantity; this, however, 
is a mistake. it is necessary to know the nature of the curve in order to be sure that 
dx does not change sign when x does ) Hence, according to the first rule, the integral 
will be anticlastic, should the value x = 0 be included in the limits of integration. 
But, if we seek the limits within which the condition in the socond proposition is 
fulfilled, we find that, if we start from a point x Q = — a, a second curve of the same 
species does not intersect the original curve until cc = -f- oc. It follows that, so far as 
regards the second condition, the integration might extend from a: u = — a to x 1 = + a. 

It may be well to observe that the proof given in Case 1, that when the integration 
is extended beyond the limits stated, i.e , those for which S 3 U can vanish, the syn- 
clastic property ceases to hold, does not in any way depend on the supposition that 
S 3 tJ does not vanish. It is shown absolutely, and without exception, that when the 
limit stated is passed, S 2 U can change its sign (§ 1G), and the values of S 3 U, 8 4 'U, for 
those limits will only enable us to find whether the synclastie property holds at the 
limit up to which it is known to hold, namely, whether it holds up to and including 



the limits found in Prop. 2. Consider the case of a curve, and let ACB and AC'B be 
two consecutive curves satisfying the limits and the differential equation 



^}+ 

dx ' 


daP 


— <fcc. 




then both the first and second variations, 8TJ and S 2 U, vanish in passing from the curve 
ACB to AC'B. But the third variation, in passing from A to B, will not, in general, 
vanish, and ^may bB expressed as a function of the coordinate of A, = f(x), suppose; 
now, as A moves along the curve, f(x) will, in general, vanish at one or more points. 
Hence it follows that, in general, the synclastie property only holds between A and B, 
and does not hold for the limits A and B actually , though there the difference is only 
of the third order; but there may be certain points for which S 3 U vanishes and SHJ 
is of the same sign as Y wn cfo, and for these the curve joining A and B gives a truly 
synclastie value to the integral. 

If the synclastie property ceases because Y m changes sign, it will hold up to (and 
the limit, and only cease as you pass beyond the limit, 
pt ,i& often convenient to borrow a few terms from geometry when treating of 
on a number of independent variables x lf x % , .... cc„. In the 
#?ord “ point” will be used to denote any single set of values 
while “region” will mean a continuous collection of 
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points whose boundary is defined by those values of x x . . . . x n which make a certain 
function or functions vanish; as, for instance, all those sets of values which satisfy the 
two sets of inequalities 

x\ -f x % 2 + • • • +£c s »j — r 1 < 0 

and 

(®i — cq) 2 + (as 2 — cl 2 ) 2 + . . . + (Xm — ct m y — r' 3 < 0 

The dependent variables being y 1 . . y ns the word “surface” will be used as an 

abbreviation for the term “set of equations expressing the dependent variables in 
terms of the independent ones.” Not only is there much saving in labour, both to 
the writer and to the reader, in the adoption of these terms, but there is the 
additional advantage that the same explanation is applicable alike to the most 
general case and to that m which geometrical conceptions enable the argument to be 
grasped with a clearness unattainable in reasoning of a purely analytic character. 
The reason for adoptmg the word “ surface ” instead of “ curve ” is that, as the expla¬ 
nation for the curve has been already given, it would be superfluous to repeat it, 
while it seems a real advantage to give the investigation for the case of one dependent 
and two independent variables 

It will be necessary, in the first place, to examine the conditions under which the 
solution supplied by the rules of the Calculus of Yariations is applicable. 

Let the function to be made a minimum be 

U = J dx x . . J dx m f(x 1} . . x m y X) . . y n ,), 

where f(x v . . . x m y x> . . . y n ) includes the fluxions of y x ... y„ with regard to the 
independent variables. 

To find the variation in this expression, let us increase y x , . . . y» to y x -\~h x , 
2/a+^sj • • • (^i» &c., being functions of x x , x^ ... x a ); then the fluxions of 

y x , &c., will be increased by the corresponding fluxions of h l3 &c. 

For the purpose of ascertaining the limits within which the quantities h x , h%, <fcc, 
must be confined in order that our reasoning may be valid, let us write, in place of 
hjj &c., ctAy 1} aAy %3 &c., where a is a constant, the same for all the variables, and 
Ay 1} Ay%, See., are finite functions of x l3 x 2 , . . . x m , or, more accurately, are functions 
which, though they (and their fluxions contained in the integrals) may vanish, neither 
become infinite, nor give infinite values to these fluxions, for values of the independent 
variables included in the region of integration; they are not-%njimU functions. If we 
represent by z, z' 3 &c., any of the dependent variables or their fluxions, we may 
represent the corresponding change by aAz, clAz\ By Taylor’s theorem we may 
write the new value of U corresponding to the new values for the dependent 
variables in the form 

U y+1 = u, + f .. {{«s(f^) + Ks(^^A*') + |(&a)}*i 


k • • 


dx m . (8) 
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For our purposes it will be necessary to take a of such a magnitude that the part 
depending on a 3 is greater than all the subsequent terms (It seems well to observe 
that this does not, in general, imply that a is infinitely small.) But there are restric¬ 
tions to the values of the quantities Az, A z', &c., and in order to find them it will be 
necessary to give an outline of the method which is usually employed in the calculus. 
The part of (8) depending on the first power of a is reduced by successive integra¬ 
tion by parts, so that the part of the integral not solely depending on the limiting 
values contains only the variations A y±, A y 2 , &c., and does not contain their fluxions. 
Thus, if D represent the operation by which z is got from yfl we shall get from the 
term 


such terms as 


a\..\ Az dx-^ • • . 


dx. 


M 


a J. . . . J (B x dx % dx z . . . dx m -f B a dx l dx s . . . dx m + &c.) 



where the first part of the right-hand side depends only on limiting values. Applying 
similar reductions to all terms containing fluxions of variations, we get an expression 
of the form 

SU = a J. . . J {L x dx 1 dx 2 . , . dx m + L 3 dx x dx % . . . dx m + &c.} 1 

^ t | y) 

-f a J. .. J {A x A y x + A a Ay % + &c.) dx x dx 2 . . . dx m 

This integration by parts depends for its validity on the supposition that no one of 
the quantities Az becomes infinite for any values of x x ... x m within the limits of 
integration. But it is very important to remark that the integration is legitimate, 
whether the variations of the highest fluxions are or are not discontinuous in the 
sense of suddenly changing from one finite (properly, not-infinite) value to another. 
It is to be observed that, in discussing the sign of 8 3 TJ, we introduce no limitations 
fxcept those already implied in the usual treatment of 8U. 

Again, it is to be observed that the terms in the limiting integrals in (9) will 
contain the limiting values of all but the highest fluxions of the variations. Hence, 
when we say that the limi ts are given, we mean that the values of the dependent 
variables and of all but their highest fluxions are given for all points on the boundary 
of the region of integration. Hence, if we determine the forms of the functions 
... so as to satisfy the equations*— 


T ^ 
i* <*rf 


mm, 1&B n * represents D will represent fajZfdxf 
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and at the same time fulfil the conditions supplied by the given limiting values of the 
dependent variables and of all but their highest fluxions, the difference between the 
integrals for the surface so determined and that for any other surface will vanish so 
far as regards terms involving only the first power of a, provided only that the second 
surface can be obtained from the first by a change such that none of the A variations 
for A become infinite when as 1} . . . x m have the values corresponding to any point 
within the region of integration. This, indeed, is true whatever be the order of a, 
but, in order that the sign of the difference between the integrals shall be the same as 
that of the second variation (the part depending on a 3 ), it is, in general, necessary 
that the quantities a Az, a Az', &c., be small. 

19. To determine whether the integral is a true maximum or minimum, we have 
now only to find whether the terms of this order a 3 in (8) will be always of 
the same sign when the variations are given in any values consistent with the 
conditions given in Art. 18. For it is evident that, if we restrict ourselves to a less 
general variation in examining the sign of the second variation, we could neither 
be sure that the conditions obtained were sufficient to ensure that the integral 
was synclastic, though they would be necessary; nor that the conditions that it 
should be anticlastic were necessary, though they would be sufficient. If, on the 
other hand, we were to admit a more general variation, the conditions for syndasticism 
would be sufficient, but not necessary, and those for anticlasticism would be neither 
sufficient nor necessary. In fact, it will be found that the conditions under which we 
are discussing the problem are really those necessary in order that it shall have a 


1 1 


< • 

/ 

/) 

/; 


meaning. For instance, in the case of least action, when we say that the action in 
the free path is less than m any other, we imply that there is to be no sudden change 
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in the value of y, such, as would occur iu a path AC . . . DB, but there may bo 
sudden changes in y, the inclination of the tangent (as in AEFB). 

20. To facilitate the discussion, a fluxion will be said to be one of the “ highest 
fluxions ” when no fluxions of that fluxion appear in the function whose integral is to 
be made synclastic. Thus, d^yjdxi dx$ may be one of the “ highest ” fluxions, although 
cPy/dx 1 is not; for there may be no terms which can be written D. d?y!dx l dx %i where 
D represents any combination of d/dx, d/dx, 3, &c., while there might be a term 
d/dx z , dly/dxf 

The lim its being supposed fixed, the following proposition can be easily proved. 
—If the highest fluxions of the variable y 1 which occur in U be all of the same order 
n l3 those of y % of the same order n 3 , and so on, then the conditions that U shall be 
synclastic when the integral is only extended over a small region R, are the same as 
those that the quantity 

(fr+ ** + 2 XY + &c - )****••• dx -‘ 


shall be incapable of a change of sign, a, 6, &c., representing the highest fluxions, and 
X, Y, &c., being any arbitrary quantities. # 

The conditions for the case where the highest fluxions of any dependent variable 
are not all of the same order will be discussed afterwards. "When it is said that the 
region R of integration is small it is meant that the greatest ranges of value of the 
coordinates x 1 . . . x m are small. Thus, if the region is given by 

x i + x % + • * . + — V s < Q> 

then r must be small; of the order ft, suppose. This being so, it is easy to show that 
we may neglect the variations of all but the highest fluxions of the dependent variables 
when finding the sign of § 3 U. For the change in A z in passing from a point P 0 on 
the boundary of R to any point P within it is 

(*)»" (A * )p *=\{ d =I!(if *>1+2 ? dx >+^-) i 


and, since the total range of dx x ,.,. dx m in the integration is of order /3 , the order of 
the integral will be that of the quantities /3dAz/dx 1} /3 dAz/dx& &c., or at least it cannot 
be greater. ^ Again, the limits being fixed, (Az) Po , the limiting value of A z, must be zero 
unless z is one of the “ highest fluxions.” Hence it follows that all the other fluxions 
are small (of the order /3 at least) compared to the highest; and that they can be 
emitted from the integral when all we wish .to determine is its sign. It is, however, 
nedess&ry to show that the entire IntegfeS ^ei nbfe vanish, for, as the values of all but 
thei and therefore of f the highest hut one, are given for all points of 
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where dAzjdx 1 is one of the highest fluxions, and P 0 and P' 0 are two points on the 
boundary for which the value of x 1 alone is different, those of x 2 , . . . x m being the 
same. It follows from this that dAz/dx 1 must change sign once at least in passing 
from P 0 to P q, aud therefore, if it varied continuously, must everywhere be infinitely 
small. Since, however, there is nothing to prevent djdx 3 dAzjdx l3 being infinite (§ 18), 
dAz/dx x may have a finite value within the region. 

Remembering that the region is small, and that the order of magnitude of Aa, Ab 3 
&c., a, b, &c., being “highest fluxions,” does not depend in any way on that of the 
region of integration, we see that the sign of S 2 U will be the same as that of 

{ . • . { (Aa) 3 •+- 2 (Aa Ah) + &c )j dx l3 dx 2 ,. . . dx mj . . . (11) 

Aa and Ah representing highest variations. As the region is small, d 2 f/da 2 , d 2 f/da db 3 &c , 
may be considered as constants throughout the integration, a supposition which again 
involves neglect of small terms. (Aa, A b, &c., cannot be regarded as constants, however 
small the region may be, for their differential coefficients may be infinite.) Now, the 
part inside the bracket can be resolved into a sum of squares, and, if the coefficient 
of any one (or more) of these squares is negative, the expression can be given either 
sign. For, although the quantities A a, A b 3 &c., are not independent of each other to 
the extent that all the other square terms could be made to vanish, yet they are so to 
the extent that any one term may be made to exceed all the others; for instance, if 
the region of integration be that for which 

x i + &/ + . . . . — r' 3 = < 0 or <f>' = < 0, 

and 

x i 4* x i + • • * “ r " z = < 0 or < 0, 

r and r" being small quantities of the order /3, we may assume 

Ay!=^, (f a 

and so on for the others. For these assumptions will satisfy the limiting conditions, 
whatever be the forms of f l3 f %3 &c, which may be regarded as quite arbitrary, and- 
they will give finite values to the “ highest fluxions ” of the dependent variables If 
we resolve the quadratic expression in (11) into a sum of squares, and substitute for 
Aa, A b, &G. f their values in terms of f l3 &c., we shall, by solving a differential 

MDCCCLXXXVn. — A. R 
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equation, be able to make any one of these terms larger than the sum of the others. 
It is necessary, however, to show that such an equation has at least one real solution, 
and this can be done by the method of expansion in series just as it is usually done 
for the case of two variables only. 

Thus the criterion for a maximum or minimum value of the function has been 
found when the region of integration is small. It is the same as that obtained by the 
methods of transformation; but the proof now given is free from the uncertainty 
which is connected with analytical proofs. 

21. The criteria for the case where the region of integration has any finite 
magnitude can be derived from the preceding by considerations depending on the 
continuity of the integrals. Remembering that we are still treating of the case where 
the limits are fixed, we may prove the following proposition *— 

If it is possible to take, around every point P in a region It of finite magnitude, a 
minor region (p), no matter how small, such that the integral U for that region is 
synclastic, then the integral for the entire region It will be synclastic, provided the 
further condition be fulfilled that it is impossible to take within the region It a second 
synclastic surface V', having at all points of its limiting intersection with the first 
the same values for the dependent variables and for all their fluxions, with the 
exception of the highest. If it be possible to find such a surface, the integral U will 
be anticlastic for the region It. 

Let us consider how it could happen that § 2 U became capable of either sign at 
pleasure when the region of integration is extended. Let S bo the rogion for which 
this change of sign fti'st becomes possible. Hence (restricting ourselves to the case 
where the function U has a minimum value), when the integration extends over any 
region wholly contained in S, S 2 U is positive, while, if it be extended over a region 
including S, S 3 U can change sign. It is clear that this can only happen if the least 
value of S S U is zero when the integration is extended over S. This may be shown 
thus. The second variation being written 

§ a U = a a |. . . 1 1 A z Az' dx i . . . dx t 

where Az, Az', &c., are finite quantities, it is evidently capable of being changed by 
an amount infinitely small compared to a 2 , by an infinitely small change in Az, Az / , &c., 
and the new values of Az can be made to satisfy limiting conditions obtained from the 
previous ones by infinitely small changes. It follows hence that, if it were possible to 
take such values for Az, Az', &c., that 3 3 U should be a negative quantity of the order 
a a when the integration extends over a region S + iS, greater than, but differing 
infinitely little from, S, we could, by an infinitely small change in the variations, 
obtain values making S 2 U negative and of the order a, 2 within the region S — c£S, 
which the supposition is impossible, as within S the integration of 8 2 U gives a 
result whic& Is always. positive. It follows that the greatest negative value of S S U 
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for the region S -f- dS can only differ from zero by a quantity infinitely small compared 
to a 3 , and therefore the least positive value of S 2 U must vanish for the region S 

It has now to be proved that S 2 U must be capable of a negative value of order a 3 
when the region of integration is extended beyond the region S. It sometimes seems 
to be considered that this may be inferred from the fact of S 3 U changing sign when 
S 2 U = 0. But, as S 3 U does not lepresent the increment of S 2 U due to extending the 
region of integration beyond S, this is not admissible. If we draw an imperfect 
analogy from algebra, we may say that what we have to prove is that in no case does 
S 3 U behave as if it had a square factor the value of which, after vanishing, remains of 
the same sign, but that, if S be a region of integration of the character supposed m 
Proposition 2, for which it is possible to make S 2 U zero, then for any region including 
S it is possible to make S 2 U take either sign, the limits being in each case supposed 
fixed 

To prove this, let us suppose that y lt y 2 , . . . y n represent values of the 
dependent variables which make the first variation vanish. Let aA^, a 
represent the variations for which S 3 U = 0 (that is, A^U = 0) when the integration 
is extended over S. The limiting values of all variations, except those of the highest 
fluxions, are zero. Let S' be a region including S, and let a A $±, a A 2 y 2 , &c.,be varia¬ 
tions having at all points of S the values aA^, a A^o, &c., for all the variations, 
and having at all pomts of S' not common to it and S the values zero for all the 
variations. 

Now take a third region S'', wholly included in S', and of which a portion X 1 is 
included in S, and the remainder % % excluded from S; and let aA^, aA^, &c., be a 
variation having at all points of S'— S'' (representing in that way the points contained 
in S' and excluded from S") the values a A 2 y l3 a A &c., while, over the region S", 
a Ag2/ l5 a A 8 y 3 , &c., are determined by the conditions that + a A y 2 + a A 3 y 2 , &c., 
are the values which make U a true minimum when the integration extends over the 
region S", and the limiting conditions are that, for all except the highest fluxions 
of the variations, A s z = a 2 z all over the boundary of S", z representing, as before, 
any dependent variable or fluxion (By taking the region S" small enough, these 
conditions can always be satisfied) 

Then the variations represented by A 1} A 2 » and a 3 are admissible ones (Art 18). 
Then a ^TT = 0 when the integration extends over S, and A 3 2 U, when the integra¬ 
tion extends over S', is identically equal to it, and therefore vanishes (for the A s 
variations are zero except over S, where they equal the A 1 variations). Again the 
A s variations are the same as the A 2 ones, except overS" ; and over S ' the functions 
y 1 4- a A $ 1 , &c., give a smaller value to the integral than do y 1 + ctA^ (because 
they make it an absolute minimum compared to all near values), and therefore A S S U 
is smaller than a 2 2 U, the integration being extended over S'. But a 3 2 U=0, and 
therefore A 3 2 U is negative. But clearly S 2 U may be positive, and we have now shown 
that it may be negative, for one value is a 2 A 8 s U; hence it is capable of either sign. 

R 2 
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It may be objected that exceptional cases might occur, in which A §y and A z y 
coincided over S" as well as over S / —S". But it is directed that, of S", is id the 
part common to S and S', and 2 3 is outside S. The surface y x + «A s 2/i» i- 3 

therefore one in which discontinuous values for the fluxions of y 1 + aA$ 1} y% + o-Ag^g, 
&c., would appear in the equations (10), Art. 18 ; and therefore that equation cannot 
be satisfied by these values. Hence A 3 is not the same operation as A 3 . 

Observe that the whole point of the proof consists in the fact that the A 3 variations 
are sufficiently continuous, notwithstanding the discontinuity in the highest fluxions. 

To complete the proof, it only remains to show that the surface Y', for which 8 S U = 0, 
satisfies the equations (10), Art. 18, for every point of the region S. Suppose that it did 
not do so for a portion S x of S. Take a compound surface made up of Y x over Sj and V' 
over S — S„ where Y 2 is the synclastic surface, having at all points of the boundary of 
S 2 the same values of Ay x , A y%, &c., and all but their highest fluxions, as those of the 
function Y'. This compound surface gives us an admissible variation, and the integral 
over it is less than that over Y'. But, by hypothesis, it is impossible within the region 
S to find a surface giving a smaller value to the integral than that given by Y. 
Hence Y' must be a synclastic surface, and the proposition is proved. 

Hence a function will be synclastic provided, first, that the condition given in 
Ait. 20 is fulfilled for every point in the region of integration; and second, that 
it is impossible, within that region, to draw another synclastic surface with the same 
limits. It will be easily seen that these conditions are independent of each other, and 
that, if either or both fail, the function becomes anticlastic. 

22. When the highest fluxions of any dependent variable are not all of the same 
order of differentiation, the conditions found in Art. 20, although sufficient,, are 
not all necessary. For, as will be proved presently, the values of the highest fluxions, 
of the A variations are not all of the same order of magnitude. To ascertain the 
comparative orders of different fluxions, let us consider the equations 


A2 P ~ A0p ol 




where A« P means the value at the point P, or cc l5 cc 3 , * . cc* j Az Pai that at the point on 
the boundary which has the same values for all the coordinates except which has 
the value given by % . . . a? w ) = 0, where <j> = 0 is the equation of the 
boundary; and similarly for the other coordinates. As % L — %{, x % — x z ', &c., are 
rl^re of the same order, ft it might appear that dAz/dx l3 dAz/dx^ must each 
cpder A a/ft This-, however, is only the case when dAz/dx^ dAz/dx z , &c M 
r |hapge sign. For, while it is (dear that d a z/dx must exceed A z in the 

^at the ratio may be greater if the terms in the 
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integral change sign rapidly. In fact, if the order of dAz/dx 1 is unity, and its 
fluctuations recur at intervals of order /S' 1 , then the terms in the integral 



will cancel, provided x 1 — «/= m being any integer; and so the integration up 
to any point can only contain terms of the order ffr. Moreover, since, if any function 
is periodic with respect to any variable, all its fluxions with respect to that variable 
are of the same period, it follows that, if one. differentiation introduces a coefficient of 
the order /3~ a , two will bring in and so on. 

It thus appears that, if we assume Ay Y = ft p , multiplied by a function whose fluc¬ 
tuation-periods with regard to x 1} x# &c., are p l3 p 2 , &c., the order of 


will be that of fjfr-pd ; 


dA?/ 3 




* > 


and, in general, that of d ai+at+ AyJdx{ x dx 2 a * • • • will be . Now, by the 

conditions in Art. 18, none of the quantities Az, &c., can be infinite; hence we must 
reject any values of A y l9 A y 3 , &c., which do not fulfil this condition. Thus the term 
just considered must be rejected if it makes any of the expressions 


p «iPi — — &c - 0, 

where a 1} a 2 , . . . a m have the values corresponding to any fluxion occurring in U. And 
it ma.y be rejected as useless unless it makes some one, at least, of these expressions 
zero. An example will render this more intelligible. Suppose we consider a 
function in which dPy-Jdxf, d*y-Jdx^ dx 2i d^yjdx-f dx 2 2 , cPy l /dx 2 5 , are the highest 
fluxions. Here the equations to be satisfied are 

p — 8jPi = >0 . . (a); p — 3y> x — p 2 = >0 . . . (b); 

p — 2p x — 2^ a = >0 . (c), p — 5p 2 = >0 • * (d), 

together with those obtained from the lower fluxions. But, as the lower fluxions must 
be smaller than the higher in the ratio 1/fi at least , it is unnecessary to consider the 
conditions obtained from them. If we put p 1 = 1, we get, from (a), p = 8, and it is 
obvious that p 2 = 1 will make (6), (c), and id) each >0. If we put (b) = 0 and 
eliminate p from (1), (c), and (d), we get, as our conditions from (a), p % — bp l > 0; 
therefore p 2 > 5, as p 1 = 1; from (3), p 1 —p 2 >0, and therefore Hence 

value for p lt p& or p can satisfy (b) = 0 and the other inequalities. Hence we 
may leave d^Ayfdxf dx 3 out of the final condition, as it could only give terms 
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multiplied by positive powers of a. Similarly, if (c) = 0, p = 2p l -\- 2 p z , and from 
(a) 2p z — Qp l = > 0, but from (d) 2 p } — 3 p z = > 0, and, as these are incompatible for 
positive values of p x and p Z) d^AyJdx*dx£ cannot appear in the quadratic function, 
on whose sign the problem depends For, if we make any assumption which gives to 
it a finite value, we give, to other quantities in the integral, values involving negative 
powers of /3 If be infinitely small, this would imply infinite values for the A varia¬ 
tions. But the values p =8, p x = 1, p z = f, will satisfy (d) — 0, and the rest either 
= or >0. Hence, in the case in question, the sign of the variation depends on 
that of 



X 3 -j- 2 



XY + 



dx l dx z . 


If the highest fluxions had been 

* dxy? dxj dx% dx^dx/ dx<f 


the conditions would be, if we write p x = 1 all through, p — 8 = > 0 (a ); 
p — 7 — p z = > 0 (b); p — 5 — 2p % = > 0 (c); p — Zp z = > 0 (d). Putting p = 8, 
p z = 1, (a) and (b) = 0, and (c) and (d) > 0: hence d 8 Ayjdxf and d 8 A yjdxj dx z will 
remain in the condition. Putting p = 9, p z = 2, ( b) (and (c)) = 0, while (a) and 
(d) > 0 : hence d 1 Ayjdxi dx£ remains. Again, putting p z = 5 and p = 15, we get 
(c?) = 0, while (c) = 0 and (a) and (b) > 0, and hence d 8 Ayjdx 8 appears. Hence in 
this case all the fluxions remain. 

To complete the proof, we must show that it is possible to assign values for the 
variations A y v Ay 2 , &c., which shall satisfy the limiting conditions as well as those 
given above. In order to show what kind of assumption must be made, it is 
necessary to remark that, if z be any quantity such that 2 = 0 , and dz/dx l = 0 all 

over any surface (x l3 x $,. . . x m ) = 0, then will every other fluxion, as dzjdxr, = 0 

over that surface. For, as z = 0, 

0 = dz = If dec! + ~ (foj + . . . j^-dx m 

da^ 1 ' dx a 55 dx m m 

whenever dx^, dco 2 ,.. . dx^ satisfy the equation <f> = 0. The only relation among 
dx x> dx Z3 . . . dx„ imposed by this limitation is 



2 &i+ f^ +&o - =0 - 


^Sromparing coefficients. 






i & 


dtfdXj _ dzfdfy j __ 

Sl — (t$>[da x ” 64fdm % ~ &C% ’ 
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but, as dz/dx 1 vanishes, so do all the other fluxions It follows that, if the boundary 
conditions are Ay L — 0, d/dx r Ay l = 0, d/dx a d/dx t . Ay x = 0, and so on up to 
d* 1 * 0 * /dxi 1 dx£ % . A y lt all the fluxions whose order does not exceed % + ... + a„ 

must vanish at the boundary. For, as Aand dAyJdx r — 0, so do all other first 
fluxions, and therefore dAy L jdx a = 0: but this, with dfdxt . dAy-Jdx S} shows that all 
second fluxions with dx a in them vanish. Hence any fluxion d^yjdxg, dxi = 0 for 
dAyi/dx a = 0 and d^Ay^dx, dx a = 0, and hence all second fluxions of dAyJdx a vamsh, 
and therefore, &c. 

It follows from the preceding that in the examples in question all fluxions up 
to and including those of the 7th order must vanish for points on the boundary, 
and ]f we assume for A y x an algebraic form we must write 

= (<f> fa, . . , x m ) ff(xy), 

where <j> = 0 is the equation of the bounding surface. Suppose we adapt this to the 
last example, the origm being taken as the point P in Proposition 1, and the 
bounding surface as 

x i + = 0 , 

so that the integration extends over all values of x x and x 2 which make the left-hand 
negative. Hence r is to be a quantity of the order ft, and, to adapt the expression to 
the preceding foimula, we must write 



where, however, cos (cco/73 2 ) and cos (x s /ft 5 ) are to be considered as abbreviations for any 
fluctuating functions of periods ft 2, and ft 5 respectively 

Similar assumptions can easily be made when other fluxions appear. The convenience 
in choosing p 1 = 1 is now evident, though, as far as the equations were concerned, it 
made no difference, as only the ratios of p, p h and p 2 entered into them. 

The limits within which the property holds are evidently given by the discussion of 
Art. 21, 

23 If all the highest of all the fluxions of any of the dependent variables appear in 
IT Jn the first degree only, the foregoing reasoning would not hold, as all the varia¬ 
tions of that dependent variable appearing in § 2 U would then vanish at the limits, 
and therefore the variation S 2 TJ when taken over a small region would be zero com¬ 
pared tp quantities of the order a 2 . (When there is only one independent variable 
there must be some one highest fluxion, but in general there is a group of fluxions 
higher than any others, not usually identical with what have been called the “highest 
fluxions,” Art. 20, but included in them; it is only when each member of this 
gproup v anis hes that the exception occurs ) It is known, however, that in this case it 
js, in general, impossible to fulfil the limiting conditions by means of the arbitrary 
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functions arising from the solution of the partial differential equations. This excep¬ 
tion is well known in the simpler cases, hut I am not aware that it has been generally 
discussed. 

A partial differential equation between independent variables x 1} . . . x m and 
dependent variables y 1} . . . y n will, in general, require for the complete deter¬ 
mination of y lt . . . y n several sets of limiting conditions, for instance, one set 
when x m has its limiting values x m = f Q (x l7 . . . and fi(x lt . . . aw_i), and 

another set when £c w _ x = f 0 (x lf . . . £C w _ a ) and fjx x , . . . aj«_ 2 ), and so on until, 
finally, there is a set derived from x l = c 0 and x 1 = Cj. But in the particular 
case in which the conditions at the limits are the values of y 1} . . . y n , dyjdx m , 

. . . dy n !dx m) dhjJdaPn, &c., for a single surface f(x 1} x%, . . . x m ) = 0 the 
functions y it . . . y n will be completely determined without any fuither limiting 
conditions (provided the proper number of conditions be given), and when the 
limiting conditions are of this character there is no difficulty in finding the 
requisite number of conditions relative to each variable. The limiting equations 
furnished by the Calculus of Variations are not, however, so simple as this, being of the 
dual character above. But, as this does not affect the number of the conditions at the 
limiting values of x m , it will serve our purpose to find the number of conditions neces¬ 
sary in the simpler case. Let there be n equations, represented by (1), (2), . . . (n), 
between the n dependent variables y l} y%, . . . y n , and let the highest order of 
differentiation with respect to any in dependent variable in which y r appears in (s) be 
[r, s]. Then, provided each dependent variable appears in each equation, it can easily 
be shown that the number of conditions necessary to determine the dependent vari¬ 
ables is the greatest of the sets of numbers % [r, s], so chosen that in each set there is 
one term corresponding to each variable and one to each equation. Bor from § 22 it 
is evident that the number of functions required is the same as if there was but one 
independent variable, for the values of the single set y, dy/dx, d^y/dx 2 , &c., at the 
boundary determine those of all the other fluxions of y. We may, therefore, discuss 
the question on the supposition that there is but one independent variable. Now it is 
evident that, if we could determine all the successive differential coefficients of each 


function for each point of the bounding surface, we could, by Taylor’s theorem, 
expand the function in a series; and we know the limiting values of the differential 
coefficients of the y functions with regard to all variables x 1} x % , &c, when we know 
those for any variable (Art. 22). Hence the problem will be solved if we show how 
many of the limiting values we must assume in order to determine all the rest. But we 


can show that it is possible to find the first Y 1 quantities of the series y 1} dyjdx l} . 

i tlM J &e first Y a quantities y % , dyljdx^ . . . cF'-'yJdxf *- 1 ; and so on for 
provided we assume t [r, 4 of these functions; Y 1 and Y a , &c., being, if 
^^^^telitefinitely large. Jfor differentiate the equation (1) a x times, the equation 

bit Since we are not to introduce any differential coefficients of 
r* ^ — I, these being the orders of the highest fluxions in 
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Y l9 Y 2 , &c , we must have, considering only fluxions of y lt a 2 + [l, 1] < Y, — 1, 

a 2 + [l> 2] < Y x — 1, and so on, one inequality from each equation Again, 

from considering the order of differentiation of y 2 , ct Y -f [2, 1] < Y 3 — I, « 2 -f- 

[2, 2] < Y 2 — 1, and so on Since every differentiation gives us a new equation, 

among the quantities in question we get altogether n oq + a 2 + &c + o„ 
equations ; hence the difference between this and Y l + Y 2 4- &c. must he equal to 
the number of quantities to be assumed in order to solve these equations It is easy 
to see that the most favourable way m which the differentiations a 1} &c, can be 
disposed consistently with the inequalities to be satisfied will give the number stated 
above as the least number of this difference Now suppose the equations obtained 
m the Calculus of Variations from making the coefficients of 8y lt 8y 2i . . 8y lt 
vanish are denoted by (1), (2), . . . (n), and let the [l] denote the highest 
differential coefficient of y ± occurring in the second or m a higher degree m the 
function to be made synclastic, [2] that of y 2 , and so on , then it is easy to see that y r 
cannot enter into the equation (p) by fluxions of order higher than [r] + [p], and that 
y p will enter into it m the order 2 p Hence m this case [_p] -j- [r] = [r] -fi- [p] 

= \rp\ and we have for this case to find the set for which t [p, r] is greatest Now, 
since we are to take one index for each equation, in our %{{p) + ('>')} we are to take 
only one term from equation (r), and hence (r) on the right-hand side is to appear only 
once. Moreover, we are to take only one term from each variable, and therefore we 
are simply to take ^{(p) + S(r)}, where each refers to the values (1), (2), (3), &c., and 
hence, in all, double the sum of the order of the highest of all the fluxions of each 
variable in the expression to be made synclastic But this is exactly the number of 
the conditions supplied by equating the limiting terms of SU to zero m the expression 
to be mtegrated, except in the case we are at present discussing (where some of the 
highest of all the fluxions do not appear in the second degree, but in the first only), 
and therefore m this case the limiting conditions caniiot be satisfied, and the problem 
becomes, in general, incapable of solution. 
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V. On Ellipsoidal Current-Sheets 

By Horace Lamb, M.A., E.R.S ., Professor ■ of Pure Mathematics in Owens College , 
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It is a problem, of some interest in Electromagnetism to determine the natural modes 
of decay, and tbe corresponding persistencies, of free currents m a given conductor. 
When this has been solved it is an easy matter to find the currents induced by given 
varying electromotive forces. 

The general theory for a system of linear circuits is of course well known If the 
♦ * • 

variables y l3 . y,„ which specify the currents, be so chosen that the electro- 

kmetic energy T and the dissipation-function E are both expressed by sums of 
squares, say 

2T = + -h 2 yi + + Uyf 

2 E = B^i 3 *4“ “b • • "4* 

then y lt y 2i . . y a are for the present purpose the “ normal coordinates ” of the 
system ; and the equations of motion of electricity are of the form 

Ly + Tty = E, 

where E is the external electromotive force of the type m question In the case of 
free currents, E = 0, and consequently 

y — Ae- W , 

where 

X = E/L 

If we put 

r=X~ 1 = L/B, 

l* 

then r may be called the “ modulus of decay,” or the persistency,” of free currents 
of this type. 

In considering the effect of varying electromotive forces, it is convenient to suppose 
these expressed, as regards the time, in a series of simple harmonic terms, each of 
which may be taken separately. Assuming, then, that E =c we have, for the 
induced current, 

s 2 


21 . 7.87 
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if 


y = 


E 


E 


It 4 - %pL 11 (1 + yp' 7 ) 


E cus 0 

R 


tan 6 — pr. 


Hence the phase of the currents lags behind that of the inducing electromotive force 
by an amount arc tan pr. This remark, obvious as it is, is of some importance in 
relation to the practically interesting question of the rotation of a conductor about an 
axis of symmetry in a constant magnetic field. The magnetic potential of any normal 
type will be proportional to cos sco or sin sco, where to is the azimuth about the axis 
of symmetry, and s is integral (or zero). If now, as m Maxwell’s ‘ Electricity/ 
§ 600, we employ coordinate axes moving with the conductor, the electromotive forces 
relative to these will vary as e u ^, where p is the angular velocity of rotation. On 
account of the symmetry about the axis, the retardation of phase above spoken of 
comes to this, that the system of currents of any normal type is, owing to its inertia, 
displaced relatively to the field through an angle 1 Js arc tan spr, where r is the 
modulus of decay proper to the type. (See §§ 7, 16, below.) 

Eor other than linear conductors the problem above stated was first solved by 
Maxwell in the case of an infinite plane sheet of u mfoim conductivity. The cases 
of solid spherical and cylindric conductors, and of thin spherical and cylindric shells, 
have been treated by Prof. C. Niven,* Lord Bayleigh,+ and the writer | It is 
lemarkable that, with a certain exception, § no difference of electric potential, and 
consequently no surface distribution of electucity, is called into existence during the 
decay of free currents in conductors of the forms mentioned. 

In § 675 of his ‘Electricity and Magnetism/ Maxwell has indicated a certain 
arrangement of currents over the surface of an ellipsoid, which produces a uniform 
magnetic field in the interior. I do not know that it has yet been noticed that this 
arrangement fulfils the conditions for a natural mode of decay of free currents in a 
thin ellipsoidal film whose conductivity (per unit area) varies as the perpendicular 
from the centre on the tangent plane; or, say, in a thin shell of uniform material 
bounded by similar and coaxial ellipsoids. This is proved in Part I. of the following 
paper , and we thence easily find the currents induced in such a shell when situate in 
a uniform magnetic field of varying intensity; or, again, the currents induced by 
rotation of the shell in a uniform and constant field. 

I have attempted to generalise these results and to ascertain the remaining normal 
types of currents in a shell of the kind indicated. In Part II. is given the complete 
solution of this problem, including the determination of the corresponding persistencies, 

1882. 

Rfep.’, 18 $ 2 . 

«. * * London Mftth Soc. Proo vol. 15, pp. 139 and 270 

§ ‘fatrifeirfes of the “Second Type” in a spherical conductor Such currents cannot, 

j llo^e eie^trotoagnetic operations outside the sphere 
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for the case where two of the axes of the ellipsoid are equal, when the Lame’s func¬ 
tions which naturally present themselves in such an investigation reduce to spherical 
harmonics, and so can he handled with comparative facility The solution of the 
problem of induced currents can then be obtained in a very simple manner. 

Of the special forms which the conducting shell may assume, the most interesting 
is that in which the third axis (that of symmetry) is infinitesimal, so that we have 
practically a circular disk whose resistance varies as — r 3 ), where r is the 

distance of any point from the centre, and a the radius. In view of the physical 
interest attaching to the question, it would be desirable to have a solution for the case 
of a uniform circular disk rotating in any magnetic field; but, in the absence of this, 
the solution for the more special kind of disk here considered may not be unms tructive. 

It appears that, except in the case of currents symmetrical about the axis, when the 
ellipsoid is one of revolution, there is always a surface distribution of electricity in 
the problems considered in this paper. 


I. 

1. If u, v, iv, be the components of electric current at any point of a thin con¬ 
ducting film, F, G, H, those of electric momentum at any point (x, y, z) of space; the 
following conditions must be satisfied 4-t all points external to the film we must 
have 

v 3 F = 0, v 3 G = 0, V 2 H = 0, . . . . (1) 

where v 2 = d^/dod -j- d 2 /dy 3 + d 2 jdz 2 ,' The functions F, G, H, are everywhere con¬ 
tinuous, but their derivatives are discontinuous at the film, viz , we have 


dF^dF 
dv^ dv ^ 




dG dG 

■ 4 '■ " 

dvQ dv ^ 


— 4:Trv } 


dR dR 
dv Q dv x 




where dv Qt dv x , are elements of the normal drawn from the film on the two sides. If 
u, v\ w, satisfy the eolenoidal condition over the film, these conditions ensure that 


dF dG dR 
dx dy dz 



everywhere. The electric potential satisfies the equation 

V' 2 $=Q 

at all points external to the film; it is everywhere continuous, but its normal deriva¬ 
tives may be discontinuous at either or both of the surfaces of the film. 

If p be the resistance of the film, per unit area, the equations of electromotive 
force are 
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dF dyff ' t d(} d"dr , / d\\ d^r 

r rit dx “ dt dy r dt dz 

In these equations rjj is supposed to have the value appropriate to the space included 
between the two surfaces of the film, which may differ in form from the values which 
it has in the external space on either side. 

In any natural mode of decay the time occurs through a factor of the form e~ M , 
where \ is real and positive The preceding equations then become 



p u 


= XF - ^, pV = XG - ^ 

dx r dy 


/ y 

P IV 


= XH — & 

dz 


( 5 ) 


2. Let us apply this to the case of an ellipsoidal shell whose thickness varies as the 
perpendicular m from the centre on the tangent plane, say it equals ear, where € is a 
small numerical constant. If p be the specific resistance of the material, we then have 


p = p/ev 7 

Let the semi-axes of the shell be a , b, c , and let the axes of coordinates be taken 
along these. In the most important type of free currents the lines of flow are m 
planes perpendicular to a principal axis. If this axis be that of z, the current- 
function over the surface of the ellipsoid is of the form 

<J) — Cz, 

The corresponding values of u\ v, w', are 


v l = ~ C, w= 0. 

lr ar 

The values of F, G, H, in the internal space are 

F= T ?r«k0.y£p^ )Q 


G = 2ir aba C x 


r 


dq 


(a 2 + q) Q 




( 6 ) 


srhere 


H = 0 

Q - {(ot* -j- 2 ) (h* -f q) (c* + q) }*. 


corresponding values for the external space are obtained by replacing the lower 

f ^ ^ * v \ •/JrO 

the integrals by the positive root of 


i* * 

> j5U 


w* t y* , 

—H.- 


aft 

<? + q 


1 
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These values of F, G, H, satisfy (1), they are continuous at the him, and their 
normal derivatives satisfy (2). r * 

We now find that the equations (5) are satisfied, provided we assume for the value 
of the electric potential withm the substance of the film 

xp = Ary, . . (8) 

and properly determine A If we wnte, for shortness, 


L = 27r abc ( p~- 

Jn (a* + i 


(a 3 +q)Q 


M = 2 Trabc 

Jo G - + ?)Q 


= 2t t abc f ’ 

J o (p~ + ( j) Q 


the equations m question reduce to 

- pC/eb 3 = 

pQfea 2 — 

whence for the “persistency” we have 


AMO - A, 
ALC - A, 


r = A -1 = - - — — — - = - (4-zr — N) 

T „ 1 In 3 _ 1 _ 1 17,2 \* U **) r , !X] 


p 1 ja? -f 1/& 3 p 


a 3 + b 1 


Also 


p 

c, * (L + M) a 2 b 2 * ' 


( 10 ) 


The value (8) of xjj will obtain throughout the internal cavity of the ellipsoid, but 
m the external space we shall have 


<|> = A py j 


,(a? + l)(V + 3) Q 


the lower limit being defined by (7) The continuity of \p at the outer surface of the 
film requires 

r dr/ 7 « 2 -& 2 A 

A, = A — TZ - T'r,~, - Tr\ = - vr - t * A. 

1 Jo (« 3 + S) (P + $) Q M - L 


Unless a = 6, there will be a distribution of electricity over the outer surface, the 
density a being determined by 

^(T dyfr dyp /,, v 

“ "s' ® *r + . uu 

where K is the specific inductive capacity of the surrounding medium, ar.d dv> dv lf 


’ Bee, for instance, Feeders’ ‘ Spherical Harmonics/ chap rv 
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denote elements of tlie normal, drawn from the surface on the two sides Since 
dqjdv i = 2 w, we find without difficulty 


<T p ( 1 1 \ Lrt 3 — MJ S TB TIJ p 
K ~ e \a* 1°) L 2 - M 3 aW U 


• 02 ) 


3 Some particular cases of the formula (9) may be noticed 
■we have L = -fir, and thence 

4tt ea 

r = T'7' a > 

d p 


For a spherical shell 


which is right For an ellipsoid of ievolution (a = ft) 


4tt — N eci 
T ~~ 2 


• • t 


(13) 


when the currents are symmetrical round the axis ; whilst, in the case of curients in 
planes parallel to the axis (say </> = Gx), 


t=(4tt-L)~ 


ea c*a 


p c 8 + a 8 


(14) 


For the prolate form we have 


L = M = 2* (\ — K/ log J e 


2 e* 


«y 


N = 4 1 r(i-i)g 1 og^- 1 


1 - 


and for the oblate form 


L = M s= 2 ir 1 e ~ arc sin e • 

A /i \/a-« 9 ) . > 

= 417 -“-r-arc sm e 

W e 3 j 


1 -e 2 \ 




e denoting in each case the excentricity of the meridian section 


• * ♦ 


(15) 


♦ * • • * 


(16, 


# 


Again, if we make c= go, we get an elliptic “ homoeoidal” cylinder. We then 
e 


* e 

& v* 
d * * ,2 

4*f 


* j i * 

if#* } ' ’ ’ 

THjVfi.j'- ; 

r -' iV ■* S ^ +, ^ 4. * vjE'. 


T 4*7tJ 47T& xt 

F = —- 7 , M = ~ .. N — 0 ; . 

a + b a + b * 


* Maxwell’s * Electricity,’ § 438 


. . . . ( 17 ) 
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so that for the case of currents circulating 1 round the cylinder 


47re a 3 6 3 




p a? -f l 2 

The surface density of free electricity is then given by 


47TCT p 

~K ~ * 


= e!iv- ax y- c 


For a circular cylinder (18) gives 


ea 

T = 2tt • — • Cl, 
p 


which is right 

For currents parallel to the axis of the cylinder (say <j> 


= Cx), 


47re ni 2 




p a + l 


■ (18) 


(19) 


• ( 20 ) 


If in (18) or (20) we make a in f in i te, we get the case of two uniform parallel plane 
sheets at a distance 26 apart. The persistency of uniform parallel straight currents 
flowing in opposite directions m the two planes is then 


Anri) 


4. Such special results as these may, of course, be obtained more easily by inde¬ 
pendent processes. Thus for a cylindrical shell of any form, if a current of strength C 
circulate round each unit length, the magnetic induction in the interior is parallel to 
the axis and equal to AirC. Hence, if It be the resistance of uuit length to currents 
circulating round it, 

BC = - | (4irCS), 

where S is the area of the cross-section. This gives 

r=4irS/R.(22) 

For a “ homoeoidal ” cylinder we have, if ds be an element of the elliptic contour, 
and i the “ excentric angle,” 

p ds = p dsjecs == p cib d£/eur, 

T 
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whence 




giving, of course, the same Yalue (18) of r as before. 

If we wish to determine, not merely the persistency, but also the distribution of 
free electricity, we may proceed somewhat as follows. Taking the case of an elliptic 
cylinder, and resolving parallel to the principal axes, we have, as before, 


and, at the surface, 


. . VSX , 

“ = u ='^r°> w=o, 


F = -My C, G = Las. C, H = 0, 


where L, M, have the values (17). Resolving m the direotion of the current, 

__ 47r ah Air y 2 \ n cfo|r 

~ a + h kvr \a 8 + ¥) ° ~ S * 

The resistance p is here supposed independent of z, but is otherwise unrestricted. 
Introducing the excentric angle £, we have, since vs ds = ab d£, 


p b cos 3 f) C. 


(23) 


Integrating from £ = 0 to £ = 2ir, 

47r 3 ab\ = | p ds, 

which agrees with (22). The value of \p over the film is found by integration of (23), 
p being supposed a known function of We can then find two functions which 
satisfy v 2 x/f = 0 and are finite, &c, throughout the interior and exterior spaces 
respectively, and coincide at the film with value just indicated. Again , within the 

substance of the film itself, the electromotive force in the direction of the normal must 
be zero. This gives 

0 = Sxl' + 5fxG-^, 


da a + h ab 


(24)' 
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where d8 is an element of the thickness of the film, directed towards the outei surface. 
If o' 0 , o- l5 be the densities of free electricity a,t the inner and outer surfaces respectively, 
we then have 

4z7r<T () d^jr d^jr ~j 

“ k" Us 

4TTCj d\fr difr | 

tT ~~ ~ 7b J 



dv Q , dv lt denoting, as before, elements of the normal, drawn from the film, on the inside 
and outside respectively. 


For the case of a homoeoidal cylinder this process leads to the result already 
obtained. For other laws of thickness there will, in general, be a distribution of 
electricity on both surfaces of the film * 

5. Another case of interest is obtained by supposing c infinitesimal, so that the 
conductor may be taken to be an elliptic dish whose resistance per unit area varies 
according to the law 



In the case of a circular disk the formula (13) is replaced by 


where we may put 


Hence 



• <a«)J 


* I find, however, that in the case of a film bounded by confocal cylinders the inner surface alone 
becomes electrified 

f The symbol p here refers to the dish Since this is the limit of a double film, its resistance at anj 
pomt is half that of the corresponding portion of the film on either side 
J For an elliptic disk 

sr/4*=i- ~ 

V (1 — e 8 ) a 


where a is the semi-major axis, e the eccentricity, and Ej the complete elliptic integral of the second 
kind. This gives 


T 


2 tt ab 
a 3 4- f> 8 


( e )‘ 


a 


T 


Po 



140 


PROFESSOR H. LAMB OF ELLIPSOIDAL CURRENT-SHEETS 


The current at any point is proportional to 

_ r 

\/ O 3 - ? ,s ) 

It would be interesting for many reasons to have a solution for the case of a uniform 
disk, but at all events the above result shows that the time-constant of a disk of 
radius a and uniform resistance p must be considerably less than 4*93 a/p'. I find, 
by methods similar to those employed in Lord Rayleigh’s c Sound ’ (§§ 89, 305, &c.), 
that the true value hes between ira/p and 2 26 a/p', the latter value being probably 
not far removed from the truth. # For a disk of copper (p = 1600 C G.S.) whose radius 
is a decimetre and thickness a millimetre this lower limit gives 0014 sec. For disks 
of different dimensions the result will vary as the radius and the thickness conjointly 
6 . Let us next calculate the currents induced in a homoeoidal shell when situate in 
a uniform magnetic field (a, 0, y) of varying intensity. It is sufficient to consider the 
case where the lines of force are parallel to a principal axis. Also the expression for 
the magnetic force may be supposed resolved, as regards the time, into a series of 
simple harmonic terms, each of which may be taken separately. Putting, then, 

a = 0, 0=0, y—l e^, 

and denoting by F, G, H, the components of vector potential due to the field, we 
may write __ 

F =-4Iyei*, ff=*Ia** H = 0 . ' 

The induced currents will be of the type 

«'= - ® C «'= -? C «>'= 0, 

o 3 a~ 


and the corresponding components of electric momentum at the film will be 

F = —- MC y G = LC x e*^, H = 0 

Assuming 


iff = A xy e^, 


and substituting in the equations 


we find 



3 * . 4 - 




pu 


’ C * G, > 060 > 


dt dt dx 

- pC/eb* = yp MO + 4 ipl - A, 
pG/ea 2 =ss — ip LG — ^ yp I — A, 
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or, by (9), 


O = ~ ’g T -. -I-. 

1 + ipr L + M 


(27) 


The retardation of phase of the induced currents relatively to the electromotive 
forces of the field is arc tan pr, as usual. When p is very great in comparison 
with r -1 this is equal to 7r/2. Since the magnetic force in the interior of the shell, 
due to the currents alone, is given by 


clQ 

dx 


f y = (L + M) C 


we see that in this case the currents just neutralise, in the interior, the magnetic 
action of the field, in accordance with a well-known principle 

7. Take next the case where the shell rotates with constant angular velocity p 
about a principal axis ( z) in a uniform and constant magnetic field. It is shown m 
Maxwell's ‘ Electricity/ § 600, that the problem is the same if we suppose the shell 
to be fixed, and the field to rotate in the opposite direction, provided we add to the 
electric potential the function 

if/ = p (yF — asG). . (28) 


First let us suppose the lines of force to be perpendicular to the axis of rotation, so 
that we may write for the components of the field 

a = I cosp£, /? = — I sin pt, y=0; 

whence 

F = 0, G = 0, H = I (as sin pt + y cos pt) = I (y — ix) el . (29) 

if, as usual, we retain in the end only the real parts. Hence the solution of our 
problem follows by superposition from the results of the preceding section. Omitting 
the time-factor we assume for the current-function 


which gives 


4> = Cos + Dy, 


/ T\ 

«'= 7 d 

/ n 

v=—jO 

6 s a 3 


( 30 ) 
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The corresponding values of F, G, H, at the film are 

F = DNz 
G = - CNz >. 

H= CM/y-D Lx~ 

If we further assume 

xp-\-xjj , z=(Ax + By)z, 

and substitute in the equations 

p' u ' = - d l -ft - IW + f). &° . 


• (31) 

(32) 


then, equating coefficients, we obtain the following four equations to determine 

A, B, C, D 

p/ec a .D= -zpN.D-A 
-p/ee 3 .0= ipT$. C-B [ 

— p/ea 3 . D = ?p L. D — pi — A ^ 
p/e& 3 . C = - *pM.C - ipl - B j 

Hence 

{f( n i » + ^) + ^( L +N)} D =p I . 

If T 1} r a , denote the persistencies of free currents of the types <£ = Caj, </> — Dy, 
respectively, these equations may be written 


C = 
D = 


ii. 1 
1 + vp Ti M + N 

1”? . 

1 + ip r 2 L + N 



The components of magnetic force within the shell, due to the currents alone, are 
found to be 

a =(M+N)C, 0 = (L + N)D, y ;= 0, 

Bp .that we have for the total magnetic field inside 

n’ ^ + ^ = rT*7,’ y+r=o. . . . (85) 

p increases. 





PROFESSOR H LAMB ON ELLIPSOIDAL CURRENT-SHEETS. 


148 


If we write 

pr x = tan oo v %>t 8 = tan <o 2 , 

and restore the time-factor, the expression for the current-function becomes, on 
discarding the imaginary part, 

. Ism®, . . , , Ismcog , , . . . 

^ = Mn^* sm ^“^ + L + N 2/cos ^ _< ° 3 ) * • * ( 36 ) 


The currents flow at any instant in a system of ellipses whose planes are parallel to 
one another and to the axis of rotation. When the ellipsoid is one of revolution 
about z we have L = M, a> 2 = The planes of the currents are dragged round, as 
it were, in the direction of the rotation of the shell, through a constant angle coj from 
the direction of the magnetic force m the inducing field, in accordance with a general 
principle pointed out at the beginning of this paper.* 

8. When the lines of force are parallel to the axis of rotation there are no induced 
currents, but only a superficial distribution of electricity The calculation of this 
distribution involves assumptions which vary with the particular theoiy of electro¬ 
magnetism adopted; and even Maxwell’s theory has been differently interpreted 
in this respect by different writers. It may be well, therefore, to state with some 
care the view here taken. 

Considering, for the sake of simplicity, the case of a solid conductor rotating in a 
field of uniform intensity y about an axis (z) parallel to the lines of force, and 
supposing the axes of as, y, to move with the solid, then, on the hypothesis that there 
are no currents, we have, throughout the interior. 


0 

0 

0 


y.px 

y-py 


dyjr 

dx 




dty 

dy 

difr 

dz 


(37) 


whilst in the surrounding dielectric (taken to be sensibly at rest)— 


* The ease of a spherical shell has been discussed by O. Niveit (loo. oil.) and 5. Labmqr, ‘ Phil Mag.,’ 
Jan, 1884 

Maxwell has considered the currents induced by rotation of a solid ellipsoid (see Stewart and Tait, 
* Roy Soo. Proc.,’ voL 15,1867, p 291), leaving out of account, however, the mutual action of the currents 
themselves This is equivalent to supposing the period of rotation to be long in comparison with the 
modulus of decay of free currents 
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4 nrf _ _ 

K — dx 

^irf/ _ difr 

dy ^ ’ 

4:7r)l _ dty 

K dz ^ 


( 38 ) 


where f g, h, are the components of dielectric polarisation, and K the specific inductive 
capacity. We have also the solenoidal condition 

£ + *+*= 0.(39) 

dx dy dz 


It is to be carefully borne in mind that nothing is known of the function xJj beyond 
what is contained m these equations, except that it is everywhere continuous. The 
familiar electrostatic relations of iff may be deduced from these equations by putting 
p = 0. In the present problem we have 

\fj = y (x 2 4- 2/ s ) + const. . .(40) 

» 

throughout the conductor, whilst in the external space \Jj satisfies the equation 

v 0 \jt - o, 

with the conditions that its value at the surface shall agree with (40) and its first 
derivatives vanish at infinity. The surface density c r is then given by 

or— lf+ mg -f nh = — ~ ,.(41) 

where l, m, n, are the direction-cosines of the element dv 1 of the normal drawn 
outwards 

* The solution of this problem for an ellipsoidal conductor is obtained by an adapta¬ 
tion of the results given by Fereers Spherical Harmonics/ chapter 6, §§ 29, 30). I 
do not think it worth while to transcribe these, as the result for the more specially 
interesting case of an ellipsoid of revolution, and in particular for a circular cUsh, is 
given below in § 15. 
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II. 

9. The result of § 2 can be generalised, and it can be shown that the different 
normal types of free currents m a homceoidal shell are obtained by equating the 
current-function <j> to the Lamp’s functions of various orders. But it may be sufficient 
here to consider the case where two of the axes of the shell are equal, when the 
functions in question reduce to spherical harmonics. 

Taking first the case where the ellipsoid is of the prolate form, we transform to 
elliptic coordinates (£, /x, co) or (rj, 6 , c o) by writing 


x = k (1 — /i a ) (£ 3 — 1) cos a 
V — k a/ (1 — P?) y/ \l 2 “ 1) sin co 
z = h£n 


k sin 6 sinh rj cos co 
k sin 6 smh r\ sin co 
k cos 6 cosh r) 



(42) 


the axis of z being that of symmetry. The value of ju, may range from — 1 to + 1> 
that of £ from 1 to oo. The surfaces £ = const are confocal ellipsoids of revolution, 
whose semi-axes are 

a —b — k x / (£ 2 — 1 ) = & sinh 77 , 
c — kt, — k cosh 77 , 


the distance between the common foci being 2 k The value of £ for the surface of the 
shell will be distinguished, where necessary, by £ 0 . The perpendicular on the tangent 
plane at any point of the shell is 


zj = k 


toV^to 3 -!) 
a / (£ o 8 P*) 


( 4 a) 


Laplace’s equation v 3 V = 0 transforms into 


d_ 

cljJL 




1 cPY d 

1 -fj? da>* - 



1 cP V 

+ ww- • 



Considered as a function of /u,, co, V may be expanded in a series of spherical 
harmonics whose coefficients are functions of £, and it is easily seen that each term of 
the expansion must separately satisfy (44) Taking first the case of the zonal 
harmonic, if we put 

V = P .(p).Z, 

where 


p.M- 


1 . 3.5 


we find 


(2 n -1) 

lit 



2 ( 2 %~l) p 

» (n — 1) (n — 2) (n — 3) 
+ 2.4 (2jt — 1) (2» — 3) 




J{( 1 -C)g}+»(»+ 1 )Z = °.(4«) 
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showing that Z must be a zonal harmonic of order n, of the first or second kind. We 


thus obtain the solutions 


y^p.W.p.©*! 

v = p.M.Q.(0 



where Q» denotes the zonal harmonic of the second kind, viz. — 


Q»(£)- (0 } f {P>(0 }«(j._!)> 


3 (» -1) 

e | /-.-i. c» + i)(« + 2) 

T 2(2u+ 3) *> 


2,1 Zip /n _ 

_ i \ x «- 3 VW • • • f 


13 ( 2 n+ 1 ) 


(n + l)(n ± 2) (n + 3) (n + 4) K 1 ( 

^ 2 4(2m, 4- 3) (2n + 5) ' ' 


The former of the solutions (47) is appropriate to the space inside the shell, the latter 
to the external space. 

In like manner, when V involves a>, we have the solutions 


v = (i - w* 
v= (1 - p*)* 


(£ . _ ir 


<^P n (?) cos\ 
dp am j s<u 

d’Qn(£) cos'! _ 
-5F-smJ- s “ 


J 


(49)t 


10. Proceeding now to the problem of free currents, we shall show that the condi¬ 
tions for a normal type are satisfied whenever <f>, considered as a function of jw. and cu, 


* The following are the values of the first four sohd harmonics of this type, expressed m terms 
of »,«/,* .— 

^Pi 00 Pi (?) = e, 

^P 3 0#) P 2 (?) = £ {6«s - 3 (®* + y») - 2S: 2 }, 

00 P 8 (?) = £* {10s* - 15 (a 2 + j/ 2 ) - 6fc 3 }, 

^4 00 P 4 (?) = ^{280^ — 840z 3 (as 3 + y2) + xos (a 8 + ^ _ 240fc»z s + 120/c 3 (as 3 + + 24^} 

f I have here only recapitulated, for purposes of reference, the principal steps in the deduction of 
the solutions (47), (49) For details see Heine, * Eugelfunotionen,’ vol 2, part u,, chap. ii., or 
Fbbbkhs, * Spherical Harmonics,’ chap vj. 

The following are the values of a few of the more important solid harmonics of the form given Jby 
the first of equations (49) *— 


n =* 1, 

8=1. 

a. 

y* 


« = 2, 

8 = 11 

9ara, 

9 y*. 

, 

, , « :=a . 

8 = 2: 

9 (« 9 — J/ 3 ), 

18a$ 


’ ’ ».«*», 

8=1: 

{20z a - 5(®2 -f yi) _ 4fc 3 }, 

£y (20z 3 — 

5 (a 2 + y 2 ) — 4fc 2 }.* 

* 

8 = 2: 

225* (a» 3 - j/S); 

450ajy*, 

i ^ & f - 

t 

225 (a$ -r. 3ay*), _ 

225 (33% - 

-f) 



V»«{28»2 - 21 (a 8 + s/») - 12*3}, 

■^zy{28si 2 

-21(« 2 + y 2 ) -12* 2 } 
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is a zonal, tessaral, or sectorial harmonic of integral order Since any arbitrary 
value of (j) can be expanded in a series of such harmopics, the results thus obtained 
will enable us to represent the decay of any initial distribution of current whatever. 

If ds^ ds a) be linear elements drawn on the surface along a meridian and a parallel 
of latitude respectively, viz., 

»~ /(l - ^ ^ L . . (50) 

ds a = V(£o 2 — 1) \/(l — /* 2 ) <&» __ 

the current may be resolved into the components 

— — along the meridian, towards the positive pole; and 


■j- along the parallel, in the direction of co increasing. 

clSp J 

Take, first, the case of the zonal harmonic 

<£ = 0 . P* (ft) . ... 


• • (51) 


The currents then flow in circles round the axis of z, the strength of the current at 
any point being 

C - 1) ~ ^ . ^ 

If XI be the magnetic potential due to these currents, we have 

V s XI = 0 , 

with the conditions that at the surface Co 

Xlj =: XIq "|~ 4:7Tcf), 

(the suffixes denoting the values on the two sides), whilst the normal derivative is 
continuous. Assuming 

a,.ip.(,)p.( 0 l. 

n 1 -BP.(,)Q.(0J ' 

the surface conditions give 

BQ. (4) = AP.(J 0 ) + 4^C, 

BQ„'(&) = A 


whence, in virtue of the relation 


P.'(0Q.(£)-P.(i)Q. / (£) = pn 


(54) 


TJ 2 
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we find 

A = 4W£„ i! -l)Q.'(4).Cl 
B = 4ir(& s -1) P,'(«.Cf 



Owing to the sy mm etry about the axis, there will be no difference of electric 
potential, and the electromotive force of induction will be everywhere m the direction 
of the current The magnetic induction across any element of the surface will be 


da 7 7 m an 7 7 

= -£(&>-1 ) f ( dndu . 


. . . . (56) 


Substituting from (53), and integrating over the portion of the surface bounded by 
a parallel of latitude and including the positive pole, we find for the total induction 
through the parallel 

- 8 M & -i) 3 p; (to) Q» (to) f P. M ^ • 0. 

If the system of currents defined by (51) remain always similar to itself, the electro¬ 
motive force round a parallel is equal to — d/dt of this. The electromotive force at a 
point is derived by dividing by 2 ttTc v / (£ 0 3 — 1) (l — ft 3 ). Since 


f p.M** = 

in 


n (n + 1) dfi * 

we obtain m this way 

** • • (57) 


n(n + 1) 

Equating this to 


, d<b 


where dffr/ds^ has the value (52), and p = p/ear, we find that all the conditions of the 
problem are satisfied, provided 


where 


t ^ a 

I:* y a ? 


* 5 + 2 = 0 . 

dt ^ t ’ 






(58) 



prove in a similar manner that in the case of an ellipsoidal shell with unequal axes 
m the direction of the normal so that the “strength” 0 is proportional to a 
potehtiatoh either side is everywhere proportional to 0. 
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Since 


this gives, for n = 1. 


2irli?e 


T = 


or, putting 


Pi (o=t 

Qi (0 — 2 £•__ i ~ 

£o(£o S ~ 1 ) 2 {^2 _ 1 ~“i lo g£ 0 _i} 5 


:{I_ 

U 3 


which agrees with (13). 
For n = 2,1 find 


Co = l ! e > 


e 3 , 1 + e] 

1 — e\* ' ’ • 

(59) 

1 — (J 3 1 1 + e] 

* lo ^i- e • • • • 

• (60) 


The case of a sphei'ical shell may be deduced from (58) by making Jc = 0, £ = oo, 
&£ = a. For large values of £ we need only retain the first terms of the series in 
(45), (48). In this way we reproduce the known result 

_____ 47ra 2 e 
T (2n + 1) p 

11 The simplest plan of dealing with the case where the current-function is a 
tessaral or sectorial harmonic is to consider the current round any infinitely small 
circuit bounded by meridians and parallels. If R, S, be the components of electric 
momentum along a meridian and a parallel respectively, we have 


or, putting 


-t. 





dR 

difr 


^ ds m 

" 

dt 

dSu. 


jd<f> 


dS 




_ ~ ri 

dt 


f 

_ P_ _ 

„ P , 

. 


P = 

em 

7t’e 

Co v/ (£c 

, 3 " 1)’ 

to 3 

-f* 


d<£_ 

dR 

&(&*- 

1)(1- 

-^ 2 ) 

da> 

dt 


(61) 


p , dj> _ dS d$„ _ (ty 

ke£ 0 ' ^ ' dp, dt da> da> 


Eliminating if/, 


(62) 


p CL 

ke£ 0 [_dp 


(--■■*>?} 


to* - jl 

(to 3 - 1)(1 - p?) drf\ 

— fL f A (ft _ d /g ds* 

dt \ dp. J dp\ d<o 


?)}■ 


(63) 
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If we now assume 

<f> = Q(1 — /L6 a ) j/S sm Sco > • ... . . (64) 

the first member of (63) reduces to 

. (65) 

by the differential equation of tessaral harmonics Again 

l;( E t)-|( s l L ) = -^- 1 >i’ ( 66 ) 

where 12 is the magnetic potential due to the currents (64); for, if we multiply each 
member by dfida, the left-hand side is equal to the line-integral of the electric 
momentum round an infinitesimal circuit, and the right-hand side gives the magnetic 
induction through the circuit. To find 12, we assume 


n 0 = A (X - (JP -1)"*'sin soi 

% = B (1 - fiy» && ({• - ir ^ sin 


!- 


(67) 


for the spaces inside and outside the shell respectively. If we write, for shortness, 


T/({) = (£ s - ' 

U/(£) = (£»- x)*«^e 


the conditions to be satisfied at the surface of the shell 


give 


whence 


BU/(6) = AT/(Q + 4uC, 
<ZUS(Q _ _ a dT n ‘(? 0 ) m 


A = (-)'4ir^{^ 

[«■ — g 


a_ 


i)^'c 

' dS Q 




■s 1 i 


y i 


( 68 ) 


(69) 
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the reduction being effected by the formula 


TT'^_T*^' - t yb±i 1 
* df * df - ( V-ip-l 1 


Hence the right-hand side of (63) 


= — *(&*— 1) 


d <m 
it d? 


1, iy 2 -| \ dA i 2\j/ 2 d’Bi (/^) • 

= —*(^—1)—— (1 _ p-y smSO,, 

= (_)<-i ( r s _ ] \s Ql fOZi. 

v ) 47r V + sHo J ; dt 



(71) 


by (64) and (69). Equating (65) and (71), we see that the assumption (64) satisfies 
the conditions of a normal type, and that the corresponding modulus of decay is 


% 





P 


{ n^_s ft>(go 3 - l) 3 d TV (ft) dU^To) 

Jl + S 71 (71 + 1) (£o S ~ 1) + S 2 d£ 0 d£ 0 


• (72) 


The accuracy of this result may be tested by putting h = 0, £ 0 = co, jfc£ 0 = a , when 
we obtain the correct result 

« 47ra 3 e 

(2 n + 1) p 

for the case of a spherical shell. 

The case of the sectorial harmonic is obtained by putting s = n in (72). When 
7 i—l, in which case <f>oz y, we obtain 


27T& 3 6 g n 8 (g 0 8 — l) a fC. 1njr &+l y-2 1 

r - p 2£ 3 — 1 l2 1Og f 0 -l r o 8 -lj’ 

or, writing 

So = 1/e, P(^ 2 -l) = a 2 , 

27ra 2 € 1 [1-e 8 1+5 1 - 25»1 

T "“ p 2-e 8 { 2s 8 l0g l-e e s J* 


which will be found to agree with (14). 

The results (58) and (72) were originally obtained by a method more analogous to 
that of § 2, the currents and the electric momentum being resolved parallel to x t y, z. 
This method is much longer than that here given, and involves the determination of 


* Todhunter, * Functions of Laplace, <feo ,* § 109. 
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the electric potential \}i. It may be worth while, however, to recoid the value of xfj 
thus obtained for the space included between the two sutfaces of the film, viz — 


xj, = D (X* n+1 — £*_i) cos sco + E (U; +1 — U*_i) cos sco , 


(73) 


where 


%=(i - d ' v ' M 


d‘l\ (?) 


iy% _i y/s zjilll 

7 i +s' - ' ' dfi 11 b 


Ui==P==(l-/t s 


n + s 


d s T n (f^) {n 1 w a d J Q w (£) 


and D, E, are certain constants The first part of (73) corresponds to a distribution 
of electricity on the outer surface of the film, the second to a distribution on the inner 
surface. In the case of the sectorial harmonic, E = 0. 

12 . When the shell is of the oblate form, the elliptic coordinates to be employed 
are as follows. We write 


x = k </(l — fjb z )\/(£ a + 1) cos <u = & sin 6 oosh rj cos co 
yz=k^/( 1 — [ji z ) s/ (£ 2 + 1) sin <o — k sin 6 cosh r) sin <o 
z = &/t£ = k cos 6 sinh rj 




where £ may range from 0 to co. The surfaces £ = const, are confocal ellipsoids of 
revolution, the extreme case £ = 0 being a circular disk of radius k m the plane xy. 
Comparing these equations with (42), we see that they may be obtained by writing 
^£ for £ and — ik for k. The equation V 2 V = 0 therefore becomes 


L f ( 1 _ IV 1 , _J_£? = _ A J/! , 1 

dfiV 1 ^ l-p* da* 


+ _JL_ ( 75 ) 

^ 1 + £*dco*' * l' 0 ' 


The type of solutions symmetrical about the axis is 


Y = P;0*).Z, 


where 


|{< 1 + £ ')|}- b (»+ 1 ) z = 0 - 


* ♦ « * 


• (76) 


One integral of this is 



&(«.— 1) 




2,4(2n —l)(2n —3) 4 i " 


.■* 4 Spherical Harmonics,' chap. vi. 
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this becomes infinite for £ = oo. The second solution is 

2» (0 =p. (0 f f + X)’ 

= (-)“{?. (£) cot f - P«-l (0 + 3 ^ 1 ') P «-3 (0 - 
_ l» ( _ fa + !)(» + 2) 

1 3 ,(2» + l)l 2(2»+3) 

, 0 + !)(» + 2) (w, + 3) (n + 4) r _ n _ 5 _ 

2 4 (2n + 3) (2n + 5) 

the latter expansion, however, being only convergent when £ > 1. 
q H (£) vanishes at infinity. 

Hence we have the following solutions of (75) 

V = P„(rt JMQI 
y = p w W.^(0J’ ' * * * 

the former being appropriate to the space inside the ellipsoid, the latter to the 
external space.* 

In like manner, when V involves <u we have the solutions 


. •}, • (78) 

This function 


y = (i - (P + 0 - ^P- S 

v = (1 - pT (P +1)" 2 X} 

It seems unnecessary to go through the details of the investigations corresponding to 
those of §§ 10, 11. The results are, for the zonal harmonic, 



r 


*=O.P„fc), 

1 r ( ri , lV <%>.(&) 8g.(gp) 
»(» + X) /j ' L ' 


(81) 


and, for the tessaral harmonic, 


$ = C. (1 — /* s )<® aoi. 


r=(-) 


*-l 


£ 0 (r 0 8 +l ) 8 dtn‘(Q duSiSo) 

P Iw-J-s n(it + 1) (£ 0 3 +1)—s* ^ 


• • 


(82) 


* The second solution is finite even when £ = 0, hut its space 

£» s + y* =X?, 2=0 


derivatives are infinite at the focal circle 


MDCCCLXXXVn.—A. 


X 
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where 

V (£) = (L* + i )" 2 ^r 1 

«»'(0 = (r + i)' /s ^|P 


When n = I, (81) becomes 


2t r& S 6 


£o (4 s + l) s {arc oot £ 0 - ; 


or, putting 


k\/ (£o 3 + 1) = a > Co 2, + 1 =l/e 2 , 
= w, rya- 6 ») 


/> L 


1 - <5 3 

3—' arc sm e --— 


}■ ■ 


(83) 


which agrees with (13). 

13. If we make £o infinitesimal, we get results applicable to a circul ar disk, of the 
kind considered in § 5, provided n — s be odd . Putting Tc = a, = c, and 

p/e = 2//rar = 2p 0 'c, 

where c is ultimately made to vanish, the formulae for the symmetrical currents 
become 




(84) 




n 




• • » 


• (85) 


where r denotes the distance of any point of the disk from the centre. For small 
values of £ we have, n being odd, 


whence 


r>' m <— 1 3 • 'Jl „ / __ 7T , 




w + 1 


■» /*o 


jg f 1 .3 , , n 1| » 
12.4. (* + 1)J * 


For n = 1, this gives 

r = A/W> 

persistencies of the successive symmetrical types are as 


£ i * 


(86) 


!»t. if. &c. 
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For the tessaral harmonic 


where 


we have 


7^ (VP* (fj) 
a* djj 


sin so, * 




2 nrci \ n ~ s _ 1 _ ~dt n s _ du£ 

Pq > + s n(n 4* 1) — sr cl£ d£ _ ^ =0 


(87) 


From the series (77) we find, without difficulty, 

fWl _ 13 (n + s) 

[dfj f=0 “"’2 4 (w-s-l)’ 


?i — s being odd. Also from the second line of (78), under the same restriction, 

du,* / ^ 

rff “ ^ ' 2 * 

when £ = 0 Hence 


_ 7T 3 ffi !?& g J 13 (71 + s) ] 2 

T ~ H(n+ + |2.4 ■ fa-g-lH ‘ 


( 88 ) 


The most important of the types (87) is that in which n = 2, s = 1, when 

t = AA/po'- 

14. The methods of §§ 10, 11, might be applied to determine the currents induced 
by simple harmonic variations of a magnetic field, hut it is unnecessary to go through 
the calculations, as the result can be written down at once from the following 
considerations. 

We must first suppose the magnetic potential (XI, say) due to the field to be 
expanded, for the space near the conductor, in a series of terms of the forms given by 
the first lines of (47) and (49)+; or of (79) and (80), as the case may be. Each of 
these terms will act by itself, and produce a current-function <j> of the type (51) or 
(64) Now, in § 11, the equation of free currents of any normal type was brought to 
the form 

= . . (89) 


* The current lines are the orthogonal projections on the plane of the contour lines of spherical 
harmonics drawn on a sphere of radius a 

+ F E Neumans has shown (‘ Crelle,’ vol 37) how to expand the potential of a single magnetio pole 
in this way 
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the left-hand side being obtained as the electromotive force necessary to balance the 
resistance, and the right-hand side as the electromotive force of induction due to the 
decay of the currents. If r be the modulus of decay of the type in question, 

r = - J/I p. 

Now let <£ represent a fictitious distribution of current over the ellipsoid, which shall 
have the same magnetic effect in the interior as the actual inducing field. This 
distribution is found at once from (69). The equation of induced currents will then be 



When the free currents have died away all our functions will vary as e*^, where p 
measures the rapidity of the changes in the field. Substituting in (90), we find 



-ipr ^ 
1 + tpr 9 ‘ 


When pr is very great this becomes 




The result (91) may be verified in the problem of § 6. 

15. Let us next consider the rotation of the shell in a constant field. There will 
be no currents due to those terms in the expansion of Q, which are zonal solid 
harmonics; the only effect of these being a certain surface electrification. We may 
complete the investigation of § 8 by finding the density of this electrification in the 
case of an oblate ellipsoid of revolution rotating in a uniform field about an avia 
parallel to the lines of force. We have to find a function which shall have the 
value 

^ = ipy ( x% + y % ) -f c.(92) 


at the surface of the conductor (£ = £,), and shall satisfy V 2 xp = 0 throughout the 
external space. Denoting by a the equatorial radius, (92) may be put in the form 





&(0 


^ = C + $pya z — ipya*. P 2 (p) 


(93) 
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But 

2o'U) = 

a.'(n__ i . K(?) 

(f) A (0 & (0 +1) ft (0 ’ 

and A 2 cZJ/c^ = ct/£ 0 . Hence, by (41), 


471*0* 

TT ~ 


d 


vs 


dv x (t 0 a + 1) axe cot f 0 

- ipya 2 P z (/*) | 


(C + ipya 2 ) 
1 


jPz (?o) 9.2 (£o) §0 + 1) 


Pa (fo 1 » 

to(ro)J » 


For the case of a disk we have, as in § 5, 


and 



where c is ultimately made = 0. Also 


Pz (0) — i) 2a (0) — A f Pz (07 — 0, 


whence 


47TO* 


_ 4. PY 
8 f v 

{O + py (Sr 2 — a s )}. 


if =tP + irrt-i rrfhv l** ~ ^ 

2 

7r y (a 3 — r 3 ) 


• • (m> 


The total charge on both surfaces of the disk is 

- (0 + ipya>) K. 

7T 

The constant C is of course to be determined by the other conditions of the 
problem. If the avis of the disk be uninsulated, we shall have C = 0. 

16. The only terms in the value of which give rise to sensible currents in a 
rotating disk are those tessaral solid harmonics for which n — s is odd. 

If the value of O, referred to fixed axes, be 

a = A. (1 — W ^ 008 *“> 


(95) 
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the corresponding value of (f> will be 


(p = 2C (1 — sm* 


where, by the formulae analogous to (69), 


. . . ( 96 ) 


( ' i*±i LrfCoJf-o 0; 


= - 2 w°-C 


w — s 1 3 . (« + s) 
n + j ’24 (» — ,s — 1) ’ 


— _ 27^0 —--(i hZ -f ) .- 

2 4 .(» + «-1) 


(97) 


It now, to use Maxwell’s artifice, we pass to axes of x } y, moving with the disk, 
we must write 

$ = C (1 - /x 3 ) ,/s cos s(<u + ^i), 

where p is the angular velocity of the rotation. For the trigonometrical term at the 
end we may write e ,Ko,+ ^ if we retain in the end only the real part. Hence for the 
induced currents we have, by (91), 




— VpT • 
+ ispr 


where r is the persistency of free currents of the type (n, s). 
Putting 

iq = arc tan spr, 

we find, finally, on returning to fixed axes of x, y, 


<f> = C sin 77 (1 — fi?)* 12 sin ($<u — q). 


. . . (98) 


The system of currents is stationary in space, but is displaced relatively to the field 
by a greater or less angle 

1 


- arc tan spr, 


according to the speed of rotation. The maximum value of this is ir/ 2 s for a suffi- 


rotation, 






disMbAMea of currents which would give at all points of the disk the 
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The most important type of induced currents is got by putting n = 2, s = 1, in (95) 
In this case 


XI oc xz, 


so that the lines of force at the disk are normal to it, but the direction of the force is 
reversed as we cross the axis of y. The current-function relatively to axes displaced 
through the proper angle q varies as 

The current-lines for this case are shown m the figure. The signs + and — 
indicate where the normal force due to the field is towards or from the spectator 



In the next type we have n = 3, a = 2, so that 

XI oc 2 (cc 2 — y 3 ), 

and the current-function (relatively to displaced axes as before) varies as 



* [It may be shown that, referred to the same axes, the potential ^ varies as 

~ Po x G ~ 2r s /a a ). 

The eqnipotential lines are not orthogonal to the current-lines, except in the case of the circle r = a[ */%. 
—Note added June 30,188V ] 
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[Plates 11-13.] 

General Account of the Experiments, and Discussion of the Results. 

In view of the enormous discrepancies at present existing in estimates of high 
temperatures, it is exceedingly desirable that strictly comparable thermometric 
standards should be issued by some recognised authority 

Professor J J. Thomson, in the course of a conversation which I had with him 
towards the close of 1885, suggested that such standards could be issued in the form 
of platinum wire, the change of electrical resistance with temperature being deter¬ 
mined by comparison for each specimen before issuing. The object of the present 
investigation was to test whether, in spite of the B. A. report on the Siemens pyro¬ 
meter (1874), pure platinum wire might not be possessed of the necessary qualifica¬ 
tions for such a standard. 

Let us first consider what qualifications are necessary. 

(I.) Such a standard should always give the same indication at the same tempera¬ 
ture, should be free from secular change of zero, and should possess the widest possible 
range. 

(II.) It should be portable and readily copied, so that standards might be multi¬ 
plied, and, if the original were lost, it might he replaced by means of its copies. The 
copies should be capable of accurate comparison and verification. 

(IIL) It would be convenient if it agreed very approximately with any standards 
already in use, and if, failing this, the relation between the new and pre-existing 
standards could be accurately ascertained. 

(IV.) It would be a great additional advantage if, besides being useful as a 
standard, it could also be applied directly to all kinds of practical investigations. 

With regard to the first point (I.); the self-consistency of the platinum thermometer 

* The portions enclosed in square "brackets have "been added or altered subsequently, Jane, 1887. 

mdcoolxxxvit.—a. y 18 8 87 
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has been abundantly verified in all the experiments undertaken with it. If the 
wire is pure to start with, and care is taken not to alloy it with silicon, carbon, tin, or 
other impurities, and not to subject it to strain (such as increase of length), its 
resistance is always the same at the same temperature at least, this was the case 
with the specimens of platinum wire used in these experiments. For the proof of 
these assertions the reader is referred to the experimental details (especially pp. 
192, 205 et passim). 

The wire used here is obtained from the well-known firm, Messrs. Johnson, 
Matthey, and Co., and is probably very pure and well adapted for the purpose 
(see p. 182). 

Platinum wire evidently fulfils the conditions laid down in II., since it is essentially 
a standard of electrical resistance. 


The method of comparing and verifying copies of the standard is of fundamental 
importance and requires a more detailed explanation. The great advantage of the 
proposed platinum standard over all others is the ease and accuracy with which this 
may be effected, a degree of accuracy greatly exceeding that of all other thermo¬ 
metric comparisons, and almost independent of the distribution of temperature. 
The wires are wound side by side on non-conducting material and symmetrically 
disposed, so that their mean temperatures are always the Bame and simultaneous 
values of their resistances are observed. Observations are also taken in melting ice 
and in steam at atmospheric pressure for the purpose of verification and to test for 
changes of zero. Details of the method and of the experimental comparison of wires 
of different metals are given in a subsequent section. An accuracy of 1 in 10,000 is 
attainable. The general conclusions from these experiments are as follows :— 

[If B be the resistance of a given wire at the temperature t Cent., and R l3 R 0 , 
the values of its resistance at 100° and 0° C. respectively, (Rj/Rq — 1 ) is the increase 
of resistance between 0° and 100° C., and is found to vary considerably for different 
specimens of commercial wire of the same metal. (P-g., for platinum, it varies from 
0*25 to 0*35.) But the curves of resistance variation are similar, so that the values of 
the function (R/R 0 — 1)/(R 1 /R 0 — l) are nearly identical for different wires of the 
Same metal through a range of 600° C., though they differ very widely for different 
metals. The variations are mainly due to slight chemical impurities, which suffice 
materially to reduce the temperature-coefficient and make the wire much less suited 
for thermometry ] 

Pure platinum wire, r when once annealed, is little liable to alteration. If it is 


s different lengths from the same bobbin do not behave differently, as some 
tt&B, perhaps using less pure wire, have stated. Its resistance is not liable to 
^^S^*qh|^e by mere heating end cooling, provided the wire is not strained or 
JMffeirent specimens of pure platinum wire agree very approxi- 
scalA Tins iss very convenient, but not essential; for, if they 
accurately compared and the differences tabulated. It 
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therefore possesses in an eminent degree the qualifications necessary for a scientific 
standard There seems no reason to expect that the temperature coefficient should 
be liable to secular change, seeing that violent treatment of these specimens for some 
months has not produced any measurable alteration. 

III. As it is a very important question to determine the relation between tempera¬ 
ture by platinum wire and temperature by an* thermometer, considerable space is 
devoted to the discussion of experiments bearing on the question The present 
standard of thermometry is Regnault’s normal air thermometer, this, while pos¬ 
sessing several advantages as an ultimate standard, is, nevertheless, so difficult to use 
that the discrepancies at present existing are bewildering, and it cannot be used at 
all in ordinary work for most purposes ; all measurements have, therefore, to be 
referred to it indirectly, which is a great disadvantage. But until the thermo¬ 
dynamic thermometer shall have assumed a more practical form, the air thermometer 
gives the best approximation to absolute temperature It happens that the platinum 
thermometer may be more accurately compared with this standard than any other. 

The practical difficulty of all thermometrie comparisons is that of maintaining an 
enclosure at a constant and uniform temperature This was to a great extent 
avoided in the present case by enclosing the spiral of fine platinum wire inside the 
bulb of the air thermometer itself There are, of course, some mechanical difficulties 
in the way, and it was found necessary to devise a modified form of air thermometer 
for the purpose Full details of the experiments and methods are given in subsequent 
sections The modified form of ah’ thermometer is also minutely described, as it may 
be found useful in other and similar investigations. Various sources of error are also 
discussed, which may have considerable effect in experiments at high temperatures. 
The investigation of these is still incomplete, but does not present any difficulties 
which may not be overcome with the aid of the platinum thermometer. Among 
these we may mention surface actions between the gas and its enclosure; the question 
of the possibility of eliminating the capricious changes of volume of the envelope; 
and of determining the amount of dissociation to which gases are subject at high 
temperatures The experiments are, therefore, necessarily incomplete, they are 
published chiefly on account of the great practical importance of settling on a 
universal standard for the more accurate comparison of different measurements of 
temperature 

[The results of the comparison between the platinum and air thermometers are 
best represented graphically by drawing the curve of difference of temperature. If 
t stand for the temperature Centigrade by air thermometer, and pt for the temperature 
Centigrade by platinum wire, that is to say, for the function 10O(R/R o — 1) ,* 

the observations (Plate 13) are seen to agree fairly well with the parabola 


d=t-pt = 1-57{{«/100) s — (e/100)} 
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Bat the comparisons of different platinum wires show that this formula cannot be 
absolutely accurate.] 

It is very convenient for practical purposes that the platinum thermometer agrees so 
closely with the absolute thermo-dynamic scale ; but, of course, such agreement does 
not much affect its value as a standard. We at present require a practical standard 
to which all measurements may be directly referred; the question of its exact relation 
to the absolute thermo-dynamic scale may be matter for subsequent investigation, and 
can be best solved when we have arrived at a more accurate and extended knowledge 
of the phenom en a of heat, of the dependence of radiation, conduction, &c , on tempe¬ 
rature measured by a scale, which may be to some extent arbitrary, but which will 
have the incalculable advantage of uniformity, so that the results of different experi¬ 
mentalists will be accurately comparable. To show how imperfectly the air thermo¬ 
meter fulfils this condition, we may refer to the article “ Pyrometer ” in the c Encyclo¬ 


paedia Bntannica/ 9th edition, 1885. 

IY. In comparing the platinum resistance thermometer with other instruments, it 
will be seen that it is essentially pi'coctical. The steam pressure thermometers 
advocated by Sir William Thomson in his article on Heat, m the * Encyclopaedia 
Britannica/ are doubtless theoretically more interesting, and could be made of great 
utility in attaining known constant temperatures when the relation between steam 
pressure and temperature had once been determined for each case. But the most 
accurate way of comparing them with each other, and with the standard air ther¬ 
mometer, is by the intermediation of the platinum wire. Other mstruments for 
measuring temperature have either a very small range or lay no claim to accuracy; 
for this reason it is obviously unnecessary to discuss the mercury thermometer or the 
thermopile, especially as their defects are so well known, and their applicability so 
limited, although each possesses distinct advantages for certain purposes. 

Platinum wire is well fitted for use as a temperature standard, it is still more 
admirably fitted for practical use in any experiments where accuracy is required. This 
arises chiefly from its adaptability. A length of wire is cut off and disposed m any 
way which may happen to be most convenient for the desired purpose The observa¬ 
tions are simple and rapid, the corrections small and easily apphed, the sources of 
error less than with any other kind of thermometer and more easily avoided. For 
radiation experiments it may be made more sensitive than the thermopile (cf. Langley's 
Bolometer ); owing to its great sensitiveness, it may be used to measure rapidly varying 
temperature without inaccuracy; this is often desirable, as in calorimetry by method 


of enoling. There is, in fact, hardly any experimental investigation in which the 
• of temperature is necessary, which may not be more accurately and 

means of a suitable platinum wire thermometer, 

~ ^ investigation considered as a research on the resistancd- 
i tlie existence of minute irregularities which 
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cannot be well represented in an empirical formula. The simple parabolic formula 
(p), R/R 0 = 1 + at + fit*, corresponds exactly with (d) (p 163), namely 

t—pt= S{ (i/100) 3 — (i/100)}, 

where S = 10,000/6/(a -J- 100/3), and gives an accuracy of the 1% order through a range 
of 600° C. Other formulae may readily be found which give nearer approximations m 
special cases, and through small ranges. For instance, the exponential formula 
log R=a£/(l 4* fit) corresponds to the dotted line, Plate 13, fig 11, and exactly smooths 
out the characteristic inequalities in the platinum-iron comparison-curve, agreeing 
with it far more closely than the parabola ; but in most other cases the exponential 
formula has the disadvantage. Benoit and Matthiessen use the parabolic formula, 
but Matthiessen expressed his results as variations of conductivity (R 0 /R), so that 
his formulae are quite inapplicable except between 0° and 100° C.] 

I have endeavoured to give the fullest data in each case for the verification of my 
results, and to make the calculations in each case accurate within the limits of 
probable error, but among so large a mass of figures I can haidly hope to have 
escaped an occasional slip. 

My most sincere thanks are due to the authorities at the Cavendish Laboratory for 
the facilities which they gave me foi the prosecution of these experiments, and 
especially to Professor Thomson for the kind interest he has taken in the subject, 
and for valuable suggestions and assistance. 

In overcoming the mechamcal difficulties which are always the most important part 
of an investigation like the present, I received great help from Professor Thomson’s 
assistant, Mr. D S. Sinclair, though, owing to the many calls upon his time, he was 
unable actually to make much of the apparatus I had intended to make many other 
experiments, but my progress has been much retarded by my own want of mechanical 
skill, and the necessity of making all my own apparatus. 

I am at present intending to pursue these experiments to higher temperatures, and 
have already worked out the experimental details of the application of the platinum 
thermometer to questions in the theory of heat where I consider greater accuracy 
may be obtained by its use 

Authorities consulted . 

On the variation of the electrical resistance of metals with temperature. All 
experiments almost up to date are collected in the first volume of the last edition of 
* Die Lehre von der Elektricitat,’ by G. Wiedemann. Original papers by Benoit in 
the * Comptes Rendus/ and Matthiessen in the ‘ Phil. Trans./ 1862, are of the chief 
importance, but nearly everything has been collated. 

In Thermometry the best general information up to date is to be found in the 
*Enc. Brit./ 9th edit., Articles “ Heat” and “ Pyrometers,” already referred to. I 
have also studied with great care the whole of the classical researches of Regnault 
in the ‘ M&noires de lTnstitut/ vols. 21, 26, &c. 
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On Pyrometry there is a valuable paper by Weinhold in f Poggendorff, Annalen/ 
1873, who gives a fairly complete hst of original memoirs, nearly all of which have 
been referred to. 

On the air thermometer there is a most valuable paper by Baleour Stewart in 
the * Phil. Trans./ cont aining perhaps the most accurate experiments yet made on 
the dilatation between 0° and 100°. For high temperature experiments, papers by 
Deville and Troost, and E. Becquerel, are most important. 

Siemens suggested the platinum pyrometer, but I cannot find any account, worth 
mentioning, of his experiments 

Determination of the Increase of Resistance with Temperature of the Standard 
Platinum Wire hy comparison with the Air Thermometer. 

As stated above, the direct comparison is preferable to the method adopted by 
Benoit and others of heating the wire in vapour baths of substances whoBe boiling 
points have to be assumed from other experiments , a spiral of fine bright platinum 
wire is a bad radiator, and is exceedingly sensitive to slight changes in the tempera¬ 
ture of the an with which it is m contact; if, therefore, it be fixed inside the bulb of 
an air thermometer, the mean temperature of the spiral will be always very nearly 
the same as that of the air, and this is measured directly on the absolute scale. 


The Air Thermometer. 


Since the ordinary form of the instrument is in several ways inconvenient, it was 
found necessary to devise a modified form for the purposes of this investigation, a 
detailed description of which will be given. The sources of error, and the corrections 
to which it is liable, will also be incidentally considered. 

The general plan of the instrument will be easily understood on reference to the 
accompanying diagram (Plate 11, fig 1). [An improved form is described in the 
Appendix,] 

A bulb A is connected by means of a capillary tube to a U-gauge of small bore 
(about 2 millims, diameter) containing pure sulphuric acid, which serves to confine a 
constant mass of air at nearly constant volume; the gauge carries a bulb B on its 
other limb, which is connected by an indiarubber tube to an adjustable mercury 
manometer M with wide tubes Attached to the limb of the TJ-gauge is a 
m il lim etre scale by which its reading can be recorded. 


The volume of the bulb A is determined by calibration with water or mercury in 
Ath^usual way,, or with air hy the method of the volumenometer,* 
m yfcdBgfcftjfc 1 of cubical expansion of the bulb enters as a small correction, 

psr it,is best determined at low temperatures by using 

and assuming the absolute expansion of mercury. 

Physics,’ Glazjsbbook ami Shaw, p 1@0. 
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If the bulb itself cannot be used, a mercury thermometer is made from the same 
tube as the bulb. 

Since, however, this method ceases to he applicable above the boiling point of 
mercury, and is moreover exceedingly liable to inaccuracy, except between 0° and 
100 ° 0., it was decided to measure the variations of the linear coefficient and assume 
that the cubical coefficient varied in the same way. 

The method adopted was exceedingly simple, and is, shortly, as follows :— 

Linear Expansion of Hard Glass. 

A glass tube is heated in a thick iron tube in a long gas furnace, the variations of 
its length are observed by means of reading microscopes, and the mean temperature 
of the portion heated is given by observing the resistance of a standard platinum 
wire extending down the axis of the tube, assuming that when the temperature is 
steady the mean temperature of the wne is the same as that of the portion of the 
tube it occupies. 

Experiments by this method were made on a piece of hard glass tube, the same as 
that used m making the air thermometers No. 3 and No 5. 

The ends of the tube were drawn down to 5 milhms . diameter, to diminis h the conduc¬ 
tion of heat, and to ensure that the parts exposed should be nearly at the temperature 
of the atmosphere, copper leads were fused on to the ends of a piece of the standard 
platinum wire, 69 *6 centims. long, which was then inserted down the axis of the 
glass tube 

The glass tube was heated by being placed in an iron gas-pipe, 67 centims long, 
in a gas furnace of the same length, supported on a board with levelling screws for 
focussing The copper platinum junctions were exposed to the air temperature at 
equal distances, about 1 cm. beyond the ends of the iron tube, and, being screened 
from the heat by bright tinned plate, no appreciable thermo-electric effect was 
produced, as the junctions were very slightly, and nearly equally, warmed. 

A length of about 63 cm. of the glass tube was left in its original state ; the drawn- 
down ends projected about 16 cm. beyond the iron tube, and were practically at the 
air temperature for their whole length beyond the copper platinum junctions; the 
variations in length of these portions of the tube may be neglected in comparison 
with other possible errors, it is, therefore, assumed that the mean temperature of the 
platinum wire is the mean temperature of the part of the tube it occupies, whose 
length is variable. If the coefficient of expansion of glass were accurately constant, 
or if the temperature of the whole portion heated were uniform, this assumption 
would give mathematically correct results. Since both these conditions are nearly 
satisfied, the corrections to be applied for the variations at either end are negligible. 
"We take, therefore, the length of the part of the glass tube, whose variations we are 
measuring, to be the distance between the ends of the platinum wire, and its mean 
temperature to be that of the platinum wire. 
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Crosses were made, with a writing diamond, on the extremities of the tube, at 
a distance of about 15 cm. from the gas furnace, and were observed with reading 


microscopes. 

The rea ding microscopes were made by the Cambridge Scientific Instrument Society, 
and are all but perfect. The microscope is fixed m a carriage, which is moveable 
horizontally by means of a micrometer screw reading to ‘00002 of an inch. 

They were mounted on solid stone blocks, resting on a thick stone slab which 
supported the gas furnace, so screened with bright tinned plate that the microscopes 
and their supports, and the stone slab, were not appreciably heated 

After the apparatus has been adjusted the microscopes are placed in position and 
focussed on the crosses, and are not subsequently touched, except with the micrometer 


screws, in taking readings. 

Since the success of the method depends on the distance between the stands of the 
reading microscopes remaining invariable, this was verified, from time to time, by 
means of an auxiliary glass tube, 1 metre long, with diamond crosses, which could be 
adjusted in position beneath the microscopes without disturbing them. No varia¬ 
tions of the distance could be detected, and they were probably less than *0001 
of an inch. Several independent readings seem to show that the probable error of a 
single reading due to all causes is about of the magnitude of 0002 inch. 

Readings were also taken of the temperature of the air, and of the air between the 
gas furnace and the stone slab; the variations were usually small enough to be 
neglected. The crosses on the glass tube could be very accurately brought into focus 
beneath the microscopes by adjusting the levelling-screws on which the gas furnace 
was supported; this is a most important provision, as the furnace expands with heat 
and puts the tube out of position. 

With the above apparatus observations were taken on different occasions. The 
method employed was to light the gas furnace and wait until the temperature became 
steady, and then take several readings of resistance and of the microscopes on the 
plan shown in Table I. 

It was soon found that the length of the glass tube was liable to permanent altera¬ 
tion owing to change of structure. For this reason the micrometer-screws were 
usually read only to the nearest °f an inch, and the other approximations 

were made in the calculation, which would have been inadmissible if the phenomenon 
observed were accurately self-consistent. 


Table I shows the irregularities produced by these structural changes. Table II., 
however, contains two series of observations strictly comparable with each other, the 

K arature observation being taken first to avoid the permanent contraction. 

comparisons the third column gives the expansion calculated from the 
j$ J 2 *7 X l<T 9 y>^, which very nearly represents the 

gfyes fir. the cubical expansion 
f fT. ^-f 8‘1 X 1O- 0 

by platinum wire. 



Table I-G. —Showing Method of recording Observations and Progressive Contraction of Glass Tube at 500 
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Mercury thermometers were used to check changes of temperature in various paits 
of the apparatus, their readings are recorded m the column headed Thermometeis. 

S T gives the temperature on the stone slab under the gas furnace, this, being care¬ 
fully screened, was not found to rise appreciably, even after the furnace had been full 
on for an hour. R gives the temperature indicated by a thermometer placed inside 
the resistance box The temperature of the an* was taken because variations in the 
temperature of the reading microscopes or their supports would introduce small enois, 
as the variatio ns of the air temperature were very small, these errors could be 
neglected. 


Table IX, giving Results of Observations on Contraction of Hard Glass Tube, 
the Temperature being given by Platinum Wire 



On the first occasion the permanent contraction of length which the glass tube 
underwent amounted to *052 per cent, of its length, and on the second to *026 per 
cent., although this glass does not begin to soften till about 700° O., and was 
subject to no strain whatever: with other materials (e.g., porcelain) these changes 
would probably be more serious. They are a most important source of error, and 
place a limit to the accuracy attainable with an air thermometer at such temperatures, 
unless an arrangement is adopted to measure them. 

The volume of the bulb is also liable to change, owing to the variation of pressure 
to which it is subjected. At ordinary temperatures these changes are usually less 
than ToJocr pe r atmosphere, and may be neglected; but at high temperatures near 


the softening point of the glass they might become sensible, and the bulb might even 
a permanent deformation. As the phenomenon in question cannot be readily 
at high temperatures, it is best to avoid the difficulty by so adjusting the 
that pressure may amount to an atmosphere at the highest 
the glass may thus be entirely freed from the 


jto li to ll 'fcfcTnfiftrflf.nT'A al+a-ra+irma r\f tTftll.'.wln n »»■. 
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about twenty times as important in a mercury thermometer, where they produce 
notable changes of zero. One great advantage of the air thermometer is that they 
can usually be neglected. 

The bulb is connected with the U gauge by a tube of capillary bore, part of which 
is heated with the bulb, and part of which is at the known atmospheric temperature, 
a length of about 5 centime, bemg at intermediate and unknown temperatures. If 
the *bore be between three and five-tenths of a millimetre, and the capacity of the 
bulb 50 cub. centims, the uncertain error will be much less than rohr& > and ma 7 
be neglected. 

Some kinds of glass are liable to be acted on chemically by the gas at high 
temperatures. For instance, hydrogen or coal gas exerts a powerful reducing action 
on lead glass at a dull red heat, and the action proceeds more slowly at much lower 
temperatures Perhaps nitrogen is, for this reason, the most suitable thermometric 
material. Water vapour and carbon dioxide also are well known to exert a dis¬ 
integrating action, and are for other reasons also especially to be avoided. 


The Sulphuric Acid Gauge. 

It has usually been the custom to confine the an’ to constant volume in the air 
thermometer by a column of mercury whose level is adjusted up to a fixed mark 
before taking an observation. The use of mercury necessitates a very wide tube, 
otherwise the effects of capillarity produce large errors. the volume of the air 
unheated must, m consequence, be large and also variable with the shape of the 
meniscus. Moreover, for accurate work, it is necessary not only to thoroughly dry 
and clean the bulb of the air thermometer, but also the tubes and mercury of the 
manometer which is in direct connexion with it This it is practically impossible to 
do perfectly. Again, it is in most observations exceedingly inconvenient to have a 
mercury manometer rigidly connected "with the bulb of the air thermometer, and in 
such close proximity with the source of heat that the mercury becomes unequally 
heated. The chief advantage of mercury is that its vapour tension is so small (about 
‘001 centim at ordinary temperatures) that it is negligible. Pure H a S 04 , however, 
possesses this same qualification, and has none of the above disadvantages. Since it 
wets the tube, the correction for capillarity is quite constant. If the bore of the tube 
be about 0 2 centim., the capillary elevation is about 0*5 centim. With a gauge 
tube of this bore the correction volume may be made quite small, and may be very 
accurately known, the shape of the meniscus being constant. This enables us to use 
bulbs of smaller capacity, which are, for many purposes, more convenient, without 
unduly increasing the magnitude of this correction. The use of sulphuric acid in the 
gauge tube is also attended "with several other advantages. The air thermometer is 
thus rendered very sensitive, the slightest ehange of temperature is at once indicated, 
and it is very easy to see when the temperature is steady. The mass of air under 

z 2 
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observation is perfectly confined, and the same mass of an may be kept under obser¬ 
vation for a lengthened period, and is maintamed perfectly dry 

Since the bore of the H 2 S 0 4 gauge tube is small compared with that of the mercury 
manometer, a change of pressure of air in the bulb first takes effect m the small-bore 
U gauge, and only alters the reading of the wide tube mercury manometer very 
slightly: this enables the instrument to be used when the temperature is not abso¬ 
lutely constant, as the reading of the XJ gauge can be instantly recorded, and the 
mercury manometer read at leisure. It might be thought that errors would be intro¬ 
duced by capillarity and viscosity of the acid in so small a tube, but it can be easily 
shown by direct experiment that this is not the case to an appreciable extent. If an 
open gauge be connected to a mercury manometer, the acid exactly and perfectly 
follows every readjustment of the manometer, and its capillarity and density may 
thus be easily determined in terms of mercury. 

It has been suggested that the acid might have some action on the confined mass 
of air, either absorbing it or giving off SO s : it would be difficult to prove that this is 
not the case. On the other hand there does not seem much reason to believe that 
it is * 


One great advantage of the H 3 SO.j, gauge is that, when the instrument is at constant 
temperature, such as that of melting ice, by altering the adjustment of the mercury 
manometer, the reading of the HgSO^ gauge is altered consistently, and a great 
number of quite independent observations may be taken, which ought, of course, on 
reduction, to lead to almost identical results, the mean of which will be to a great 
extent freed from scale and personal errors 

The H a S0 4 gauge is provided with a millimetre scale, and is carefully calibrated; it 
is difficult to make an error of '02 centim in reading the scale, and all errors are 
divided by about 7 in the reduction to mercury, so that they may practically be 
neglected as far as the pressure is concerned, they become more important in 
applying the volume correction, especially if the volume of the bulb be small. 

The extremely simple sort of gauge shown in the diagram may be used with great 
advant&ge r but it is liable to some slight inconveniences. 

Supposing the air in the bulb to be at atmospheric pressure and temperature, a 
variation of 1 ° C. in its -temperature alters the reading of the H a S0 4 gauge by nearly 
2 centum If the limb of the gauge be only 10 centims. long, it has thus a range of 
only about 5° without readjustment of the mercury manometer, so that, when the 


temperature is changing, the manometer requires to be continually readjusted. 

, More elaborate forms were, therefore, actually used in most of the experiments, 
which is shown in fig 2, Plate 11. 

carries a bulb B which is calibrated, and whose volume is about 

to* this and otter objections to the use of sulphuric acid will be found an 
article on “Heat,” in the ninth edition, 1880. of the *Encyolopsedia 
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equal to that of the hulh of the air thermometer * a little below the bulb the gauge 
tube widens out into a cylindrical reservoir C, from which a side tube communicates 
with the three-way tap T, which also serves to close the entrance to the large cylindrical 
bulb D A side tube o, near the lower extremity of this limb of the Y gauge, serves 
for the introduction of the requisite sulphuric acid, and can be sealed off when 
required. 

The bulb B serves to determine the volume of the bulb of the air thermometer at 
any time, on the principle of the volumenometer, and so to check any alteration m the 
volume of the bulb without the necessity of dismounting and filling it afresh; it may 
also be used for several other purposes. 

When it is desired to fill the bulb of the air thermometer with pure dry air by 
repeated exhaustion and re-admission at a high temperature, the whole of the acid (if 
the gauge is already fall) is first drawn back into the bulb D, which it completely 
fills, and the tap T is turned thus (_L) * the contained an is then exhausted, and the 
dry air re-admitted repeatedly by way of the tube CeT When this has been satis¬ 
factorily effected the tap T is turned thus (T), and the acid allowed to flow down into 
B, completely cutting off the mass of dry air in the bulb. 

The mass of air enclosed may also be easily adj listed by means of the manometer, 
to give any desired pressure at any desired temperature 

The volume of the bulb B gives the necessary range to the gauge in heating or 
cooling; if the tap T be turned thus (—I), so as to put 0 and D in communication and 
cut off the manometer, the instrument may be left to itself to cool or heat through a 
large range 

When the air thermometer has been thus left to itself to cool or heat, it often 
happens that the pressure is only roughly known, so that, if communication were 
opened direct between the gauge and the mercury manometer, a sudden and disas¬ 
trous movement of the acid in either direction might take place if the manometer did 
not happen to be exactly adjusted. It is convenient, therefore, to introduce the small 
auxiliary piece of apparatus ST 7 on the way between the H s S0 4 gauge and ike 
mercury manometer. 

The U tube S is of small bore, about 1 mm , and is used as a kind of safety indicator 
to show when the pressure is the same on both sides of the three-way tap T 7 ; for this 
purpose it is half filled with mercury. 

The pressure of the air in D is always known to within 20 cm. or so of mercury, so 
that the manometer can be approximately adjusted, the tap T is then turned thus (T ); 
the tube S indicates the residual difference of pressure on either side of T'; ike mano¬ 
meter is adjusted till this difference vanishes, and is then put into direct communica¬ 
tion with the H a S0 4 gauge. If these precautions were not taken, the acid might 
sometime^ get sucked back into the bulb or the pressure tubes, either of which events 
would ruin the series of observations. 
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Comparison of the Coefficients of Expansion of Gases. 

The sulphuric acid, gauge is specially adapted for effecting this comparison by a 
differential method. 

Similar thennometers, filled with different gases at approximately the same pressure, 
are exposed to the same source of heat and connected to the same mercury manometer, 
so that the external ciicumstances are precisely the same for both, and the difference 
of their pressures at any time is indicated by the sulphuric acid in the gauge. 

In a comparison of air and CO s between 0° and 100° the diffeience amounts to 
about 40 mm. of acid, a very measurable quantity. 


The Mercury Manometer. 


In the first experiments the manometer belonging to a “Jolly” air thermometer 
was used. It had a glass mirror scale of millimetres divided with considerable 
accuracy, but it was found that the tubes were of too small diameter, and the mercury 
was apt to stick appreciably. 

Another manometer was therefore constructed, with wider tubes, about 1*7 cm. 
internal diameter, which was found to be exceedingly satisfactory; the same mirror 
scale was used, and the same adjusting apparatus. 

The scale is only divided to millimetres, but it is possible, with practice, to estimate 
with considerable accuracy to the tenth of a millimetre. It appears from the many 
observations made with the apparatus that the probable error of a single observation 
is of about this magnitude It would have been theoretically preferable to take the 
readings with a kathetometer, but this would have involved great loss of time, and 
there was not one to spare. 

To avoid errors of parallax, &c., readings were taken as follows:—The mirror scale 
was fixed vertically in a vertical plane, with the aid of a plumb-line. A telescope 
capable of sliding up and down, and being clamped at any height on a vertical axis, 
was levelled by focussing it on its own image in the mirror at the distance of about a 
metre; this gave a magnifying power of about three diameters as compared with the 
naked eye, at a distance of 10 inches. 

To eliminate personal errors in estimating the tenths of a millimetre, a series of 
independent observations at different points of the scale were taken at each constant 
temperature. The close agreement of these shows that the apparatus performed 
satisfactorily. 

- Tfie mirror scale was tested for scale errors by comparing it with the standard 


%wifh the aid of reading microscopes; the errors were found in all cases to be less 
i and are therefore neglected. 

fhe reading of the top of the meniscus in each limb is 
^ difference set down in an adjacent column; this is then corrected for 

ttsioper^^e and redheed te zero, allowing for the linear expansion of the glass scale. 
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The temperature of the mercury is repeatedly taken in the course of the observations 
by the aid of a delicate thermometer immersed in the mercury of the open limb It 
almost always differs slightly from that of the air. 

The correction for temperature is only applied to the nearest tenth-millimetre, 
partly because the readings are only accurate to this order, and partly because, since 
the temperature is varying and is not the same throughout, the correction itself is 
liable to a slight uncertainty. To avoid inaccuracy, the calculations were usually 
carried to the next figure, to which, however, but little weight can be attached. 

The Barometer . 

Headings of the atmospheric pressure were taken with the standard Fortin baro¬ 
meter. Each reading is subject to the following corrections — 

1 . The most important is the correction for temperature. The scale is of brass, 
graduated in English inches, and is correct at a temperature of 62° Fahr. The scale 
errors are negligible 

The density of the mercury is normal at 0 C . 

Thus for a height of 76*0 cm. the correction is — *024 cm. at 0° Cent., since the brass 
scale is incorrect, and at 62° Fahr., when the brass scale is correct, the mercury 
correction is —*228 cm, and the change in the correction is *0123 cm. per degree 
Centigrade. 

The correction is uncertain, because it does not follow that the thermometer 
indicates the mean temperature of the mercury and scale. 

2 The correction for capillary depression and vapour tension of mercury amounts 
altogether to about +*005 cm. at 15° Cent. 

3. The corrections for gravitation and height above sea-level need not be applied, 
since absolute measures of pressure are not required (except for determining the 
temperature of saturated steam at atmospheric pressure). 

4 . The level of the cistern of the barometer is at a height of 4 metres above the 
manometer. A constant correction of + 04 cm. is applied to allow for this, 

5 . Sources of E'i'ror .—The atmospheric pressure varies incessantly and capriciously, 
so that the reading of the barometer cannot be rehed on beyond the nearest tenth- 
millimetre* (Eegnault), even if all the mechanical adjustments could be perfectly 
effected and the temperature correction were certain. The barometer is, therefore, 
read several times in the course of each series of observations, and the corrections are 
applied to each reading to the nearest tenth-millimetre. 

6 . The constant errors of the attached thermometer are sufficiently small to be 
negligible. 

In reading the barometer, all precautions were taken to avoid inaccuracy in the 
mechanical adjustments, the probable error from this source being only about *001 in 


* 4 Pans, M&noires de 1’Institute tom, 21, p. 69 
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Formvlce * 

The formulae applicable to this form of air-thermometer are, of course, very similar 
to those of the ordinary form Let m be the mass of air confined. Let V 0 be the 
volume at 0 ° C. of the bulb, together with that portion of the capillary tube which is 
heated with it, and let v Q be the volume of the capillary and gauge tubes from this 
point to the division x 0 of the gauge tube Let p Q be the pressure at 0 ° C. when the 
temperature of the gauge tube is $' and the acid stands at the division x 0 of the 
scale. Let 6 0 be the absolute temperature corresponding to 0 ° C. Let v be the 
correction volume for the portion unheated at any other time when the temperature, 
pressure, and volume of the air m the bulb are 0, p, V, respectively, and when 6" is 
the temperature of the gauge tube, and x the scale reading thereof. Then, by the law 
of a perfect gas, we have the equation 

p{j+j] = mk .( 1 ) 

whence, to a first approximation, 

0 = A 

Pi) 


Let y he the mean cubical coefficient of expansion of the glass of the bulb 
between 0 O and 6. 

Then 


V = V„[l+ 7 (0-0 o )}. 


Let u be the volume per centim. of the gauge tube. 
Then 


v = v 0 -f u(x~ as n ). 
Let ' 





Making these substitutions in equation ( 1 ), and substituting for 6 the first approxi¬ 
mation in the small terms, we obtain at once 


19 — ^ { 1 — ( y 6 ’° + ( r ^° + ^ ^)} • • • • • ( 2 ) 

If we write 

yS 0 +^ = y a and y6 a +P^, = y, 

- this becomes 

... 

J method with sid of slide-rule, see Appendix. 

•f '*! ' i F ■» 
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Let 


Then, finally, 


—y — 2/ 0 = 8, and write 
Po 


A 1+8) = P 


6 > = P.-° 

Po 



It is, m general, useless to proceed to a third approximation, because the uncertainty 
of the corrections is at least of the same order, as a rule. 

The value of P, which may be called the “ corrected ” pressure, is obtained directly 
from the observations by applying the small corrections in the manner detailed below 
P is proportional to the absolute temperature The ratio 0 Q /p o is theoretically 
constant for each filling, though, as a matter of fact, it is variable with the “ zero- 
errors ” of the air thermometer. The value of 6 is calculated from P by the aid of 
logarithms, the logarithm of & 0 /p 0 being tabulated once for all for each series of observa¬ 
tions. This is the only part of the reductions where logarithms are requned The 
correction terms being, from their very nature, uncertain, often to the extent of nearly 
1 per cent, it is quite sufficient to perform all the multiplications they involve by the 
aid of a small slide-rule giving results correct to 1 per 1000. This method saves 
trouble, paper, time, and mistakes 


Reduction of the Pressure (p). 

The correction of the mercury columns for temperature is most easily applied by a 
graphic method by ruling two senes of straight lines, giving the correction to be 
applied to any length of mercury column less than 1 metre for each degree of 
temperature Centigrade, both for the glass millimetre scale and for the English 
standard barometer with the brass scale. The barometer lines need not extend 
through the whole range, since its reading never varies far from 76 centims 

Let H be the height of the barometer, conected for temperature, &c, as above 
descnbed Let M tt , M L , he the readings of the right and left limbs of the mercury 
manometer ; and let M E —M L be corrected for temperature and added to H. Let x 
be the reading of the H s S0 4 gauge when the pressure is the same on the acid in both 
limbs. Let x be the recorded reading m centims. Let 

(x—x') density of H 3 SQ 4 _ 

density of mercury 

Then q is the pressure due to the acid, expressed in terms of mercury . q is usually so 
small that no temperature correction need be applied. Both x' and the reduction 
factor are determined by previous experiment with the acid and gauge used. 

'MDCCCLXXXVTI.—A. 2 A 
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Then, finally, 


_p = H+pk-MJ 0 +2- 


For reasons previously given, p is correct only to the nearest tenth of a millim etre. 


Reduction of the Observations. 

This is a formidable piece of arithmetic, with the formulae as usually given for the 
ordinary air thermometer it would be still more formidable with the sulphuric acid 
gauge. However, by the aid of graphic methods and a slide rule, it may be effected 
with great rapidity and accuracy 

The value of y — y & 0 -—— ~ is calculated for any two values of x and for 

temperatures 15°4-20° 0. Two straight lines are ruled on logarithm paper joining 
these points, giving the value of y for any value of x at these two temperatures. A 
variation of one degree of temperature produces a variation of about -gfo in the value 
of y, so that the lines very nearly coincide. 

Similarly the value of q is calculated for two values of x, and the ruling of a straight 
line gives it for all other values; this line Is ruled on the same piece of logarithmic 
paper, with the same abscissa scale. A correction diagram of this kind has to be con¬ 
structed from the calibration and other details once for all for each thermometer The 
values of y and q, corresponding to the recorded value of x, are taken from the correc¬ 
tion diagram and copied into adjacent columns headed y and q ; p is evaluated by the 
simplest addition and subtraction; the multiplication yp/p Q is performed in one operation 
on a slide-rule, and 8 is found by subtracting y Q ; the product Sp is given at once by 
the slide-rule and added to p, giving P, which is proportioned to the absolute tempera¬ 
ture 6' thus the whole of the calculation involved in finding P may be exhibited in 
a single line and worked out on the spot in the note-book used for recording the 
observations. This gives a great advantage in point of''compactness, and the ease with 
which mistakes may be discovered and, rectified. Where it is advisable, from the 
magnitude of the volume correction, to go to a third approximation, this may be 
taken as 

0 = ^{1+8+8 s } by neglecting yS0 G . 


8 3 is at once given by the slide-rule and added to 8, so that this involves very little 
trouble. 

the greatest advantage of this method of reduction is that it avoids the 
,of*sU|jetf[uouS and meaningless figures, and thereby escapes that fictitious 
i Reductive andr treacherous in all physical investigations. 
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Corrections to be applied to the Air Thermometer. 

Air does not follow exactly the equation of elasticity of a perfect gas pv/6 = mk. 
Since, however, it follows this law veiy approximately, its true equation of elasticity 
may be written 

^ = m£(l— <j>), 

where is an unknown function of the variables which must be very s mall. The 
experiments bearing on this deviation are those of Regetault on the compressibility 
of gases at different temperatures and the comparison of air thermometers, and, in 
particular, the experiment of Thomson and Joule (‘Phil Trans / 1862) “On some 
Thermal Effects of Fluids in Motion.” 

From all these experiments Rankine deduced as the approximate equation of 
T 

elasticity v — R— — 

It may, of course, be written in our notation in the form 

5 . . . -.(E) 

in which for air 

4 = +-ooim£. (j 0 )’. 



Table. <E>. 

The following Table gives approximately the values of this correction at different 
points for the standard air-thermometer •— 


Formulae 

At constant density, 

P~Po 

i=^~-100 

Pi-Po 

_ 

At constant pressure* 

<=——100 

v l*~ 

True 

temperature 

Centigrade 

Values of 
jp 0 =*7ti centime 

Correction to 
true 

temperature 

Values of $ 
p=76 centime. 

Correction to 
tru$ 

temperature. 

0 

001178 

+ 00 

001173 

+ *00 

100 

000626 

+*00 

•000457 

+ *00 

200 

000393 

+*04 

*000225 

+ *084 

300 

000267 

+ 09 

'000127 

+ *20 

500 

000147 

+ 23 

*000052 

+ 47 

1000 

*000054 

+*62 ; 

j 

000012 

+119 


* This is the form and notation given by CfAUSius, ‘ Mechanical Theory of Heat,’ p. 227 

2 A 2 
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A somewhat similar Table is given by Thomson and Joule ( < Phil. Trans / 1854), 
calculated from a more complicated, empirical formula, which does not represent the 
results of experiment nearly so well. It will be seen that the corrections are so 
small that it is not worth whde to apply them, except in investigations of a higher 
degree of accuracy than any yet attempted 

They are rather larger for a C0 3 air thermometer, but still so small that a C0 2 air 
thermometer is practically correct up to 300°* (Regnault) , that is, the corrections are 
smaller than the uncertainty due to the expansion of the envelope or other causes ; 
the magnitude of this correction varies directly as the initial pressure p Q - 

Assuming equation (E), we ought to have for the compressibility of air at 0 ° C. 


1 - —= <£—^ o = '001173(—— 1 \ 
M r0 \Po / 

or, at 5° C , 

1 = *00111^—1^ approximately 


From Regnault's formula,! if p=2 metres and p Q — 1 metre of mercury, we find, for 
air at 4*75° C , 


1 — = '00109. 

3¥>o 


But the equation (E) does not agree so well with his results throughout the whole 
range of his experiments, because it is only a rough first approximation to the 
departure of air from the law of a perfect gas, and is only applicable within moderate 
limits of pressure and temperature. At high temperatures dissociation would occur, 
and the formula would no longer apply In the case of C0 2 the dissociation is quite 
measurable, even at 1000° C 


The Sources of Error to which the Air Thermometer is liable 

The first and most important source of error, for which no correction can be applied, 
is impurity in the dry air. Water vapour and GO a are most to be avoided, and the 
bulb of the air thermometer must be very thoroughly cleaned. The apparatus used 
for supplying pure dry air, used in the earlier experiments, appeared perfect, but has 
since been proved faulty. See Appendix, p. 222. 

^ The air thermometers were dried by repeated exhaustion and re-admission of dry 
§;|^:^|^Sl|peratures between #00° and 500° O 

7 

. ‘ * *£- 

♦'/ M&pioirea de l'lnstitut,’ tom, 21, p 187. 

do Tlnstitut,' tom 21 , p. 421 . 
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Changes of Zero Pressure * * * § 

In spite of all precautions, slight changes of zero pressure were observed with all 
the air thermometers, amounting in some cases to upwards of a millimetre of mercury 
in a week, these were probably due to surface condensation. In support of this it 
may be remarked that the vortex atom theory of gases requires the existence of an 
air film of swollen vortices sticking to the sides of the containing vessel; the 
phenomenon is also well attested by many experiments , in particular, we may 
mention that of Professor Bunsen “ on the condensation of C0 3 on the surface of 
fine-spun glass.” t It is still necessary, however, to determine m what way the ail 
film varies with the temperature I am mvestigating this, but the expenments are 
not yet completed. For the present we may assume that it exists and see what hind 
of error it will produce. 

Let m be the mass of ah' enclosed in giamines; p, v, 6 , its pressure, volume, and 
absolute temperature, k the difference of the specific heats of unit mass of am; cr 
the surface density of the air film in grammes per square centnn ; and S the surface 
of the am thermometer hi square centims cr is a function of the pressure anti 
temperature, and also apparently of the nature of the gas, and of the surface, of its 
past history, and of the time 

We shall have the equation 

iS<r+^ = mi = iSo-o+^i’ . . . . (2) 

7)0 , 

First approximation, Solving this to a second approximation, cr being small, 

Po 

we have 

6,= P p !{ 1 + m ( °' _CTo) ) 1 

neglecting other corrections. 

Let y > l3 p 0 , be the pressures corresponding to 100 ° and 0 ° C. respectively, then, 
according to Begnault, J pJp Q = 1 3665 , according to Balfour Stewart, § 
PiJPo = 1*3673. In Begnault’s experiments S/m = 400 roughly. In Balfour 
Stewart’s case S/m = 1060, so that, if we assume oq — cr 0 = '000001 gramme per 
square centim., we shall derive, both from Begnault and Balfour Stewart, the 
value pjpo = 1*3659, corrected for surface condensation; also, in the case where 
S/m = 2400, as in my air thermometer (No. Ill), we should expect to find the value 

* Similar changes were observed by Regnavlt 

f ‘ Phil Mag.,’ Series 5, vol, 17, p. 161. 

J Vide * M4m Insttom. 21. 

§ Vtds ‘Phil Trans.,’ 1863 
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of pfp^ uncorrected for surface condensation, to be 1 3693, which very nearly agrees 
with that actually observed (see Table A, III.) [For another explanation see 
Appendix, p 222 ] 

It appears, however, that when the air film has been very completely removed by 
exhaustion at a high temperature it increases gradually for some time before it has 
recovered its normal state 

To illustrate this, the following Table gives the changes of zero pressure observed 
with two of my air thermometers. 


Table, t. 


Date. 

Zero pi 

Oxygen 

thermometer 

-assure. 

Nitrogen 

thermometer 

Remarks. 

1886 Jan 21 . , 

69-31 

69 54 

Tour days after filling by exhaustion at 300° 0. 

„ 22 

69 29 

69*51 


„ 23 . 

69 29 

69-49 

After beating to 100° O. 

,,25 . ,| 

69 20 

69 38 


„ 25 

69*22 

69-41 

After beating to 100° 0. 


Such changes of zero pressure are a most important source of uncertainty, especially 
if the instrument be used at high temperatures. 

We have said a great deal about the air thermometer, because the chief experi¬ 
mental diffi culties arose from it; the other essential part of the apparatus is the 
platinum spiral, which we will now proceed to consider. 


The Platinum Spiral. 

The spirals used in this investigation were all made from the same reel of pure 
platinum'wire supplied by Messrs. Johnson, Matthey, and Co. Its purity is attested 
by the following facts: {l) the high temperature coefficient of its resistance, *00d46, 
instead of shout *0030, as with ordinary platinum; (2) it was very infiisible and 
unalterable: after being kept for about two hours at a temperature of about 1200° C., 
its resistance had not altered by 1 in 5000 at 0° C.; (3) no impurities could be 
detected by chemical analysis, 

^Details of the wire. —Diameter, about *017 centhn. ,* resistance, abppt 5 ohms per 
mass, '00488 gramme per centim. About 1 metre of the wire is measured off 
fused on. to tails of thicker platinum wire (diameter, *073 centim.) in the 
apes fit is less trouble to solder with copper, hut the spiral 
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furnace ; this renders the Mire very soft. (If the wire is not annealed, its resistance 
will be slightly d iminis hed on the first heating, owing to a change of structure ) It 
is then wound on a glass tube and annealed again, to make it preserve a perfect spiral 
form. 

Measurement of the Resistance. 

If the resistance be too small, chance errors, such as change in the contacts, are 
unduly magnified To make the resistance large involves either inconveniently fine 
wire or an awkwardly long spiral. In the actual experiments, therefore, spirals were 
used with resistances varying from 5 to 20 ohms. The most rapid and accurate way 
of measuring such a resistance is by the Wheatstone bridge method with an 
ordinary post-office box, and a sensitive Thomson mirror galvanometer with lamp 
and scale. Resistances of 10 and 1000 are taken out in the arms of the balance, so 
that the adjustable resistance is 100 times that of the spiral when the balance is 
obtained This gives the value direct to four figures, and a fifth may he obtained by 
accurately observmg the galvanometer throws and interpolating. 

The box used was a very accurate box of B.A units by Messrs Elliott On the 
extraordinary accuracy of the boxes the reader may he referred to the paper by 
Glazebrook, “ On the Determination of the Ohm m Absolute Measure ” (see ‘ Phil. 
Trans,’ 1883, p. 262), whence it appears that an uncertainty of 1° C in the tem¬ 
perature of the box will give an error of about *0004 m the absolute value of a 
resistance, but that ratios of resistances, if the temperature of the box be uniform 
may be determined with an error of only about *00002 « 

The sensitive galvanometer employed had a resistance of about 14^ ohms, being 
approximately that most suited to the given arrangement of resistances. It was 
arranged so as to be extremely sensitive. A deflection of one scale division corre¬ 
sponded to a difference of *0001 ohm when the resistance to be measured was 
10 ohms It was also nearly dead-heat to facilitate the reading of deflections for 
interpolation. 

The battery consisted of from four to six LeclanghA elements in series, as the 
circuit had a resistance of about 500 ohms, they worked steadily. 

Sources of Error. 

Thermo-electric effects were made as small as possible by careful arrangement of the 
junctions; they were then completely eliminated by using a rocking mercury cup 
commutator in the battery circuit, for rapidly reversing the current and observing 
when the reversal had no effect on the galvanometer; it is important, however, to 
make the thermo-electric effect small, because, if it is large and variable, it greatly 
interferes with accurate observation of the resistance by making the galvanometer 
unsteady. 

There were only two screw contacts ; these were between the thick copper leads 
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and the resistance box They weie always very tight and clean, and cannot have 
introduced appreciable errors The plugs of the resistance box were very large and 
truly ground, and then' contacts good 

It was suggested that the conductivity of the glass at high temperatures might 
prove a source of error in the resistance measurements. A rough experiment was 
therefore tried. A cubic millimetre of the hard glass at a dull red heat had a 
resistance of about a megohm, and about ten times less at a bright red heat This is 
less than 1 m 10,000, and may be neglected. Moreover, since only one of the 
platinum terminals was actually fused through the glass in this case, the bad contact 
further diminished any possible error from this source. Current heating of the wme 
would produce a small and nearly constant erroi, since, however, the current was 
never greater than '01 amphre, the effect must have been almost negligible. From 
experiments on the coohng by air contact of this particular kind of platinum wire, I 
am in a position to estimate the excess of temperature due to a current of '01 ampere 
at about 016° Centigrade. 

Reduction of the Resistance. 

There are some small corrections to be applied. 

The resistance of the copper wires connecting the coil to the resistance box is 
generally about *01 ohm, and vanes very slightly with the temperature. The whole 
correction amounts to about l 0 / 0 , and may be measured on each occasion by means of 
double electrodes. 

The temperature of the resistance box varies slightly. A special experiment gave 
*00040 as the value of the temperature coefficient. The box is correct m B.A umts 
at 14*2 Centigrade The temperature is therefore taken by a mercury thermometer 
kept inside the box, and the observed resistance reduced to 14*2° Centigrade. This 
correction is also very small, and can be applied with tolerable certainty. 

Finally, to render the results comparable with each other, each observed resistance 
of the platinum coil is reduced to what it would have been for a coil having the 
resistance of a unit at 0° Centigrade, by dividing by the observed value of the 
resistance of the coil at 0° Centigrade. 


Explanation of the Tables of Comparison of Platinum and Air Thermometers. 

The letters at the head of each column have the same me aning as explained in 
section entitled Formulae (see page 176). The column headed Thermometers gives the 
• h^ed temperatures B of the barometer, v of the air near the U gauge, Hg of the 
in the right limb of the m a nometer, R of the air in the resistance box, 
with the same mercuiy thermometer.* Each line contains the 

*** %*tro4uce email errors, latterly a separate thermometer was set apart for 

each purpose.] 
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whole work of the reduction of a single complete observation. The method of 
observing is as follows:—When the temperature is nearly steady, the approximate 
resistance having been ascertained, the galvanometer circuit is closed and the moment 
observed when reversing the battery current with the rocking commutator does not 
affect the galvanometer; the simultaneous reading x of the U gauge and the time 
are recorded, and the readings of the manometer and barometer are taken. 

The column 6 gives the absolute temperature corresponding to the mean corrected 
pressure P ; t the temperature Centigrade — Q—6 q ; R observed the corrected value of 
the resistance reduced to 1 at 0 C C. by dividmg by the value of R 0 ; R calculated 
the value of R calculated from the empirical formulas 


(see page 194), and 


It = l + a *-/& 3 



R 

ho 


at 

e 1+ ^, 



Observations.—Series I. 

I constructed an experimental mstrument in November, 1885, of lead glass at the 
Cavendish Laboratory. It was necessarily imperfect from want of skill in glass 
working, and lack of the requisite assortment of glass tubing, However, it was well 
suited to test the capacities of the method, and the observations taken with it agree 
as nearly as may be expected with subsequent and improved apparatus. Details- 
V 0 = 32'25 cubic Gentims., /3 0 = *0378, y — ‘0000263. 

The observations are not all given, as they are less accurate for several reasons. 
Most of them were taken with the temperature varying rapidly, and the mercury 
manometer belonging to a “ Jolly ” air thermometer was used, the tubes of which were 
too narrow for purposes of accuracy. Nearly five centims. of the fine wire was out¬ 
side the bulb, and the resistance measurements were rendered less accurate by some 
small thermo-electric effects and a slight uncertainty in the resistance of the connect¬ 
ing wires, and by neglecting to take the temperature of the resistance box. 

The capillary tube was also of the same bore as the tube of the H 3 SO* gauge, as 
there was none finer to be had on the spot, this of course renders the volume corree- 
tion more uncertain. 

Table A-i. contains all the observations taken when the temperature was approxi¬ 
mately steady. The column R calculated shows how veiy nearly they agree with the 
formulae. Some of the observations, however, taken when the temperature was 
varying rapidly about 250° C., are nearly two degrees out 


2 B 
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Table A-i. —Containing some of the Results of Observation with the experimental 

Air Thermometer No. 1. 


if umber of 
observation 

Temperature by 
air thermometer. 

Resistance observed, 
reduced 

Resistance calculated 
by formula (a). 

Resistance calculated 
by exponential 
formula 

1 

88 0 

1*304 

1304 

1304 

2 

96 9 

1*335 

1385 

1*335 

3 

49 9 

1173 

1173 

1172 

4 

205 5 

1707 

1711 

1708 

5 

210 2 

1 723 

1*727 

1724 

6 

280 3 

1960 

1*970 

1958 

7 

188 7 

1*480 

1*481 

1481 

8 

179 1 

1620 

1620 

1619 


Observations,—Series II, 


Owing to the success of the experimental instrument, a slightly improved form was 
devised and ordered of a London glass-worker about the beginning of December, 
1885, for which I wound a platinum spiral of the same wire at the Cavendish 
Laboratory; the first spiral was broken and another sent, and other casualties 
intervened, so that the instrument did not arrive until February, 1886, and then, 
owing probably to some want of clearness in the specification, I had to alter it in 
some essential details before it could be used. It was cleaned and calibrated in the 


usual manner, and finally, on February 13, it was filled with dry air, at a temperature 
of about 350°, and a series of observations, recorded in Table A-h., were taken with 
it in a large mercury vapour bath; the fixed points being determined with the aid of 
a hypsometer and melting ice. 


On February 17 another series of observations was begun, but the zero pressure 
had increased in four days from 34’10 cm. to 86‘09 cm., owing to leakage, the 
pl&tmafii* wires not having been fused air-tight through the glass. In an attempt to 
remedy this somewhat serious defect, the instrument was unfortunately broken. This 
was much to be regretted, as less reliance can be placed *on observations taken while 
the temperature is varying * all the observations are given, however, as they show 
haw perfectly the method works. The time observations show the rate of variation 
of the temperature. A mercury thermometer in the same enclosure often differed 
to 50 degrees, in its indication, from the air thermometer. 

Calculated by both formula* (b) and (e) for comparison. The 
fel^eut^inula \e) is in some cases so close that it must be fortuitous to 
.hnwerveav satisfactory to see that single observations are so 
loth a Curve, 
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Details of Air Thermometer No. II. 

Volume of bulb V 0 ==77 01 cub. centime. 

Total volume of capillary tube=*0840 cub. centim.; diameter, ’03 centim 

Tbe U gauge tube was of very uniform bore * w='0442 cub. centim. per centimetre. 


®= 1,'!' o ='122 cc , A >= y o = 001585, 
as=10, u=*520, j8=*00675, 2/=*0133 


Mean coefficient of expansion of glass between 0° and 100° Cent, *0000251, by 
mercury weight thermometer. 

From the observations in ice and steam, on February 13, we have 


9997 34102 

12 620 “ 270 12 


log ^=*89881 

P 0 


To find the other temperatures, 0=-P P. 

Po 


For the platinum spiral the resistance of the connexions was, at 0° Cent., *0139 , at 
353° Cent., *0221. The value of this small correction at intermediate temperatures 
was found by ruling a straight line on logarithm paper with sufficient accuracy 
Applying corrections, we find Hq= 5 0845 B.A. ohms, colog B 0 =9 *29375. 

As the U gauge tube had been made unnecessarily long, the ‘ q ’ correction was 
large and negative. By direct comparison with the mercury of the manometer, the 
ratio of the density of acid to mercury at 15° was determined to be *1382 and 
the capillarity *45 centim 

Thus, when x=Q, q— —3 12 centims.; and, when cc= 10, q = — 1 75 centim. 

From these details the “ correction diagram ” is constructed which is shown in 
Plate XL, fig. 5, for the purpose of illustrating the method of reducing the observa¬ 
tions. The ordinate scale, on one side, gives values of y, on the other, values of q, 
for the same abscissa scale of x A difference of + 5° in 6" makes y=*0132 instead 
of *0133 when £B=10, so that variations of $" may almost be neglected. Only one 
line is therefore drawn, corresponding to 0"=15° C, (The lines of the section paper 
are only indicated, every tenth line being reproduced m the diagram.) 

[When the apparatus was cooling the lower part of the bath was some 50° hotter 
than the upper. The platinum spiral was hung vertically in this instrument, and was 
deformed by its own weight, so as to be massed chiefly in the lower and hotter portion 
of the bulb* The observations taken during cooling are, therefore, affected by a 
constant error amounting to two or three degrees, the mean temperature of the spiral 
being higher than that of the air.] 
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Observations.—Senes III 

Since lead-glass begins to soften at about 450° C., it was considered advisable to 
make an instrument of harder glass. Air thermometer No. 3 was therefore con¬ 
structed of combustion tubing. Since bard glass cannot well be joined on to other 
tubing, the capillary tube was formed by drawing out a piece of combustion tubing, 
which formed the bulb, the platinum spiral was then inserted and the other end drawn 
out. and the whole cleaned and calibrated 

To avoid leakage, one of the electrodes passed out through the whole length of the 
capillary tube, and the fine wire itself was sealed through the glass at the other end, 
a length of 1 centim. being perfectly coated with glass. A capillary tube formed in 
this way is of course exceedingly fragile, and some delicacy of manipulation is required, 
hut it appears that the instrument cannot be otherwise made of hard glass without a 
glass-furnace in which a bulb can be blown 

This thermometer was suitably mounted and filled with dry air at a temperature of 
470° C., and the series of observations recorded in Table A-m. were taken with it. 
It was heated in a thick iron tube constructed to fit it, and the temperature maintained 
steady by regulating the gas supply. 

It showed no tendency to leak, till at the conclusion of observation (10) it was un¬ 
fortunately cracked by too sudden exposure to the air after heating m the steam 
bath. 

The chief objection to this thermometer was the small volume of the bulb, and the 

large volume correction, which necessitated a third approximation; the value of ^ (see 

equation 2, p. 181) being large, all the uncertain effects of surface condensation are 
unduly magnified. For instance, for observation (7) we obtain for the value of the 

0 

temperature 397*6 or 398*3, according as we use the first or second value of —. The 

Pa 

mean deviation of observations (1), (6), (7), from the curve (e) is 2°*5. 

For this reason, I made a larger and better instrument on the same plan, but it was 
unfortunately broken just as it was completed. In spite of this accident, I hoped to 
make another series of experiments with a better thermometer, but a most unfortunate 
accident has completely disabled my right hand for the last month and put a stop to 
my experiments. 


Details of Air Thermometer No. 3. 
Volume of bu$>. V o =15*02 cub. centims. 

Capillary and gauge tube. —?#=*G442 cub. centim. per centim, 

ar== 1 centim., v=*270 cub. centim., $= *0178 
a:=10 centims., r= *667 cub. centim., $=*0442 


j*^=(r= 288 0 . 
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By observations on linear expansion we deduce the mean cubical coefficien 
from 0 ° to t. 

^=•0000204+8*1 X 10“®t 

Pressure correction •— 

flj=8‘12, 5=0 0 ; 

x=0, q= — *425; 

x=*7 s 5 = +*54. 

Two pairs of observations were taken in ice and steam to determine the fixec 
points. 

From observations (2) and (3), taken on February 23, we have 


10Q 30x37435 
13 885 


: 270*42. log -°= *85875. 


From (4) and (5), taken on February 24, 



10018x37400 
13 872 


=270*10.log-°=*85864. 
Po 


On February 25, at the beginning and end of the series, we have at 100 ° 20 C., 
observation ( 6 ), 

P=51*25 ; and, observation ( 10 ), P=51*22 in steam 

For the platinum spiral the resistance of the connexions at 0 ° was *0501, and at 
470° was *0635, only a small portion being heated. 

For the platinum spiral.—Besistance at 0 °, corrected, 

B 0 =6*2374, log E 0 = 79500 

In the values of the resistance calculated for comparison— 

(5) refers to the formula 

|^=l+flrf—/3i 8 ; 

(e) to the exponential formula 

R 0°342C8t 

— —gl-t-’OOlfiMi 

* Ho * 

which last agrees best with the observations. 



Table A-iil—C omparison of Platinum and Am Thermometers. 
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* OtaemUon* marked as doubtful and not Included in the means 
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General Table of Results IV —Observations at fixed points 0 and 100 , 

A —In melting ice. 


Resistance 
observed and 
corrected. 

Seduced to 

1 at 0°. 

Temperature 

Bate. 

No of 
observation 

5 0845 

10000 

0° C 

Feb 13 

II. 2 

6 2364 

99983 

(Ice not washed.) 

Feb 23 

III 3 

6 2374 

10000 

(Ice washed) 

Feb 24 

III 5 

6 2373 

10000 

After long heating 

Feb 25 

III 12 


B .—In hypsometer steam 


Resistance 

observed. 

Sednced to 

1 at 0°. 

Temperature by 
steam 

Resistance 
calculated (a). 

6 8432 

1*3459 

99 97 

13459 

8'4013 

13470 

100 30 

13470 

84004 

13468 

10018 

13467 

84004 

1*3468 

100 20 

13467 

84004 

13468 

100 20 

1*3467 

8 3996 

13467 

100 19 

13467 



Feb 13 
Feb. 23 
Feb. 24 
Feb. 25 
Feb. 25 
Feb. 25 


No. of 
observation. 


ir 3 

III 2 
III. 4 

m 6 

III. 10 
III 11 


9 am. 

2 PM. 

4 P.M. 


This Table illustrates well the absence of zero enor and the constancy of the 
coefficient of increase of resistance Between observations III. 6 and III. 10 the 
instrument was kept for some time at a red heat It will also be seen that the two 
different spirals II. and III. agree perfectly in their temperature coefficient. 

Observations at Steady Temperatures .* 

Table V. 


Resistance 
observed and 
reduced. 

- 1 1 — 

Resistance calculated by empirical formula 

Resistance 
calculated by 

(a) 

(*) 

(c) 

exponential 
formula (0 
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Note Observation IT 1 is marked doubtful in my book of notes, as there was a 
small glycerine bubble in the air tube connecting the mercury manometer with the 
sulphuric acid gauge, moreover, it disagrees with observations taken a few minutes 
after with the same instrument, when the bubble had been dislodged (see II 4, 5, &c , 
next Table). [Nevertheless, as the temperature was steady, it is not liable to the 
constant error (see p 187, end) ] 


Observations with Temperature varying 


Table YI.—Thermometer No 2. 


No of ob¬ 
servation 

Temperature 

Centigrade 

Resistance 

observed 

Besistance calculated by 
empirical formulae 

Resistance calcu¬ 
lated by 
exponential 
formula (e) 

Difference 

(o) 

Q>, 

23 

207 2 

1 7172 

1 717 

1 712 

1 7145 

- 0027 

22 

2101 

1 7270 

1 727 

1 722 

1 7242 

- 0028 

21 

215 7 

1 7467 

1746 

1740 

17430 

— 0037 

20 

233 8 

1 8057 

1809 

1801 

18042 

-*0015 

19 

236 6 

18156 

1819 

1810 

18135 

- 0021 

18 

239 4 

18254 

1828 

1819 

18224 

- 0030 

17 

257 7 

18842 

1891 

1881 

18834 

- 0008 

16 

263 4 

1 9038 

1911 

1900 

19028 

- 0010 

15 

278 2 

1 9530 

1963 

1948 

19515 

-0005 

14 

2815 

19629 


1959 

19625 

-*0004 

13 

293 6 

2 0020 


1999 

2 0020 

+ *0000 

12 

299 6 

2 0217 


2 018 

2 0213 

- 0004 

11 

317 8 

2 0806 


2 078 

2 0807 

+ 0001 

10 

323 8 

2-1003 


2 097 

2 0998 

-0005 

9 

3311 

21239 


2121 

21235 

— 0004 

8 

3361 

2 1394 


2137 

21395 

+ 0001 

7 

3391 

21493 


2147 

214*2 

-0001 

6 

342 4 

• 21591 


2 157 

21595 

+*0004 

5 

346 0 

2 1709 


2169 

21711 

+ 0002 

4 

348 6 

21788 


2177 

i 

21793 

+ 0005 

-- 


The above are all single observations, yet they are remarkably consistent with each 
other, and give a very smooth curve. They are given to show the capabilities of the 
method, and the great sensitiveness of a fine platinum spiral 


Empirical Formula 

It is usual to apply the method of least squares to calculate the empirical formula 
which best suits the observations. This has the advantage of giving a great 
appearance of accuracy and completeness. In the present case, however, the gain, if 
any, would not compensate the trouble, and the simpler method of calculating from 
selected numbers gives equally good results, 

MDGCCLXXXVII.—A. 2 <J 
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If we assume as an empirical formula 

R/R 0 = 1 + at + J3t 2 + yt\ 

and, taking data from the curve, calculate the values of the constants a, y, we shall 
obtain a more or less unsatisfactory formula of interpolation To show how much 
the values of a, fi, y, vary for slightly different data, the following Table may be 
interesting — 


Data 

Formula. 

Values of constants 

o 

o 

o 

300° 

600° 

a 

P 

7 

1*3460 

2 024 

2 640 

— 

0034508 

+ 00000020 

- 00000000108 

13460 

2 020 

2 640 


0034675 

0 

— 00000000075 

13460 

2*010 

2 640 

HI 

003505 

1 

- 00000045 

I 

0 

i 


The formula (b r ) represents the observations fairly well within the experimental 
range, but is quite inadmissible for extrapolation, for it has a maximum R/Hq = 3‘52 
at about 1090° C., whereas I have observed values of R/Ro exceeding 5 0. The 
second formula, 

R/R 0 = 1 + oU - . . (6) 

has only two constants, and represents the curve nearly as well, but is subject to the 
same objection The third formula (c) is approximately the nearest parabola, but does 
not represent the observations so satisfactorily at low temperatures.* 

Scbcleiermaoher, t who has incidentally investigated the question, unfortunately 
gives no numbers, but represented his results graphically by drawing a series of 
straight lines for each interval of 100°, using the curve thus obtained to give the 
temperature in terms of the resistance. His observations extended to 1000°, but he 
does not publish the curve. 

In 1871 Siemens suggested that the true law of change of resistance with tempe¬ 
rature was R = a 0*+/30+y; wheye a, /3, y, are constants and 0 the absolute tem¬ 
perature 

The nearest empirical formula of the Siemens type calculated from the above 
data is 

R = *037710*+ 0025200—*2450.(*) 

Tins differs radically from the other empirical formulae. It represents the observa- 
as well as the parabola (c), but at high temperatures dR/d0 approaches 

; * For correction of this formula, see Appendix, p. 220 

f WU&DBJIA.NN, ‘Aunalen,’ vol 26, p 287,1885 
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the limit 00252, and does not vanish or give a maximum value for B. Siemens’ 
formula makes B negative when 6 = 0 

O 

Siemens found for platinum 

E = ‘0393690*+ 002164070—'2413, 

which happens to agree nearly with (s), except that (s) is straighter and steeper 
It has been usual to use a formula of the type 

E/Bg — 1 * 4 " at -f- fit"' 

for extrapolation, which corresponds to Formula (<£), pp. 163, 165. 

For instance, Benoit gives B/B 0 =l+ 0024542—'0000005942 2 , and recently 
Humpidge * B/B 0 = 1 + '00272 — *0000001 9t 2 , with these we may compare my 
formula. 

From these we deduce, as on p. 165 * 

m 

Benoit . . 8 = 2 48 Bj/B 0 =124 (roughly) 

Humpidge . S = 0 71 E ly /B 0 = 1*27 

Callendar . 8 = 1*57 Bi/Eg = 1 34 „ 

Benoit took the boiling point of cadmium to be 860° C., instead of about 770° C. 
But the discrepancies m the values of 8 seem too large to he entirely attributable to 
errors of observation 

Formulae of extrapolation, unless very accurately verified through a wide range, are 
unsatisfactory, since they disagree so widely at high temperatures, and a very small 
change in the data from which they are calculated makes a great difference in the 
value of the coefficients , whereas, if instead a formula of the type B/R 0 = l-\-crt were 
used, it seems probable that different platinum wires would give almost identical 
results 

In support of this, the reader is referred to the “ Comparison of platinum wires ” 
(p 200 ). For the value of a in this formula we substitute the mean coefficient 
between 0 ° and 100 ° C For instance, in the present paper we use the formula (a), 


R—B 0 .. 

^=rf 100 ' 


(a) 


and call the temperature so calculated “ temperature by platinum wire,” just as we 
speak of ee temperature by mercurial thermometer? although mercurial thennometeis 
differ much more widely and irregularly from each other t Temperatures so calculated 
will he strictly comparable, and the actual relation between platinum and absolute 
temperature may be subsequently determined by a more enlightened and skilful 


* * Roy Soc. Proc.,’ vol. 39, No 239, Feb. 1885. 
t See Regn’aolt, ‘M6mmres de rinstitnt,’ tome 21 

2 C 2 
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generation: meanwhile, the wire may be used as a standard, and preserve the 
record for comparison with future determinations. And, smce the range of the 
platinum thermometer is very great, and different wires may be accurately compared 
throughout their range, we may expect that by adopting such a standard we shall at 
any rate secure consistency in place of the discrepancies at present prevailing 

[An exponential formula of the type log B/B 0 = at/(l+fit)* was found to represent 
the comparison of platinum and iron very approximately (see p. 202) If we assume 
from Senes A.-ni the data t = 100°, B/B 0 = 1*3460 t = 500°, B/B p = 2 6400, 
and calculate the values of the constants for platinum, we obtain a = '0034259, 
/3 = *0015290. By an odd coincidence it happens that this formula satisfies almost 
exactly the observations at varying temperature in Series A -II. Values of B calcu¬ 
lated by this formula ( e ) are therefore given m Tables A.-h. and A.—Hi. for com¬ 
parison.] 

Comparison of Different Wires. 


Different specimens of wire have very different coefficients; when, however, ‘ the 
resistance-variation of one specimen of wire has been determined by direct com¬ 
parison with an air thermometer as above described the resistance-variations of 
other wires may be compared with the standard by a method as accurate as the 
comparison of resistances, and practically independent of all knowledge of tempera¬ 
ture. It is only necessary that the temperature should be approximately uniform and 
steady enough to allow observations to be taken. The method consists in winding 
the wires to be compared side by side on a cylinder of non-conducting material, such 
as clay, porcelain, or asbestos. By this arrangement we may be sure that their mean 
temperatures are the same, and we have only to measure their resistances several 
times in rapid succession when the temperature is steady, or oscillating slightly about 
a maximum, and take the mean of the observations. The resistance of the standard 
wire gives the mean temperature, which is the same for both coils. If, however, the 
resistance-variation of the standard wire be not considered known with sufficient 
accuracy, this does not affect the accuracy of the comparison as such ; the resistance- 
variation of the others is simply referred to temperature on the scale of the standard 
wire. 


The simultaneous resistances are measured by precisely the same apparatus and the 
same method as before. They are therefore liable to the same errors and corrections; 
that is to say, they are corrected for the resistance of the connecting wires and the 
temperature of the resistance-box: the latter is less material, since it affects both 
Irues proportionately. The resistances are reduced to a unit at 0° 0.; thermo-electric 
especially to be avoided, and are, of course, eliminated as before. 

of structure may not occur, producing permanent changes in the 
must be first annealed. To prevent chemical changes such as 

,, *• f *MtooifeB 4e ITnsfatnV tom. 21, p. 619. 
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oxidation, which would produce the same effect, the wires are sealed up in a hard 
glass or porcelain tube nearly exhausted, from which the air has been removed by- 
substituting CO a or N 2 

The insulation resistance from one wire to the other can also be measured with the 
same bridge if less than a megohm. It may be neglected if it is greater than 
100,000 ohms. This method affords also a fairly accurate means of measuring the 
temperature variation of the resistance of non-conductors, which begin to conduct 
electrolytically when heated. The chief difficulty is polarisation, but this may be 
avoided in the usual way. 

Jt would, of course, be possible by this method of comparison to draw up very 
accurate Tables of the resistance variation of metals and other conductors referred to 
platinum as the standard. Such Tables would, however, he of little practical use, 
apart from the particular specimens of wire for which the comparisons were made, 
except in so far as they tended to elucidate the phenomenon itself A Table 
of empirical formulae of the type 3t/B 0 = fit 2 has been published by Benoit for 

most common metals. 


The method of comparison was not adopted, as far as I can discover, in spite of its 
obvious advantages, and as he used different specimens of wire his results do not 
agree very closely with mine. It is, however, from a thennometnc pomt of view that 
this method of comparison is of the greatest possible importance. For this reason we 
proceed to give full details of a comparison between two platinum wires Since the 
same apparatus was used for all the comparisons it will be described once for alL 
The Diagram of Connections (Plate 11, fig 3) shown the double Wheatstone bridge 
arrangement adopted 


The arm of the balance, AB, is divided in the ratio 


BC_10_ 

AC 1000 s * 


the adjustable resis¬ 


tances, AD, AE, are taken from post-office boxes, and may have any value up to 
10 ,000. The sensitive galvanometer may be put in circuit between D and C, or 
C and E, or D and E, so that the resistances of either DB or BE, or their ratio, may 
be observed without the necessity of constantly altering the resistances in the arms 
AE, AD, except m so far as is necessaiy to follow the slow change of temperature. 
A complete observation of both resistances can be thus made in a few seconds. 
The actual arrangement of the apparatus is shown in Plan (fig 4), which is lettered 
to correspond with the diagram. The ends of the wires to be compared are fused on 
to copper tails, and the junctions arranged close side by side at J to avoid the pro¬ 
duction of thermo-electric currents. F represents the rocking commutator in the 
battery circuit to eliminate any residual effects. The copper tails are in turn soldered 
to thick copper rods, passing, air-tight, through an indi&rubber cork which fits the 
porc elain tube in which the wires are heated. The copper rods are amalgamated, and 
dip into mercury cups, numbered 1, 2, 3, 4, 5, on the plan. Cup No. 2 is connected 
by a thick copper rod to the binding-screw, B, of the resistance-box. Cups 2 and 3 



198 


MR H L CALLENDAR ON THE PRACTICAL 


are connected by a thick copper piece. Thick copper wires pass from D and E to 
Cups 1 and 5, C, D, and E, are connected to mercury cups d, e, c, into which the 
galvanometer terminals may he dipped. The porcelain tube and the apparatus for 
exha us ting and heating it are not shown The method of mterwindmg the wires is 
roughly indicated by the plain and dotted lines. To observe the resistance of the 
connexions, Cups 4 and 5 are short-circuited, and the resistance B3J4D is measured 
The copper tails correspon ding to Cups 3 and 4 are fused together at their estremities, 
J, where they join the platinum wire; by symmetry, therefore, this resistance repre¬ 
sents that of the connexions, which may be taken to be the same for both coils, and 
is observed on each occasion, since it vanes slightly with the temperature 

To test the insulation, the copper piece connecting 2, 3, is removed, and the resis¬ 
tance between the coils observed as a matter of precaution. The insulation was, 
however, found, m all cases, to be amply sufficient The more nearly the wires are 
alike, the more accurate the comparison, smce all sources of error affect both more 
equally. This is illustrated by the following comparison between two platinum wires, 
one of which was the standard wire, described previously, and the other was sent 
from Messrs Johnson, Matthey, and Co, in reply to the request for the purest 
possible platinum wire As was expected, their temperature coefficients nearly 
agreed. The ratio of their resistances was, in consequence, very nearly constant. 
Let E, B', denote the simultaneous resistances of the wires, and r their ratio, then we 
have, evidently, 

R« R ' 0 R^ rj 

Since r is very nearly constant, the term ^1 ——^ is always very small; consequently, 

if v be observed accurately, an approximate value of B ‘will suffice to give the 
differences of the temperature coefficients with all the accuracy of which the 
resistance-boxes are capable. It is evidently unnecessary to correct the value of r for 
changes of temperature in the resistance-boxes Errors will, however, be introduced 
by any want of uniformity m their temperatures, or in the material of which the 
various resistance coils are composed. Precautions were therefore taken to maintain 
the temperature of the boxes as uniform as possible 

The correction to be applied to the observed value of the ratio r to allow for the 


w m2 

resistance of the connexions is taken as (r—1)-, where z is the observed resistance of 

the connexions; this is sufficiently approximate, since z is small 

The great advantage of the method of ratio is that the observation affects both 
simultaneously; moreover, when the ratio is nearly constant, the reduction of 
more simple, and may be effected with sufficient accuracy by the 
riade* smce it depends on small differences. 

to show the method of recording observations, and 
JffigL’k^ters M, E, refer to the resistance-boxes used. The 
scale-divisions, and could be read with great accuracy 
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for the purpose of interpolation The close agreement of the values of the latio r, 
obtained from different resistances and at considerable intervals, shows the accuracy of 
the resistance-boxes and the reliability of the method Observations taken at lower 
temperatures were even more concordant The porcelain tube was enclosed in an iron 
tube to render the temperature more uniform and steady. 


Table IX 


Time, 
May 25 

Quantity observed 

1 

Resistance from [ Galvanometer 
box j throws 

Deduced 

value 

1 

1 

J 

Remarks. 1 

1 

h m 

r 

R 

E 14 38 

Balance 

14 380 E 

Iron tube full red hot 

41 H 

r=(^10O0) 

M 640 

15 left 

l 64026 M 

J b 


L 

VR ) 

641 

43 right 

Temperature nearly steady 

i 


640 

15 left 


4 21 

R 

E 14 39 

Balance 

14 390 E 

Temperature of air inside box E, 

1 

i 





18° 5 C r , constant throughout 
this hour 


(I 14 39 ) 

M 921 

11 left 

l 19 2138 M 

Ratio deduced, 64029 ^ 

E 


922 

18 right 

J 


Resistance f 2 


150 right 

1 



of Id 


105 left 

V 0259E 

* : 


connexions (^2 
Insolation re- 1 

iS£a22oO 

148 right 1 

J 

225000 E 

i i 

t 

1 


sistance J 



i 

4 33 

R 

E 14 43 

Balance 

14 430 E 

1 


1443) 

M 924 

Balance 

9 240 M 

Ratio deduced, 64033 ^ „ 


VR ) 




E 


The following Table X. shows the reduction of some of the observations The first 
pair of observed resistances are reduced from the observations recorded in the previous 
Table The difference of reduced resistances is found by the simplest possible reduc¬ 
tion from the corrected ratio by means of the formula 



The value of R/R 0 is only approximate, and the difference of the mean coefficients 

li 

The mp.fl.-n coefficient of the standard wire is assumed to be constant, and the relative 
variations of the other tabulated, the column of temperatures is calculated by 
AjiRiimi-ng for each wire a constant coefficient equal to the mean value between 0° and 
100°; the difference column shows how very closely the two platinum wires agree: 
although their temperature coefficients differ about 3 per cent,, yet the temperatures 
deduced by using either wire agree to nearly 1 in 1000 Several other observations 
were taken at different times with the same comparison coils; they all agree within 
the limits of error of the resistance-boxes. No zero variation of either wire could be 
with certainly detected ; and observations taken with the temperature varying at the 
late of 10° per minute agree to 1 in 5000 with the best. 


(a—a') is found by dividing 


Xb \ 

zj-A by tbe approximate value of the temperature. 

-*W 
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For improved method of reduction, see Appendix, p 225 
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Comparison of Platinum and Iron . 

The comparison of platinum and iron is interesting because iron behaves so 
peculiarly A considerable number of comparisons were made by different methods ; 
the most accurate is the last series, VI, for which the same apparatus was used as in 
the comparison of two platinum wires. All the series, however, agree with each 
other as nearly as can he expected, considering the different modes of treatment, and 
that ordinary commercial soft iron wire was used. 

The first experiments were made at the beginning of November, 1885, with unan¬ 
nealed iron wire wound side by side with platinum on a strip of asbestos board, and 
heated in an air bath up to 200° C., a mercury thermometer being used to show when 
the temperature was steady. 

The following simultaneous values of the resistances were observed :— 

Iron . 2 254 1890 1449 

Platinum .. 1700 1536 1294 

Temperature, pt . . 202 0 0154 7 851 

Afterwards the wire was partially annealed, and the same coil was heated in 
paraffin in the same an bath, with the following results — 

Iron 2 250 1 941 1278 1143 1 000 "| 

Platinum . .. 1701 1561 1194 1105 1000 l Senes II. 

Temperature, pt .. . 202 2 1618 56 0 301 In ice J 

In order to command higher temperatures, a new comparison coil was made and 
enclosed m an exhausted tube, to prevent oxidation of the iron, which was first 
carbonised by annealing in coal gas; the whole was heated in an iron tube by a 
regulated gas furnace. The following observations were taken :— 

Iron observed 6 015 3*704 1 5170 2 3840 3 2414'1 

Platinum .. .. 2 8264 2 225 1 3388 1 7713 2*08071Senes III. 

Temperature, pt .. . 528 0 354 1 98 0 223 2 3121 J 

To investigate more particularly the effect of annealing, another comparison coil 
was wound with the iron wire unannealed, and observations were taken with it up to 
100° C.j with the following results .— 

Order of observation .. 2 3 4 5 1 

Resistance of iron . 15330 1 4114 1*2486 1 0704 1*06881 

Resistance of platinum 13463 1 2732 1*1721 1*0507 1*0495 l Series IV. 

Temperature, pt .. . 100 09 79 0 49*6 15 0 14 & J 

Before annealing, the resistances at 0° C. were:—Resistance of iroD, 5*001 ohms; 
resistance of platinum, 9*887- After annealing, resistance of iron, 5*557 ohms; 

2 D 


1 0751 

1 055 l Senes I 

16 0 J 
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platinum, 9-886. So tliat the resistance of the iron was considerably increased, while 
that of the platinum remained practically unaltered. The following observations 
were then taken .— 

Resistance, iron observed 10803 10905 15256 13135 3 5718 2 5960"! 

Platinum... .10582 1 0673 13462 12162 21927 18517 lSeries Y 

Temperature, pt .. .. ..170 19 4 100 06 62 5 345 0 246 4 J 

They show how slightly the temperature coefficient was affected by annealing. 

Curve I in the diagram, Plate 13, fig. 11, is constructed from the following 
observations, which were taken by heating platinum iron comparison coil in a vacuum 
in a porcelain tube which was continuously exhausted to remove the steam which is 
given off by the clay when first heated, and which vitiated the previous series. 


Iron .. 
Platinum 


Temperature, 

pt 


15263 

13453 


62667 
2 8840 


7 0566 
3 0314 


4 8396 
2 5548 


3 6715 
2 2283 


2 7692 
1*9220 


2-0036 11782^ 
15990 11225 


Series VI. 


99 79 544 5 587 1 449 4 355 0 266 5 173-2 35-4 


Many other observations were taken with the same apparatus at different times. 
The resistance of the iron, when once annealed, was not found to be much per¬ 
manently altered if due precautions were taken. 

The curve representing these and other observations belonging to the same series 
at once suggests an exponential formula. If we assume that the resistance variations 
of platinum and iron may both be represented by formulae of the type 


_of 

R = 6 1+ 0‘,. . . , (e) 


and if R l3 R 3 , be any two observed values of the resistance of the platinum coil, and 
3V, B/, those of the iron coil observed simultaneously, we shall obtain at once, by 
equating values of the temperature for each observation, the conditions 

a _ at' _ ft —ft' _ at a ; 

log Rj logR/ ~ loge -logR* log R/ 

Whence the r$tio 

(i^RTSp;)/ (i^i7 - kinv) = « = conBtaut 

By taking for Rj, R^, the extreme values at either end of the series 

Ri =1*3453,1 =3*0314, 

B/ss 1-526$, J IV=7*0566, 
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Testing the observations in pairs by this condition, the value of the ratio is found 
nearly constant; a small deviation from the curve produces a large variation in the 
ratio, which is a ratio of small differences, and is of course immediately deducible 
from the differential equation corresponding to Formula (e) 

The comparison gives the values of the ratios a a! (ft —/?'), but not the absolute 
values of the coefficients Its accuracy is not therefore affected by that of the 
particular values assumed for the standard wire constants a and p. 

If we take the observations on the comparison of two platinum wires and treat 
them in the same way, we shall find, from observations (1) and (5), the mean value 
of the ratio 

-= *97295. 

a 


So that, if we assume a= -0034259, 

a' = -0033332. 

From this we obtain 

P~P = -00000343, 

so that, if we take the value of P previously found, namely, /?=*0015290, we shall find 

P = *0015256 


So that P is nearly equal to /?. 

If p—p, we have evidently II and It' being the values of the resistances 

at the same temperature. 

For iron, assuming the same values of a and P, we shall find 

V = -0045657, P — *0007767. 

The chief difficulty of the comparison is that of protecting the iron wire from 
alteration when it is maintained at a red heat for some time. In Table XI. the 
observations given in Series YI are compared with the above exponential formula (e). 
The observations were mostly taken on different days, and the resistances observed at 
the air temperature in the intervals show the direction in which the correction for 
zero variation should be apphed, but not its amount. It is noteworthy that in all 
cases the correction for this would tend to reduce the small differences between the 
formula (e) and the observations. As it is, the mean difference is only 0°*1 O, 
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Table XI.—Comparison of Platinum and Iron. 


Temperature Centigrade 

Resistances reduced to 1 at 0° 0 

Diffeiences between 
observed and calculated. 

By air 

thermometer 
Formula (e) 

1 aloge „ 
t ~ log R ~P‘ 

By platinum 
wire 

Poxnmla (a) 

By iron wire 
Formula (o') 

Simultaneous pairs 
observed. 

Iron 

calculated by 
Eqn. (e 7 ) 

, a'tloge 

Expressed in 
percentage 
of Bf 

Expressed in 
degrees of 
temperature 
Cent 

Platinum 

. 

Iron. 

J Bi'-Bo 100 

. 

log R *= 1+j3t - 

0 

O 

0 

O 

0 

1 

1 

1 

7 

o /o 

O 

0 

35 57 

35 41 

82 8 

2 1225 

11732 

11724 

0 07+ 

014+ 

99 79 

99 79 

99 79 

13453 

15263 

15263 

0 

0 

173 3 

173 2 

190 3 

15990 

2 0036 

2 0057 

010- 

0-15- 

269-2 

266 5 

335 4 

19220 

2 7692 

2 7667 

0 09+ 

011 + 

364*1 

355 0 

506 4 

2 2283 

3-6715 

3 6636 

0 21+ 

0 20+ 

470 9 

449 4 

726 0 

2-5548 

4 8396 

4 8342 

011+ 

0 09 + 

586 3 

544 5 

998 4 

2 8840 

6 2667 

6 2775 

0-18- 

014- 

6409 

5871 

1148-2 

3 0314 

7 0566 

7-0576 

1 

0-01- 

0 01- 


It does not appear that any equally simple and convenient empirical formula could 
oe found to represent the observations so closely. [For the explanation of the small 
leviations, see Appendix, p. 228.] 


Comparison of Platinum and Tin. 


Pure tin wire, diameter *025 centim. 

Coil wound on cylinder of asbestos in paraffin in a glass tube 
Resistance of copper connexions '0150 B.A. 

Resistance in melting ice of platinum 7*8113, of tin 3*2425. 
In hypsometer steam at 100*34, platinum 10*520, tin 4*7268. 
Insulation resistance at 200° C., 170,000 B.A. 

Insulation resistance at 0° C., 300,000 B.A. 


» Table of Results; Means reduced. 


Tin observed . . 

1*4599 

1*4052 

1*3086 

1*2440 

1*0711 

2*168 

Tin calculated . . 

1 4599 

1*4057 

1*3092 

1*2438 

1 0714 

2 000 

Platinum . . . 

1*3474 

1*3082 

1 2376 

1*1888 

1*0576 

1*710 

Temperature . . 

100*34 

89T 

68-7 

54*6 

16*5 

205*3 


I^fbe temperature coefficient of this platinum coil, taken from the observations in ice 
out *003462: almost, within the limits of error, the same as for 
the same reel. The chief difficulty encountered arose from the 
mmmd melting point. The last observation is rather uncertain, 

the temperature was sufficiently steady. The coil was 


*. i 
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mended, but the wire gave way agam below 100° C. It was, therefore, decided to 
try by a slightly different method, and in particular to protect the wire from strain. 
Some difficulty was found at first in fusing the fine tin wire on to the copper 
connecting wires. Solder was evidently inadmissible if the experiments were to be 
pushed up to the melting point of the tm. 

The tm resistances, calculated from the formula 

R/R 0 = 1 + '004323$ -f *00000260f 3 , whence Rj/B* = 1*4583, 

for purposes of comparison, show that, as might be expected, the observations between 
0° and 100° are very consistent and continuous. It is probable, however, that, as the 
last observation seems to indicate, the simple formula will only represent the observa¬ 
tions well between narrow limits. 

Other formulae for tin are:— 

Benoit B/R 0 = 14-*004028*4-*000005826f 2 , whence R/R 0 = 1*4611. 
Matthiessen — Rq/R = 1 —*0036029*4-*000006136* 2 , whence R 1/ , B 0 = 1*4262. 


Effect of heating Wire m a Bunsen Flame. 

A small spiral of the standard platinum wire was made, having a resistance of 
about 1 ohm, and its ends fused on to short lengths of stouter platinum, and these on 
to thick copper leads’ 

Resistance of the whole, cold, at 16°*0 C, 1*0496 BA. 

Resistance of copper connexions, about *0140 B.A. 

The fine coil was raised to a bright orange (in full daylight) by bemg immersed in a 
solid Bletcher gas frame; its resistance varied slightly on either side of 4*81 with 
varying draughts of air, half the thick platinum was heated red-hot This was 
continued for about an hour. When the whole had cooled again to the temperature 
of the air, which had risen to 16°*2 C, the resistance was measured, and found to be 
1 0502 BA. The increase is almost exactly accounted for by the higher temperature. 
Readings were then taken for some time with the coil in various parts of the flame, 
and with different states of flame, with the following approximate results:— 


Description of flame, and part employed. 

Resistance 

observed 

Temperature calculated by empineal formulae 

Ft 

<*> 

(e) 

to 

Flame burning feebly, solid just") 
enough to cover the coil J 

Gas full on, flame "1 Edge of flame 
very large and solid J Centre of flame 

J 

477-4 78 

4*86-4 87 ! 

466-4 67 


1190 

1230 

1160 

1280 

1320 

1240 

1 

1503 j 

1571 | 

1435 
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Xu tins experiment tlie wire is radiating freely, so tliat it attains, not the tempera¬ 
ture of the flame, but a point at which the loss of heat by radiation balances the heat 
received from the impact of the burning gas. The more rapid the current, the higher 
the temperature reached , this accounts partly for the higher temperature to which 
the spiral was raised in the edge of the flame, where the current is much stronger as 
well as the supply of air better By suitably screening the wire it would probably be 
possible to raise it to a higher temperature. The temperature can only be roughly 
estimated by the radiation, because the latter is selective. If the wire be blackened 
(platinised) it appears much brighter, because it radiates better, but it is for that very 
reason not so hot, as the measurement of its resistance shows. 


Appendix. 


Received June 9, 1887. 


Since the foregoing paper was communicated to the Boyal Society, so many more 
extended and accurate experiments have been made that it was thought desirable to 
delay the publication of the paper for a few months, in order that some account of 
them might be included It was felt that this would render the paper more useful 
without adding excessively to its length. The observations with the air thermometer 
in particular have been rendered more accurate, so that the temperature may be 
determined by aid of the platinum wire with a probable error of less than a degree at 
600° C. A much improved method of representing the results graphically has also 
been adopted (see Plate 13), which shows at a glance the kind of accuracy attained. 
More accurate and extended comparisons tend to confirm the general conclusions from 
the earlier experiments that the curves of resistance-variations of different wires of 
the same metal are similar, but not coincident; that the usual parabolic formulae give 
an accoracy, of the order of 1 per cent, only, through a range 0°-600° C.; that the 
deviations therefrom are not readily expressible by any simple formulae. 

Considerable improvements have been made in the primitive apparatus. A-n 
improved form of gauge was devised and ordered about the middle of June 1886, 
which was subsequently found to , work well and to possess many advantages over 
the primitive kind; the principle was exactly the same as that described on page 172, 
fent the mechanical provisions were more complete and perfect. They will be readily 
^renee to the diagram, % 6, Plate 12. The sulphuric acid U-gauge 
||fp»e^ate<i by the tube FGHJK; it has 'a three-way tap T„ which may 

acid, so that it cannot move either way, whatever the 
s a most important practical improvement, 

3 introduced through the side-tube P t , and the scale 


■ 5 ' 


JfW 11 

* l j* -< 


rfiK 
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FG should be adjusted so that the acid stands at zero when the pressure is the 
same on either limb of the gauge at F and K. 

In addition to the TJ-gauge there is another connection between the air thermometer 
C and the manometer W by way of the bulbs A, M, N } which is filled with pure dry 
mercury, and is used for observations at constant pressure, for calibrating the bulb 
with air on the method of the volumenometer, and as an open way through which the 
bulb may be exhausted and refilled with dry air. It communicates by a three-way 
tap T s with the manometer and P 2 ; and by T 3 with P 3 , and through a long rubber 
tube with a mercury reservoir Q, which may be adjusted at any height, and which 
communicates with the outer air through a drying tube B. containing CaCl 3 and 
glass wool to keep out damp and dust. Mercury may be introduced or withdrawn to 
any extent by aid of the reservoir Q, whose height is adjusted to suit the pressure, or 
in weighed quantities by the tubes P 2 , P s , which dip into weighed beakers of mercury. 

The bulbs M, N, H, J, in the figure are convenient for taking up leakage, and other 
practical details. 

To determine the pressure correction in terms of mercury corresponding to each 
reading of the scale FG, the way AMN is cleared by drawing off the mercury 
into the reservoir Q, the tap T 3 is turned off, and T 3 turned thus (T), and P 3 is con¬ 
nected with the open air through the drying tubes, so that the atmospheric pressure 
is communicated by way of P 2 to the F-limb of the U-gauge. Headings of the 
manometer and the gauge FG are taken at various adjustments, from which the 
probable error of a single pressure observation and the pressure correction are easily 
deduced; capillarity is thus eliminated. 

To dry and fill the air thermometer, the bulb is maintained at a temperature 
between 400° and 500° C, W is connected to the exhaust, and P 3 with the dry-air 
supply By means of the three-way tap T 2 the bulb is connected alternately with 
either. Mercury is re-admitted to fill the bulb A, when the operation is considered 
complete. 

To take observations at constant pressure, mercury is allowed to run out from 
the bulb A into the weighed beaker at P 3 , till the sulphuric acid gauge indicates that 
the pressure is approximately that of the air. The scale FG gives the small varia¬ 
tions of pressure, and the weight of the mercury the auxiliary volume. The tempera¬ 
ture of the bulb A is carefully observed, and is kept steady by being surrounded with 
a water reservoir. Total volume of Bulb A from S to S' = 48 162 c.c. at 15° 0. 

The gauge above described arrived about the beginning of August, 1886. A new 
thermometer, No. 5, was at once made of hard glass, similar to No. 8,'the expansion 
of which was known. 

There are some difficulties in mounting an instrument of this description. The 
mounting of No. 5 is diagrammatically illustrated in fig. 7, Plate 12. The hulb is 
fitted with asbestos hoard in a brass tube AD, into which is screwed a smaller tube 
DC which carries and protects the electrodes of the spiral and the delicate capillary 
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tube of tbe thermometer. The tube DC is soldered through a biscuit tin, which is 
filled with water, renewed periodically, to keep the tube cool and the conditions 
uniform. Another brass tube with a cap at A slides over AD, so that the glass bulb 
is completely protected. The electrodes of the spiral go to mercury cups 1, 2, 3, 4, 
into any of which the conducting wires from the resistance-boxes may be dipped. 
itj 2 or H^g gives the resistance of the spiral and connecting wires. gives the resist¬ 
ance of the double electrodes, which is by symmetry twice that of the connecting wires. 
The resistance of the thick copper wires between the mercury cups and the boxes was 
measured. In Series IY. it was '007*7 ohm, in Series V *0164 ohm. The apparatus 
was heated in a very thick iron tube m a Fletcher tube furnace. The gas could be 
adjusted by a screw tap with a graduated head, and might be used with an air blast 
for obtaining higher temperatures 

For heating in steam a special pattern hypsometer was employed with a double 
jacket, through which a copious supply of steam was made to circulate from a boiler. 
The brass case AD of the thermometer should be made steam-tight, so that the 
steam cannot penetrate into the tube CD. 

Air thermometer No. 5 was an improvement on No. 3 in several respects. The volume 
of the bulb was four times as large (Y = 63*3 c.c.). A double electrode of fine wire 
was sealed through the glass, so that no part of the spiral itself was outside the bulb. 

The spiral was made of a different wire, diameter *013 cm., length 2 metres, 
resistance 20 ohms. It was therefore long and delicate. This proved a misfortune ; 
for some one, in inspecting the instrument in my absence, after it was made, held it in 
a vertical position and deformed the platinum spiral completely, so that it was not 
uniformly distributed throughout the length of the bulb. This could not be cured 
without making the whole instrument afresh, and was probably a serious source of 
error whenever the temperature was at all unsteady (see Observations (11), (13), 
Series Y.). The observations were taken precisely as before, perhaps with greater 
care and skill, acquired by experience. The electrode which passed out through the 
capillary tube consisted of 6 in. of Pt wire, diam. ‘036 cm., fused on to 12 in. of Cu 
sense;No* 26 dipping into mercury cup 1 (fig. 7). It was of necessity Bingle. 

A dcuHe electrode was made of the same wires, exactly to imitate it, and coated with 
$Wsame hard glass for insulation, and placed in close proximity to the capillary tube, 
idskle the small brass tube CD (fig. 7) which carried the thermometer. Its position 
must be carefully adjusted, for any want of symmetry or misplacement of the imitation 
electrode may introduce apparent errors in the resistance measurements. The other 
double electrode consisted of a short length (10 cm.) of fine Pt wire, to the middle 
’which the end of the spiral was fused; the fine wire was bent double and 
at A (fig. 7), and its two ends projecting were fused on to 
coated with hard glass for insulation, and extending as 
of the other electrode inside the brass tube CD (fig, 7), 
20 Cu wire leading to the mercury cups 2, 3. By 
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this arrangement of the junctions thermo-electric effects -were rendered almost inappre¬ 
ciable in spite of the great sensitiveness of the apparatus and the low resistance of 
the galvanometer. The correction for resistance of connections, owing to the use of so 
much fine wire, amounted to nearly 3 per cent., but it was measured on each occasion, 
and could be very accurately applied. 

With the instrument above described upwards of 130 independent observations in 
several sets, at various steady temperatures, were taken during the days Amgust 7 
to 12, 1886. They were worked out on much the same plan as that explained below 
on page 218 

To save space, only the observations at steady temperatures are given in Table A-IV. 
The experiments were interrupted on August 12 by the cracking of one of the glass 
joints of the gauge; an attempt to mend it only made matters worse. It was sent to 
the maker (Muller, of 89, Whitfield-street) for repairs; and meanwhile other 
experiments were undertaken. The breaking of the gauge was particularly unfor¬ 
tunate, as I had so far taken no observations at constant pressure, for which the 
gauge had been specially designed. A great many observations were taken with the 
temperature varying to test the working of the apparatus ; these on reduction were 
never found to differ by more than a degree from the curve, and often happen to fall 
exactly on it. To insert them would only confuse the diagram. The earlier observa¬ 
tions of Series IV., which were taken just after filling, befoie the apparatus had reached 
a steady state, give results which are too high by two or three degrees. This is an 
error of the air thermometer, and not due to change of the resistance of the platinum ; 
for the observations m ice and steam show that the platinum spiral suffered no change 
during this series of observations; but the value of the constant mk fell slightly, 
probably owing to surface absorption. The air thermometer was filled with dry air on 
the 9th August, at a temperature of 350° C., after repeated exhaustion; and it 
seemed probable that there would be a tendency for the air pressure to fell rather fast 
at first, owing to surface condensation; between observations (3) and (4) the gas was 
left unaltered for 3J hours. The change in the difference column from 7 9 to 7 1 is in 
the direction of absorption, but condensation probably to6k place most rapidly as the 
instrument cooled at lower temperatures. The historical element seems to enter here : 
the dates and times of the observations are therefore given, heating gradually 
dissipates the air-film, which may take some time to condense again, so that an 
observation (e.g , No. 12) taken at a lower after a higher temperature may give 
results which are too high ; but this requires further investigation. 

The later experiments seem to throw doubt on the suggestion offered a year ago 
(p. 181) as to the value of <r l — <r 0 explaining discrepancies in the values of the 
coefficient of dilatation according to different observers : the apparatus is not 
particularly suited for determining the absolute value of the constant 6 0 , which 
depends on the dijjfa'ence of pressures in ice and steam, on which the probable error 
with my apparatus may amount to a quantity of the order of one in a thousand. 

MDCCOLXXXVn.—A. 2 E 
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[To exclude errors of this nature, and to render the observations of different series 
strictly comparable, the value of Oq assumed must be the same throughout, since the 
value of t deduced varies directly as that of d Q assumed. All the observations 
entered on Plate 3, fig. 1, are therefore reduced, assuming the same value of 0 O , 
namely, 272*90° C, which corresponds to a coefficient of dilatation for dry air of 
*0036642 per 1° 0. This agrees very closely with Pegnault, and is deduced from the 
pair of observations (16), (17), Table A—v. An inspection of the values of m cal¬ 
culated with this coefficient from the observations in ice and steam, and at the air 
temperature, from day to day, will show that it satisfies all the observations practically 
within the limits of error of the pressure measurements. The largest discrepancy 
between observations on the same day (Table A,-v., March 8, observations (25), (26)) 
amounts to nearly 1 in 2000.] 

The variations of mh from day to day are sometimes larger, and more unaccount¬ 
able , they are generally in the direction of absorption, but I have so far been unable 
to reduce them to rule. The difficulty is to a great extent avoided by observing mh 
frequently and using the appropriate value in the reduction of the day’s observations : 
this method must, in part at least, eliminate the error, to whatever cause it is due. 


Table A.-iv.— Comparison of Platinum and Air Thermometers, 


Time. 

Auxiliary 

thermo¬ 

meters. 

Resistances 

observed 

H a S0 4 

gauge 

Mercury 

manometer 

Barometer 

and 

attached 

thermo¬ 

meter 

■a rt 
° § 

S-g 

JS g 

li 

Results. 

Spiral 

Connec¬ 

tion. 

X 

Mi' 

Mr 

Aug 7 

R 19 7 

20437 

1*062 

Befor 

e filling ai 

v therm 

ometer 

a) 

R 0 = 19 945 

Aug 9 
11-42 i.m, 

A. 20*3 

R 188 
M. 21*5 

V ^ ^ 

43435 

• * 

Mean of 

2 021 

• k 

several 

3 51 

• * 

observ 

t 

Mu—M l — 

m * 

ations. 

-V , 

+ 7*721 

30 085" 
70 2° F, 

(2) 

pt = 333 5° 
t = 350 5° 

d- 170° 

r tai' 

’ mis 

12.17 

1222 

R. 19*3 ' 
A- 20*7 
M. 21’4 

• « 

36*64 

36*51 

86*42 

36*30 

1 *730 
• # 

* V 

370 ! 
2 60 
187 
* 3*32 

48*09 

4811 

48*10 

45*23 

41*55 

41*52 

4151 

38 07 

30 075" 
70 7° F 

, 

(3) 

t- 2404° 
pt - 232 5° 

d = 7 9° 

3.30 

A. 20*6 
M. 209 

B. 19*3 

36*79 

36*75 

36*73 

36*76 

U t 

1756 

f k 

340 
3 20 
105 
1*25 

3487 

3486 

36 26 

36 26 

28 56 
28 54 

30 42 
30*41 

30052" 
71*7° F. 

00 

t = 243*7° 
pt = 236*6° 

71° 


lb 
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Table A.-iv. —Comparison of Pla tinum and Air Thermometers— (continued). 


Time 

Auxiliary 

Resistances 

observed 

HaSO* 

gauge 

Mercury 

manometer 

Barometer 

and 

attached 

thermo¬ 

meter 

d 

O g 

Is 

»■§ 

results 

thermo¬ 

meters. 

Spiral 

Connec¬ 

tion 

X 



6 25 

A 20 0 

22 38 


317 

50 88 

15 57 



pt = 26 89° 

6 30 

R 19 2 

22 32 

1155 

2 40 

50 89 

15 57 

30 024" 


t — 26 58° 

6 36 

M 201 

22 27 


3 29 

5143 

15 87 

70 2° P 

\yJ 

mh — 8 747 

6 42 

• » 

22 23 

• * 

2 08 

5122 

15 78 




Aug. 10 

R. 18 5 

21758 

1134 

1*58 

54 07 

18 54 

29*722" 


pi = 18 93° 
t = 18 66° 

116 

A. 19 4 

* 

• » 

* • 

M 19 

4° 

68 6°E 


ml, — 8 747 

12 34 

A 19 5 

20 451 



55 33 

1717 




12 38 

R 18 7 

mzBM 

t 


54 95 

16 95 



T?._ — 19 9-U 

12 43 

M 19 6 

20 450 


4 97 

56 23 

17 67 


r?\ 1 

■k- H 

1248 



mmm 

198 

55 21 

1712 

69 1°F 


ml = 8 745 

12 52 

A 19 5 

20 449 


446 

56 07 

17 58 




12 56 

R 18 7 

20 449 


2 41 

55 39 

17 22 




145 

A 19 3 

20 449 

. 

2 55 

55 40 

17 23 

29 695" 



153 

R 18 8 




54 83 

16 93 

£m.U Ui7y 

68 6°E 

(8) 

Same 

158 

! 

M 19 5 

20 450 

• * 


56 57 

17 89 



412 

A 20 0 

■HHI 


317 

5112 

2618 

HR 


<at =990° 

416 

M 201 

KzcS 

1405 

3 35 

5112 

26-18 

1 • ■ 


* __ qq n° 

422 

R. 20 5 

27 29 

• 

3 57 

5111 

2616 

It • ,> a 

w 

fffl\ f —; ft 74(> 

4 28 


27 28 


120 

50 40 

25 85 

HHI 



Aug 11 

« • 

46-81 

• 

2 50 

3439 

49 36 


■ 


1156 

A 20 3 

46-79 

2129 

2*70 

3610 

50 98 


nn 

t = 4011° 

12 4 

R 181 

46 76 

m » 

2 73 

36 17 

50 97 

29-985" 


pt = 382 2° 

12 7 

M 23 0 

46 78 


2 90 

3617 

50 97 

69 4° E 

is y 


1212 

• » 

46-79 

* • 

2 82 

37 79 

52 60 


■ 

d = 18 9° 

1214 

• • 

46 81 

2-136 


37 78 

52 59 


■ 


15 

A 20 6 

52 18 

HR 

340 

2898 

55 53 



t =495 7* 

1.7 

R 18 9 

52 32 

• 

4 30 

2897 

55 55 

29 987" 

m'i 

pt — 463 5° 

19 

M 22 2 

52-46 

2 358 

raa 

28 00 

55 30 

68-7* E 



112 

* • 

52-56 

• *■ 

3 65 

28 00 

55 30 



d = 32-2° 

247 

A 19 6 

40 57 

4 • 

437 

4184 

43-20 



*-3019° 

2 51 

R. 18 8 

40*53 


312 

4184 

4318 

29-978" 

ng>\ 

pt = 291 6° 


M 20 8 

40 54 

1*895 

2 20 

4122 

43 03 

681°E. 



30 

• • 

40 56 

* * 

1*90 

43 08 

45 02 



d= 10 3° 


2 e 2 
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Table A.— iy. —Comparison of Platinum and Air Thermometers— {continued). 


Time. 

Auxiliary 

thermo¬ 

meters 

Resistances 

observed 

h 2 so 4 

gauge 

Mercury 

manometer 

Barometer 

and 

attached 

thermo¬ 

meter 

•SJ 

ll 

It 

*•8 

Results 

Spiral 

Connec 

tion 

X 

** 

M* 

Aug 12 

10 2 

1010 

A 18 8 

R 17 6 

M 20 0 

21702 
21 704 
21 707 

1130 

• « 

2 60 

3 80 

2 80 

55 66 
5612 

55 76 

19 06 
19 33 
19 15 

30 016" 
67 4° F 

(13) 

pt = 18 02° C 
t - 17 79° C 
mh — 8 741 

n h 

R 18 0 

20 460 


2 55 

5911 

20 13 

30 010" 



Mill 

A 19 6 

20 458 

1076 

218 

59 10 

20 18 

68 7° F. 


In Ice 

K ieBIp 

A. 19 9 

20 456 

• * 

313 

61 57 

22 50 


(14) 



R 18 3 

20455 

• • 

3 00 

61 56 

22*52 


R g =19 945 BA 


M 21-0 

20 454 


2 33 

6315 

2419 

30 008" 


ml — 8 743 

12 3 

M 20 0 

20 453 

1 076 

2 75 

68 18 

24-19 

69 3° F 



5 25 

1 

A. 19 5 

27 347 


i 

3 05 

52-94 

27 62 

29 920" 



5 27 

R 19 3 

27 348 


2 60 ; 

54 39 

29 15 

66 0° P 


In Steam. 

5 35 

M 19 9 

27 349 

1397 

6 45 

53 50 

27 58 


(W 


5 40 

A 20 0 

27 348 

i 

190 

52-12 

27 03 

29 918" 

Ri/Ro = 1 3391 

5 42 

R 19 5 

27 348 

1396 

4 50 

52 89 

27 32 

65 8° P 


ml = 8 740 

5 47 

M. 20-1 

27 348 


2 00 

5211 

27 01 





About the middle of February, 1887, the whole apparatus was thoroughly revised, 
improved in several minor details, and set up afresh. The gauge had meanwhile been 
mended and improved. A slight error in the position of one of the comparison 
electrodes was rectified, and the spiral made more uniform by cutting off a short 
portion and refixing. it was partially re-arranged by means of a wire introduced 
through the open end. 

In mending the gauge, the tube DG had been made of larger bore (*0127 c.c. per cm.), 
so that it was necessary to affix a scale S and record the reading x'. The bore of 
h&W tube was *0232 c.c. per cm. 1 instead of *0407, as in Series IY., and 

scale 2'80 when the pressure was the same on both limbs of the gauge. In 
S&a#&lY. it had been adjusted to read zero, but it was not considered worth while to 
' adjust It afresh. A new legal ohm-box was used to measure the resistance in place 
of the B. A. box used in Series IY. The observations in the following Table (A.-V.) 
were then taken in the order in which they are given:_ 
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Table A.-y. —Comparison of Platinum and Air Thermometers. 


Date and 
time. 

Auxiliary 

thermo¬ 

meters 

Observed 

resistances 

H s S0 4 

U-Gauge 

Mercury 

manometer 

Baro¬ 

meter. 

Num¬ 

ber 

Re- 

marks. 

Results. 

Connection 

Spiral. 

X 

* 

Mx 

Ma 

Feb 27 
610 

615 

5 20 

5.43 . . 
6*48 . 

a 

A 17 8 

R 16 8 

A 18 0 

M 191 

• • 

Rj > 4 2 477 
E 34 *745 

£34 2 491 
* 

54 41 

54 89 

54 40 

68 78 

58 84 

47 

4 65 
49 

90 

97 

.. 

» 

r> 

tj 

)) 

8 21 
819 

8 21 

11 22 
11*22 

69*86 
59 88 
59*78 

60*19 

60*19 

E.{*i 

3°o 

Sg 

J(l)a 

} CD* 

I 

ep? 

i 

1 

>-9 

t = 589 9° 

= 600 9° 

89 0° 

ES9 

Peb 28 . 

12.38 

M.19 7 

A 18 0 

R 15 2 

E , 4 1126 

1 I 

9 

3 

5 07 

2 30 

85 

84 

51 92 

5104 

21 70 

24*28 

COp 

0 ^ 
cc 

( 2 ) 

3 a 

pt = 17 27° 
t = 17 02’ 
mk = 10 578 

1 82 

140 

153 

M 18 5 

A 17 9 
fi. 15 9 

R* 2 519 
E 34 760 

54 80 

54 52 

64 70 

95 

61 

80 

96 

» 

» 

12 88 
10 98 
10*95 

68 10 
62*70 
62 65 

10 0 

0 cq 
co co 

(3) 

10 

<=> 

1—1 

t = 541 5’ 
jrf = 502 2’ 

d= 39 8 ° 

2 38 

2 50 

M 18 8 

A 181 

E 16 6 

Rj 4 2 520 
Em 756 

54 80 

64 74 

64 71 

4 00 

6 45 

6 30 

94 

» 

1180 
1118 
1118 

64 50 
63 56 
63 53 

0 

10 0 

0 cq 

CO CO 

(4) 

<0 

1 — 1 

3 

t = 546 9° 

3 >t = 506 8 ’ 

d = 411° 

310 

815 

819 

8 30 

A 18 2 

E 16 9 

A 18 2 

A 18 8 

Rj 4 2 516 
Em 760 

54*98 

54 95 

54 90 

64 87 

7 50 

7 40 

7 20 
700 

si« 

0 

W 244 902 

• 

i>- 0 
lO 

O v —1 

co co 

(5) 

10 

0 

H 

3 

0 

KeJ 

55 

6.15 

6 30 

5 40 

A 18 2 

1 

1 E 17 0 
A 17 8 

Rm*2* 074 
Em 680 

• • 

48 75 

48 80 

48 84 

48 90 


835 

0 

d A « 

Jfs 

S.S II 

W 156 880 

S°o 

gg ; 

( 6 ) 

O 

IQ 

3 

[Hi 

6 25 

6 82 . 

6 4Q 

6 52 

70 . . 
710 | 

A 18 5 

E. 17 5 

A 18 4 

E 17 7 

E« 1 858 
Ej 4 578 

* • I 

88 70 

38 78 

88 82 

88 70 

88 66 

88 60 

63 

71 

74 

64 

60 

54 

815 

gS 

|5 

3® 

W. 98 585 

SsPi 

00 

0 cn 

C 0>0 

S°o 
§ § 

U) 

CO 

3 

« = 278 4° 
pt = 270 9° 

d = 7 5° 

Match. 1 

10 85 

10 47 . 

B. 15 7 

M 186 

A 16 3 

R« 1119 
Em 407 

2128 

21 29 

455 

218 

88 

87 

52 99 

52 53 

22 56 

2246 


( 8 ) 

U P4 

s 0 

33 1 

i 

pt = 15*44° 

* = 1622° 
«i= 10*577 

1118 . . 

11 28 

1180 

11.81 . . 

E. 15 7 

A 181 

B 15 9 

A 18 6 

R« 1-785 

Em * * 548 
* * 

8705 
87 18 
87*42 
87 44 

576 

6*6 

10 0 

10 2 

82 

16 7° 
16*9° 

17 2 ° 

W 75 550 

If 

H § 

(9) 

CO 

J 

0 

EH 

1148 . , 
11.45 

11 51 . . 
11.67 

E 161 

A 190 
B. 16*3 

A 18'8 

E m 1795 
Em 650 
• • 

87 52 
87 58 

87 64 
87*50 

4*91 

501 

515 

4*82 

1 

17-5° 

17*7° 

17*9° 

18*1° 

W. 88 345 

CQO 

DO 

0 0 
co <0 

(10) 

8 

3 

O 

t = 269 5° 

=* 253*8° 

d -* 6 * 2 ° 

___„l 
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Table A.-y. — Comparison of Platinum and Air Thermometers —( continued ). 


Observed 

Date and A “ lhar * resistances 

, “ thenno- 

tlme meters 


HJiO* Mercury 

TJ-Gauge manometer ^ ^ Re _ 

- meter, ber marks. 

Mi M s 


Results 


i = 880 7® 
pi = 8641° 

<2 = 10 6 ® 


i = 8fil‘8® 
pi = 878 5® 


i = 602 3° 
pi = 666 2® 
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Table A.-v.— Comparison of Platinum and Air Thermometers—( continued). 



Date and 
tune 

Auxiliary 

thermo 

meters 

7.20 . 

G 14 25 


Observed 

resistances 


Connection Spiral 


27 095 



H s S0 4 

TJ-Gauge 

X 

a/ 

2 80 

14 4° 

4 60 

2 90 

2 80 

147" 

• 


Mercury 

manometer 


Baro- Num- Re- 
meter ber marks. 


Results. 




Vx* 63 41 c c 
17 755 
t = 100 43 s 



2.17 

M 15 0 

27 088 

4 47 

13 6° 

2 22 

A. 14 7 

. 27 088 

4 52 

13 7° 

2 28 

R. 14 0 

Rj 4 1 408 27*088 

4 58 

13*8° 


A 154 
R 14 2 
M.151 
R 144 


March 9 

12 20 

A 18 8 

R 140 

E* 1*114 

21*170 

21172 

400 

6 65 

1 

95 

• 

50 23 
50*82 

58 05 
53 22 

15 

R. 14 0 



231 

5*25 

9*1 

50 04 

49*00 

115 

A 14 0 

Rm 1*072 


231 

281 

* • 

49 50 

48 85 

1.20 

M.13 9 

Rjx 394 

20 

231 

3*60 

«* > 

49 68 

48*90 


pt - 16 05" 
£ = 15 84“ 
nk = 17*730 
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Table A.— v. —Comparison of Platinum and An’ Thermometers—( continued ). 


m 

Date and 
time* 

Auxiliary 

thermo¬ 

meters 

Observed 

resistances 

H s S0 4 

U-Gauge. 

Mercury 

manometer 


Hum¬ 

ber 

Re¬ 

marks 

Results. 

Connection 

Spiral 

at 

x' 

Hi. 

Me 


Maxell 11 
11 to 

11 54 

11 58 

12 0 

12 5 . 

A 17 4 
E. 14 2 

A *17*6 

E 14 6 

31*2173 
Rj4 587 
• « 

1 

48 67 

48 60 

48 66 

48 67 

48 75 

942 

9 60 

9 90 

9 97 
10 5 

16*5° 

16 6° 

G 1 
W 5C 

6-0° 

18 285 

o** 

0 

O <N 

O 

CO CO 

(30) 

O 

J 

O 

t = 440 9° 
pt = 417 1° 

d = 28 8° 

12 40 

12 41 

12 46 

12 52 

A 17 8 

R 14 9 

R 151 

. 

R, 4 2 622 
E^ -746 

57 77 

67 80 

57 99 

58 10 

287 

2 97 

8 87 

8 75 

171° 


0 10 

CO CO 

(31) 

IO 

ei 

rH 

Jj 

C3 

t = 599 8° 
pt — 552 6° 

d= 47 2° 

5 80 . 

A 17 0 

R. 16-4 

3* 1*128 

21 45 
2144 

8 75 

5 91 

88 

a * 

45 71 
46-28 

50 07 
50 28 

CO O 

A O 

OS OO 

co 

(32) 

H $ 

i % g 
“ g, a 

pt = 17 91° 
t = 17 66° 
mb = 17 781 

March 12 
1215 . . 



21 20 

2 78 

8-7 

46 84 

50 28 

CO O 

A OO 

A <M 
<N CO 

(S3) 

If 1 

pt= 14 18° 
t - 18 99° 
mb = 17*723 

118 

119 . 

120 . , 
1.28 

1.24 . 

A 170 
R 14 6 
M. 18 5 

* a 

• • 

Em 1 780 
Ba* *580 
** 

86 55 

86 48 

36 30 

86 17 

3810 

7 85 

6 28 

4 43 
2-70 

5 80 

• * 

8*7 

• 

» ft 

6 87 

6 88 
688 

6 87 
629 

70 42 
70 80 
70 80 
70-22 
69-16 

!°o 

° *S. 

Sg 

(84) 

10 

CO 

1 

t - 24176° 
pt - 286 00° 

<Z= 6 76° 

1 85 

1.40 . 

A 17-0 
R 14-7 


85-78 

35*78 

8-15 

8*15 

15 55° 
15 66° 

W 480 000 

ji 

(85) 

if 

« = 282 90° 
pt = 228 08° 

d= 482° 

2 55 

82 

A. 16-2 
E. 16 5 

R« 1*700 . 
Em 586 

85*29 

85 82 

4 07 

4 20 

15 75® 

W. same 

rH 0 

O OO 

O i—t 

CO CO 


3 i 

0 | 

t = 225 71® 
pt =. 22114° 

d = 4 57° 

8 20 . 

8 22 . 

8 28 

A 16-2 

R 15 6 
M. 167 

. 


35 89 
85*40 

85 40 

6 54 
415 

6 07 

89 

# * | 

6 95 
710 

7 03 

66-60 
67 81 
66 78 

fcfR i 

§V ! 

O T* 

CO CO | 

(87) 

if 

« = 227 59° 
ft = 222 60° 

d= 5 09° 

Man&Hft 
05 . . 

, Ml . . 
6.47 . 

A/is-r 

R 15-9 
M. 15*6 

B 

2150 

21*49 

2147 

21*45 

6*80 

6 02 
411 
361 

98 

* 4 

* • 

4 4 

4868 
48-68 
48 34 
48 35 

47 28 
47*28 
4718 
47-18 

?*• 

O A 

CO \Q 

(88) 

&0 

J 

O 

3 

pt = 1 8 82° 
t * 18 08° 
ink => 17 713 


JSvpkmation of the Tables. 


The dates and times are given to show the sequence of the observations, the rate of 
variation of the temperature, to indicate how far the results may be relied on, and to 
te historical element, 

thermometer readings are corrected for zero error. A. gives the 
air near the gauge; H., of the air inside the resistance-box; M., of 
IOmeter, The box used in this series of experiments was a 
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legal ohm-box by Elliott, nominally correct at 18° C., to which temperature the 
resistances are reduced. The temperature coefficient of the box was detei*mined to be 
00023 per 1° C., the coils being of platinum-silver wire The relative values of the 
resistances were correct to more than 1 in 10,000 

The resistances observed are given in legal ohms, but have to be corrected for the 
temperature of the box R The correction for the resistance of the connecting wires 
is ^ “b 008. 

By observing also the resistance R 34 , of the capillary tube electrode, the mean 
temperature of the corresponding 15 cm. of the capillary tube could be determined, 
and an allowance for its varying temperature approximately made by reckoning part 
with the bulb and part at air temperature. In most cases the temperature was 
varying; and an exact balance was obseived with the rocking commutator as previously 
described, and the simultaneous reading x of the U-gauge was recorded. When the 
temperature was too steady to admit of this a fifth figure was obtained by observing 
galvanometer throws and interpolating. The column headed x gives the reading of 
the level of the mercury by the scale S In takmg observations at constant pressure, 
mercury was allowed to run out from the bulb A (see fig. 6, Plate 12) and weighed in 
a beaker. The observed weight in grammes W. of the mercury and beaker is given in 
the manometer column; the manometer was of course unnecessary in taking 
observations at the atmospheric pressure The temperature indicated by a delicate 
thermometer immersed in the water surrounding the bulb A is then given m the x' 
column. The readings given of the thei mometers and barometer are mean or typical 
readings . all are not given, to save space. The observations are numbered to 
correspond with Plate 13. 

No permanent change of resistance of the platinum wire was with certainty 
detected in this series of experiments, in spite of the prolonged heating to which the 
spiral was subjected, and although it was in contact with the glass of the bulb for a 
considerable portion of its length. The apparent change of temperature coefficient 
from Rjl/Rq = 1*3391, Series IV., to 1 3395, Senes V, was probably due to the tact that 
the position of the loose comparison-electrode was shifted so as accurately to correspond 
with the single electrode inside the capillary tube; it had been accidentally misplaced 
through an error in measurement m Series IV. The apparent change m the value of 
Bq in Series A.-V. from 19*67"4 to 19 668 (the latter value exactly was observed again 
one month latter, on April 18) was probably partly due to a change in the comparison- 
electrode, the copper portion of which was accidentally fused in re-coating with hard 
glass on March 4, so that it had to be re-made, and its resistance was slightly increased; 
and partly, perhaps, to a change in the plug contacts in the 10-ohm arm of the bridge, 
which were thoughtlessly altered on that day to measure another resistance. The 
value R 0 = 19*668 should, of course, be used in reducing the observations from 
March 4 onwards. 

On March 4, while the bulb of the air thermometer was immersed in steam, it was 

MDCCCLXXXVn —A. 2 F 
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filled afresh with dry air at 103 cm. pressure, corresponding to a zero pressure of 
almost exactly one megadyne per sq cm By allowing the mercury to run out till 
the bulb A was emptied, and again measuring the pressure, and assuming the formula 
pv = mlc 9, the volume of the bulb up to the Cu-Pt junctions was calculated to be 
Y 1 = 63 41. A repetition of the same operation on March 8 with the same air 
gave the same value. 

The observations were all reduced, assuming V 0 = 63*29 as the volume of the bulb at 
0° C., and its expansion to be that given by the formula on page 168 (linear expansion 
of glass). The correction for glass expansion amounts to nearly 12° at 600° C., and 
must be considered subject to greater uncertainty than the other elements of the calcu¬ 
lations, the apparent discrepancies between observations at constant volume and 
pressure may be in part due to errors of this nature. 

The method of approximation used in previous portions of the paper in working out 
the results fails in the case of observations at constant pressure. Latterly I have 
used a Fuller’s spiral slide-rule, which gives results correct to 1 m 10,000 at least. 
This is so exceedingly expeditious and convenient that the formula may be worked 
out directly with great rapidity. If p be the pressure of the air enclosed, V the 
volume of the bulb, 6 its temperature, and v any other portion of the volume 
which is at temperature &, the formula of the air thermometer may be stated 
thus— 

p{YI6 + %(v;&)}=mk, . I. 


where t implies that the summation is extended to all portions of the apparatus 
occupied by the mass of air undei observation, and mk depends on the mass of air 
enclosed, and is theoretically constant for each filling. To make the statement more 
definite, we will define 6 to be such a function that the above equation is true, p being 
constant and equal to one atmosphere: 9 is, then, the temperature by normal air 
thermometer at constant pressure, and is nearly equal to the absolute temperature on 
the thermo-dynamic scale 

From Formula I. we obtain, as the value of 9 , 

0 = V/ { mk/p — t ( v/9 ') }.II. 


To illustrate the corrections involved, we will proceed to calculate Observation (5):— 
Mean value of resistance observed, 54*909 legal ohms. Correction for connecting 
wires, 2*516/2 -f *008 = 1*266. E corrected, 53*643. Temperature of box, 16 9. 
Temperature correction = ~ (54) (IT) (*00023)= —*014. It corrected, 53 629. 
B/Rq == 2*7258. Assuming R 0 = 19*674 from Observation (16), 



pt = (R/E 0 — 1)/*0033947 = 508*4° C. 


hapdhuy tube electrode, E^ = *750. Eesistance of the platinum 
temperature, 340°. 5*2 cm. of this portion of the capillary tube is 

temperature. the remaining 10 cm. at the temneratnrA nf 
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bulb. Thus •—5 2 cm. = 15 (508 — 340)/(508 — 18). The volume of tbis portion 
(5*2 cm.) (by curve constructed from calibration data) is *030 cub. cm. Tbis has 
to be deducted from V„ the volume of the bulb, and added to v, the volume at air 
temperature. 

The volume of the bulb up to the platinum-copper junction of the electrode is 
calculated, assuming that air satisfies Boyle’s Law, from the observations (20) and (26), 
both of which give the same result, Y l = 63*41 c.c., V 0 = 63 29 c.e. 

In our case V 0 = 63 29 — *03 = 63 26 c c. 

The glass expansion factor corresponding to pi = 508’4 is taken from the 
curve whose equation is given in the section on the expansion of hard glass, 
p. 168, V = Y 0 (l + yd) = (63*26) (1 0124). Small errors are less likely to be intro¬ 
duced if this correction is applied last of all to the value of 0. 

To calculate the volume at air temperature X {pi6') *— 

The volume from division x' = 9 of the scale S, and x = 0 of the scale FG, 
to the platinum-copper junction of the capillary tube electrode was determined by 
previous calibration to be 0*708 c.c., and is assumed to be, at the temperature of the 
air, A = 18 2; & =291*1. 

The mean value of x, the reading of the gauge in Observation (5), is 7 21. 

The corresponding volume is (7 21) ( 0232) = 167 c.c. 

Thus v* — 708 + *167 + *030 = 905, and v'!& = *003110. 

Mercury was allowed to run out by way of P 3 into a beaker till the difference 
between the pressures of the internal and external air came within the range of the 
H 2 S0 4 gauge The weight of the mercury and beaker was W = 244 902, that of the 
beaker 31*220. The same beaker was used m all the weighings here given. 

Since the value of the temperature of the bulb A observed with the mercuxy 
thermometer G cannot be correct to more than 1 in 5000 (1/20 degree), it is needless 
to reduce tjie weight to vacuo or apply any of the other small corrections. The 
density of the mercury at 17° 55 C. being 13 553 grms. per c.c., the volume of 
213*682 grms is 15 668 c.c. Since the mercury stood at x' = 9 2 just before it was 
allowed to run out, we must add (*2) ( 0127) c.c. to reduce it to x' — 9. 

Thus the auxiliary volume was 15*770 c.c at a temperature 

17°*55 + 272*90 = 290°*45 C. by air thermometer. 

Thus = *054290; vjd' = *003110 ; X (vjff) = *057400. 

The acid stood at 2*30 in the gauge when the pressure was the same in either limb, 
and by experiment it was found that the reducing factor 0*136 was required to give 
the pressure correction in terms of moroury. Thus the required correction in 
Observation (5) is (7*21 — 2*30) *136 = *670. 

The barometer reading reduced to centimetres is 77 659 cm., and the temperature 
16° 2 C.; correction for temperature,— *228 cm.; correction for level and capillarity, 
+ *045 cm. 


2 f 2 
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Correction for pressure of acid in gauge, + *670. 

Corrected value of pressure of air in thermometer, 78 146 cm. 

The value of the constant ink was calculated each day by Formula I. from the 
observations at air temperature and at the fixed points, assuming the values 
B 0 = 272°*90 C., V 0 = 63 29 c c By observing the resistance of the platinum spiral 
the temperature of the air in the bulb could be very accurately deduced. On the 
morning of February 28 the value of mh observed was 10*578, Obs (2), and next 
morning 10 577, Obs (8). The agreement is very satisfactory, and perhaps closer than 
we have any right to expect, owing to the uncertainty of the pressure measurements. 
Using this value in Formula II, we obtain 

mk/p = *13535; 0 = Y/{mk/p - t (v/6')} = 821°*6 C , 

t = 821*6 — 272*9 = 548° 7 C., d = t — pt = 40° 3 C 

This value is represented by the cross marked (5) on the curve of difference of 
temperature, Plate 13. All the observations in this series were calculated in this kind 
of way; but, of course, the work was done on a regular systematic form, which 
ensured accuracy and rapidity, so that it should be free from serious errors. 


Gi'ajphic Representation of Results. 


The best method of representing the results graphically is that which Begnatjlt 
adopted in his comparison of mercury thermometers, namely, that of drawing the 
curve of difference of temperature This has the advantage of indicating all errors 
and deviations on a very large scale. In the curve diagram, Plate 13, fig 9, the abscissa 
represents temperature Centigrade by air thermometer on a scale of 10° to ^-mch, and 
the ordinate the difference of temperature between the platinum and air thermometers 
at the rate of 1° to J-inch. # On this scale errors of 1 in 10,000 are distinctly appre¬ 
ciable in the upper part of the scale, as they correspond to a distance of -g^-inch or 
^-millimetre. Observations taken near the standard pressure of 76*0 cm in Series Y. 
are represented by large crosses (+); observations at other pressures by small crosses 
(x). The Arabic numbers belong to Series Y.; the Homan numbers to other series 
If the variation of B follows the parabolic formula 

B/B 0 ~ 1 -J- at 4- 


we shall have d = t—pt = $[(£/ 100) a — (tj 100)], where 8 = — 10,000/8/ (a -f 100/8) 
The parabola in Plath 4 corresponds to the value 8 = -f- 1*57. 

Since ' a + 100$ = *0033947, 



gives a = *4~ *0034480, J3 = — *000000533, but the change of resistance does 
to follow this law with absolute accuracy. 

was, t aken within an hour of drying the air thermometer by 
r£^a#9rion of clean dry afr at 550° C. 





MEASUREMENT OP TEMPERATURE 


221 


The value mk = 10*578 is assumed in its reduction. This is a httle uncertain, 
because in Observation (2) the sun had been allowed to shine on half of the barometer 
in the room upstairs, causing the high reading 74°*/ F. of the attached thermometer, 
and rendering the temperature correction uncertain ; the same uncertainty, of course, 
applies to the reduction of Observations (3), (4), (5), into which the same value of mk 
enters. A change of less than 1 in 1000 in the value of mk or Y would suffice to 
account for the deviation of this group from the curve. Observations (4) and (5) indi¬ 
cate a difference of 1° C. between the values of the temperature by air thermometer 
at constant pressure and at constant density respectively at 540° C. This may be 
similarly due in part to errors m the assumed volume or expansion of the glass, or 
merely to changes in the temperature distribution between Observations (4) and (5). 

Between 200° and 300° C. the observations seem to deviate in a regular way, as 
indicated by the dotted curve, from the parabola. That this deviation is not merely 
due to errors of observation is, T think, indicated by the curves of comparison of different 
platinum wires, which seem to show that the increase of resistance does not strictly 
follow the parabolic law, but is affected by some mmor and comparatively unimportant 
variations which, from then very smallness (bemg of the order of 1° C.), are difficult to 
take account of otherwise than m a graphic record. Moreover, the observations in 
question were taken on different days and under different circumstances, so that it 
would be difficult to account for their agreement on any other hypothesis than that of 
some constant error affecting either the platinum or the air thermometer. 

Observations (ll) and (13) differ excessively from those in their immediate neigh¬ 
bourhood. On reference to the Table A.—v., it will be noticed tbat they were both 
taken with the temperature varying much too fast for purposes of accuracy; on 
the day in question the gas pressure was very variable, and it was difficult to get 
good observations at steady temperatures Observation (11) was further vitiated by 
the fact tbat some of the water had leaked from the glass case surrounding the bulb A, 
and its level had been allowed to get too low. Observations (37) and (34) were taken 
at constant density, and differ from (35), (36), in the same direction and for the same 
leasons that (5) differs from (4). This apparent difference is greater than that indi¬ 
cated by theory, and may he due to some error m the value of Y, the volume of the 
bulb; further and more careful experiments are required to clear up this point. 

Observations at steady temperatures from the previous series of experiments 
(Tables A-n., in., rv.) are entered in the diagram by means of small circles,* they 
are seen to agree with the curye as well as can be expected, considering the various 
errors pointed out in each case to which the earlier experiments were liable. Had 
the observations been more complete, the agreement would probably have been more 
perfect. In order to render them comparable with the results of Series A.-y., the 
same value of the coefficient of dilatation, namely, 0 O = 272*90, has to be employed 
in their reduction in place of the coefficient = 270*1, which is used in the 
Tables A.-n. and in. in the earlier portions of the paper. This anomalous value of 0 O 
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■was probably due to an imperfection in the drying apparatus which I subsequently 
discovered The exit tube from the last drying bottle was plugged with cotton and 
glass wool, to stop dust, so tightly that the air could not pass freely, and was connected 
to the apparatus by an old and rather rotten piece of black seamed rubber tubing 
through which da mp air probably leaked when it was suddenly connected with the 
vacuum of the air thermometer bulb The whole drying apparatus was, therefore, set 
up afresh before Series A -rv. with new sulphuric acid U-tubes (prepared by Stas’ 
method) and seamless solid rubber tubing, and the joints made perfect with hot 
paraffin wax. The whole was tested, and found to be perfectly air-tight 

Assuming that the anomalous value of 0 O = 270’1 was due to the presence of water 
vapour, the error may be eliminated beyond 100° C. by applying from this point 
onwards the usual value of the coefficient of dilatation for dry air, namely 6q = 272 90. 
A correction (t —100)^| has, therefore, to be added to the values of t given in the 
Tables A.-n., A-hl 

The values of pt require no correction, and are calculated, assuming the coefficient 
•003460. 

Thus reduced, the latter observations in Table Y., p. 192, become the following .— 

Table A.-vl 


■% 

Number of observation. 

Temperature 

Difference 

observed 

Difference by 
curve 

By air 

thermometer 

By platinum 
thermometer 


O 

O 

O 

O 

m,9. . 

268 5 

264 8 

37 

7T 

1,6 . , . 

2821 

277 5 

4 6 : 

81 

IL, 1 . . 

3561 

3431 

13 0 

142 

IH, 7 

4010 

3821 

18’9 

18 9 

m., i . . . 

472 6 

4471 

25 5 

27 5 

III., 8 . . 

584 5 

542 6 

419 

44 6 


Mean error, 2T° O. 


- /She broken line on Plate 13, fig. 9, is used for deducing the temperature t by air 
thermometer from the formula 

t-~pt = l*57{(£/10G) a —(e/ioo)} ? 


mu 


the temperature pt being known by observation. 

It gives at once xhe difference (t —pt) in terms of pt as abscissa. 

readily constructed by measuring off from each point of the firsf curve ? back- 
the abscissa, a distance equal to one-tenth of the ordinate. 

Bke this an accuracy of ^th degree Gent, at 600° may be obtained 
deduced from observations with a known platinum wire, or 
have been compared with a known wire. The absolute 


ism 
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value of t may be in error fco the extent of about 1°, as it depends on tbe air thermo¬ 
meter observations. These, however, may be rendered still more accurate, and the 
uncertainty further reduced; they do not affect the claim of the platinum thermometer 
to rank as a practical thermometric standard. 

The platinum air thermometer gives us the means of comparing theory with experi¬ 
ment, and of testing the accuracy of the formula 

pv = ml 6 

at high temperatures by taking observations at various pressures in rapid succession, 
while the temperature is maintained nearly constant. The platinum spiral may at 
least be relied on to give any small changes of temperature which may occur. Never¬ 
theless, for experiments of such delicacy it was felt to be necessary to maintain the 
conditions as uniform as possible, because any slight variation might introduce errors 
comparable with the differences that might be expected to exist between the indications 
of the air thermometer at constant pressure and at constant density. 

Consequently, when on my return horn India in February, 1887,1 set to work 
again with the same glass air thermometer, a small gasometer was ordered in order 
to keep the gas pressure perfectly constant during any observation. This want had 
not been so much felt in August, when there were few students at work and little gas 
was being used, but the unsteadiness of the gas pressure was a great source of 
annoyance during the series of observations given in Table A.—v , which were taken 
during February and March in full term time, pending the arrival of the gasometer. 
On one occasion the temperature rose 100° in five or ten minutes, owing to change of 
gas pressure. Such changes of temperature would have been less material, had the 
platinum spual been uniform , so that its mean temperature would have been more 
nearly that of the air enclosed. The gasometer arrived about the end of April; it 
leaked badly, and had to be mended. After that it performed satisfactorily, and a 
few observations were taken at steady temperatures one morning with its aid. 
Unfortunately, the observations at constant density were pushed too far this time, 
and the capillary tube gave way at about 550° C. under two atmospheres’ pressure. 


Porcelain Air Thermometer. 

For higher temperatures it is necessary to use an air thermometer of porcelain. 
The difficulties to be encountered are that the wire must not touch the glaze and 
cannot safely be fused through tbe porcelain air-tight at any point exposed to the 
high temperature; and that the expansion of the material must be determined with 
s6me accuracy. To meet these difficulties, a somewhat peculiar type of instrument 
has been made. 

A cylindrical bulb of porcelain, AB, Hate 12, fig. 8, 3 cm. diam , 200 c.c. capacity, 
opens at either end into thick side-tubes AC, BD, of small rectangular bore, 3 mm. 
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by 1 mm. (one of which is shown in section, fall size, at E), which extend 6 inches 
on either side beyond the tube gas-fnrnace in which the bulb is heated. The side- 
tubes AC, BD, are fitted to contain double electrodes of thickish platinum wire, to 
the ends of which, at A and B, a single length of fine wire is fused, which extends 
through the bulb from A to B By means of these double electrodes we can deter¬ 
mine the resistance of the fine wire independently of its connections, and we can also 
determine the mean temperature of the side-tubes AC, BD. One end D is fixed 
and connected with wax to the tube of the pressure-gauge. The free end C is closed 
with wax, and observed by means of a reading microscope. The expansion of the bulb 
itself is thus simultaneously observed, and the electrodes pass air-tight at the points 
C and D, which are never heated. Moreover, the form of the bulb renders it suitable 
for heating in a tube gas-furnace, which is very convenient. 


Comparison of Platinum Wires . 

Owing to the importance, from a thermometric point of view, of the comparison of 
different platinum wires, another comparison coil was wound with greater precautions, 
to ensure perfect symmetry The wires compared were pieces from the reels 1 and 3 
used in making the platinum spirals for the air thermometers of Series III. and V. 
respectively. They were fused on to platinum electrodes and wound on terra-cotta 
slips, as previously described (pp. 199, 200) 

, The following observations were taken .— 


Table P-il 



Time. 

Resistance observations 

Approximate 

temperature 

Difference 

Pb~Ph 

Number of 
observation 

Date 

Hour 

R + z 

(R + z),'{W + z) 

z 

pt 

t 

1886. 
Aag. 21 

1 to 3 P.M 

5 0410 

*61024 

0363 

O 

0 

O 

0 

O 

0 

a) 

Aug. 28 

i 16 to 11 30 a M. 

6 78*74 

*61353 

0460 

100 06 

100 06 

0 

(2) 

t « 

12.30 p m 

f 5-005 

61217 

0405 

4 7 7 

47 4 

-0 06 

(3) 

« 1 

120 to 2.46 p m 

14*55 

*61771 

0807 

547 

593 

+ 114 

(4) 

» 

2 50 to 3 40 p.m. 

12 83 

61706 

*0733 

448 

476 

+ 108 

(5) 


3 40 to 719 p.m. 

1070 

*61611 

0632 

326 

339 

+0 84 

(6) 

(7) 

Aug. 24 

10 am 

5*357 

61103 

0378 

18*5 

18 3 

-0 03 

lL. 

10.30 A m to 12 SOON 

15*46 

*61812 

0870 

601 

659 

+ 105 

(8) 



$& made to take an observation at a temperature of about 800°, bui 
Hot tpite.good enough ; the temperature was allowed to fall again 
were taken:— 
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Table P.-iii. 



Time 

Resistance observations 

Approximate 

temperature. 

Difference 

Ph-fa 

Number of 
observation 

mm 

Hour 

B + z 


Z 

pt 

t 

1886 





O 

a 

O 


Aug. 24 

12 NOON to 1 P M. 

15 55 

61801 



661 

+0-39 

a) 

J9 

1 to 130 p ur. 

14 83 

61775 


562 

611 

+045 

(2) 

9 9 

140 to 2 20 p M 

12 96 

•61702 


455 

484 

+0 51 

(3) 

99 

2 20 to 3 p M. 

10 88 

61600 


335 

34 9 

+0 50 ; 

(4) 

99 

6 30 p m. 

5 51 

61074 


261 

26 

+0 07 

(5) 

Aug. 25 

1115 am 

5 398 

61067 

0379 


20 

0 

(6) 

In steam 

32 NOON to 1 30 P M. 

6 800 

61306 



100 170 

0 

(SO 

Aug 27 
(In ice) 

: 1130 a.m to 130 p m 

i 

1 

5 0537 

60986 

i 

0357 


0 

0 

(8) 


The value of t is taken from the curve i —pt =157 {(z/100) 2 — (z/ 100)}. The 
observations are reduced as follows — 

Let B be the resistance of the wire pt^ B' that of pt z> r the ratio B/B', and % the 
measured resistance of the connecting wires. 

Then r = (B + z) / (B' + z) {1 (?— 1) z/B} (z being small). 

Let r stand for IOO/^Bj/Bq — 1), so that r is a constant exactly analogous to d 0 in the 
case of the air thermometer. 

Then pt x = Tl (B/B 0 — 1); pt z = r 3 (B'/B' 0 — 1). 

And the difference pt z — pt x may be put into a form more convenient for calculation* 
namely, 

“jph = (rg — Tj) (B/Bq — 1) •— r 3 (B/Bq B /B 0 ). ... (T) 

The small difference (t 3 — r x ) may be accurately determined from the observations in 
ice and steam, for we have 

1/ti 1/t 8 — (Bj/Bq — B'i/B q) /100 ; 

whence 

r 8 — Tj = (Bj/Bq — ByB'o) /100, 

and the small difference (B/Bq — R'/R' 0 ) is accurately given by the formula 
(R/R 0 «*• B'/B'q) = B/B 0 (r — r 0 ) /r, where r is the ratio R/B'. The only quantity, 
therefore, requiring the fullest accuracy of observation is (r — r 0 ), the change of r. 
Since this is small, approximate values of the others will suffice. 

From the observations (1) and (2) of Table P.-n. the deduced value of r a — r L is 
6°'36 ; from Observations (7), (8), Table P.—in., t s — r x = 6°*23. These values are 
used in the reduction of Tables P.-n. and P.-m. respectively. A rise of zero 

2 G 
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amounting to nearly 1° C. was caused in each wire by the half-hour’s exposure to the 
temperature of 800° in contact with clay and in the presence of copper, and probably 
tin and zinc The comparison at higher temperatures has to be effected by a different 
method to secure good insulation and guard the wire from contamination, but the 
experiments have not yet been completed. The results of the comparison are shown 
graphically in Plate 13, fig 10. The dotted portions of the curves are somewhat hypo¬ 
thetical, but there is naturally a fam ily resemblance between them. They all show a 
comparatively sudden change (due to pt-^j somewhere between 200° and 300°, which, 
though mna.ll in amount, is distinctly marked; it is in each case followed by a 
flattening due to similar changes in the other wires, differing chiefly in phase A 
similar deviation is also indicated by the most accurate of the air thermometer obser¬ 
vations (see page 221). The differences between different thermometers of pure 
platinum wire are seen to be very small, and to be capable of accurate measurement. 
I do not think they can possibly he due to any constant error affecting the method of 
comparison, as I have been unable to think of any that would at all accdunt for the 
observed phenomena ; but I have procured a stock of various specimens of platinum 
for more extended investigations. ' v 


Comparison of Platinum and Iron. 

The comparisons of platinum and iron wires given in the earlier part of the paper 
were felt to require confirmation. The agreement with the exponential empirical 
formula was so close that I was inclined at the time to think that the deviations from 
it •were errors of observation without meaning Commercial tinned iron wire had 
been used (the tin having been removed with glass paper as far as possible), and 
sufficient precautions had not been taken to avoid oxidation. The wire bad ulti¬ 
mately reached a very steady state, but not until it had become covered with a film of 
black oxide A new comparison coil was theiefore wound with pure iron wire and 
platinum wire No. 2 By an improved method of winding very good insulation was 
secured, and the wire was carefully heated in dry nitrogen and veyy little oxidised. 
(The steam which always escapes from the clay when heated probably produced the 
slight oxidation observed ) The results of this comparison are given in Table F.-n.; 
they are simultaneous mean values of the resistances deduced, as before, from several 
observations at steady temperatures. 

To facilitate the comparison of the two series of observations, the results of the 
&at series are reproduced in Table F.-i., and reduced on the same plan as those in 
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Table F.— i —Comparison of Platinum (No. 1) and Commercial Iron Wire. 
(The observations m this Table are the same as those in Table XI., p. 206 ) 


Resistances observed 

Temperatures deduced. 

Difference 
observed, 
f e i — Ph 

Difference 
calculated 
by formula 
(fe-pt) 

Deviation 
from 
parabola, 
obs. — calc 

Number 

of 

observation 

Platinum. 

Iron 

pti 

t 

At 

i 

i 

o 

0 

O 

0 

O 

0 

c 

0 

C 

0 

o 

0 

(i) 

11225 

1*1732 

35 41 

35 05 

32 8 

- 26 

- 3-5 

+ 09 

(2) 

13453 

1 5263 

99 79 

99 79 

99 79 

0 

0 

0 

(3) 

1-5990 

2 0036 

173 2 

175 2 

190 3 

-I- 171 

+ 19 8 

- 27 

(4) 

19220 

2-7692 

266 5 

273 9 

335*4 

+ 68 9 

+ 715 

- 26 

(5) 

2*2283 

3 6715 

3550 

370 7 

5064 

+ 1514 

+ 150 5 

+ 09 

(6) 

2 5548 

48396 

449 4 

477 9 

726-0 

+2766 

+270 9 

+ 57 

(7) 

2 8840 

62667 

544 5 

5901 

998 4 

+ 454 0 

+433 9 

+ 201 

(8) 

3 0314 

70566 

5871 

6418 

1148 2 

I ! 

+ 5611 

+5216 

+395 

J 

(?) 


The value of £ is given, by the formula 

t - pt = 1 57{(i/100) 2 - (i/100)}. {d) 

The value of the difference is calculated from the formula 

fe - pt = 15*0[(f/100) 2 - (i/100)}. (f e ) 

The temperature by iron wire is given by the formula 

Jq zzz 100(R/R 0 1)/(Pi/B 0 ' l)> 

where Rj/Bq = 1*5274, 


Table F -n.—Comparison of Platinum (No. 2) and Pure Iron Wire. 


Resistances observed. 

Temperatures deduced. ] 

Difference 
observed, 
/Cs - pt 3 

Difference 
calculated 
by formula 
Ue-pt) 

Deviation 
from 
parabola, 
obs — calc 

t 

Number 

Platinum 

Iron 

Ph 

t 

At 

of 

observation 

10610 

10863 

O 

1815 

0 

17 92 

o 

1648 

□ 

— 1 67 

O 

- 2 2 

o 

+ 0 53 

(1) 

13360 

15238 

100 

100 

100 

0 

0 i 

0 

(2) 

1 9578 

2 9777 

2904 

299 7 

377 6 

+ 87 2 

+ 89 7 

-25 

(3) 

2 2088 

3 6914 

359 8 

376-1 1 

513 8 

+154 0 

+155 8 

-18 

(4) 

2 5102 

4 7820 

449 4 

477 9 

7221 

+272 7 

+270 9 

+ 18 

(5) 

2 8578 

t 

1 

6 2825 

5529 

6001 

i 

1 

1008 5 

+455 6 

+4501 

+5 5 

(4 


The formulae are as before, but the values of Rj/Ro are different. (See Obs. (2).) The 
deviations are taken from the last column and set down on Plate IB, fig. 11; the abscissa 
is the approximate temperature by air thermometer; the similarity of the curves shows 
that the resistance-variations of the wires are similar in character. 

Herein we see the treachery of the common empirical foimula. Had we only the 

2 G 2 
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observations in Table II., we might naturally suppose that the parabolic formula 
accurately represented the phenomenon, and that the numbers in the “ deviation ” 
column were errors of observation; and regret that after all our trouble the results 
were so inaccurate On the other hand, had we only the observations in Table F.—i., 
we might be carried away (as I was) with the idea that the exponential formula was 
the true solution of the problem, and that the small deviations were accidental, as in 
this case they very well might have been. But, having both series, F —i. and F.— 11 ., 
in every way independent, and yet exhibiting such a marked similarity, we are led to 
inquire what it means. Each curve is marked by a small subsidiary wave at about 
400° before the final upward rush This is not altogether fanciful, but is just such in 
position and magnitude as would be produced by an irregularity in the resistance- 
variation of the platinum of the order of 1° taking place between 200° and 300°; for 
in calculating the value of t and (fe — pt) we have assumed smooth parabolic 
formulae, which take no account of the small irregularities which are shown to exist 
by the curves of comparison of platinum wires, and one of which is indicated also by 
the air thermometer observations. In the curve F.-il. the phase of this subsidiary 
wave is retarded. Now the curve P.-i., containing the comparison between platinum 
wires (1) and (2), which were used in the comparisons F.-i., F.-n., respectively, 
shows that the curve of pt z is affected by a deviation similar in magnitude and sign 
to that of pt v but taking place about 100° later. If this curious correspondence of 
the curves had been foreseen, the comparisons between the platinum wires would 
have been made more extensive and complete, and, in particular, the form of the 
curves between 100° and 300° would have been carefully explored. 

Professor Tait has observed that at about a dull-red heat the resistance of iron 
increases very rapidly; the thermo-electric and mechanical qualities of the metal also 
change suddenly about this point. It is well known that very slight impurities exert 
a very marked effect on the softening point of iron; we need not be surprised, 
therefore, that the upward rush in the case of F -n does not come within the limit 
of observation, like that of F.-i, I propose to make a direct comparison between the 
wires F.-t. and F.—n. to confirm this. Unfortunately, my first impression on 
reducing the observations was that they disagreed completely; the nature of the 
agreement was not noticed till the apparatus had been dismounted and the wires 
used for other purposes, so that no more observations could be taken with the same 
coils. 


The curves F.—I., F.-il, sufficiently illustrate the futility of applying empirical 
formulae calculated from observations between narrow limits for purposes of extra- 
I have kucwn cases where an empirical formula, calculated by the method 
fpoifps fb^^rvarions at mrywg temperatures with a mermrial thermo- 
fj# ' -Qk been applied to estimate temperatures above 

of a method to be avoided, 
however, the parabolae— 
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R/R 0 = 1 + 0*0045346$ + 0 000007034$ 3 ,.II. 

R/R 0 = 1 + 0 0045658$ + 0 OQ0007082$ 2 ,.I. 

both of which correspond exactly to the formula— 

fe —t = 13*43 {(i/100) 2 — (i/100)}. 


represent the resistance-variations of the wires I. and II. with an accuracy of about 
1 per cent. 

Benoit gives for Iron— 

R/R 0 = 1 +0 004516$ + 0 000005828i 3 ; R 2 /R 0 = 1*5099, 

for Steel— 

R/R 0 = 1 + 0*004978$ + 0*000007351$*, BJRq = 1*5713. 

These correspond to 

fe — t= 11*43 {($/100) 3 — ($/100)} . (Iron) 

and 

fe-t= 12 87{(i/100) 2 - ($/10Q)} . (Steel) 

respectively. 

Matthiessen, by observations between 0° and 100° with a mercury thermometer, 
found for very pure iron the formula 

Rq/R = 1 — 0051182$ + *000012915$*, 

whence Ri/Ro “ 1*6197. But this kind of formula is quite inadmissible for extra¬ 
polation, as it makes R a maximum when i = 198°. Between the limits 0° and 
100° C, the formula of the parabolic type which agrees most nearly with it is 

/e— $ = 12*74 {(i/100) 0 — (i/100)}. 

He similarly found for two specimens of commercial platinum, between 0° and 100°, 

R 0 /R = 1 — *0027225i + *000005776$ 3 . , (1); whence 'R l fR 0 = 1*2730. 
R 0 /R = 1 — *0025777$ + *000005054i 3 . . (2), whence Ri/Ro = 1*2613. 

Wire (1) at 50° gives pt = 50 70. No. (2) gives pt = 50*20. These differ hy half 
a degree, whereas the pure wires of Tables P give pt = 50*40 approximately, and differ 
by only one or two hundredths of a degree. Matthiessen’s formula (1) makes R a 
maximum when $ = 236°, and is of course inadmissible for extrapolation* 

Comparison of Platinum, and Platinum-Silver Alloy . 

This is of little interest, except that the platinum-silver wire is used for standard 
resistance-coils. It is quite unsuited for thermometry, because of its small coefficient 
and variable composition. 
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The resistance of the platinum-silver wire was found to be increased about 5 per 
cent, by ann ealing for three hours at a red heat till it reached a steady state, while its 
mean coefficient between 0° and 100° fell from *000279 before annealing to *000236 
after. For this reason it seems desirable that the wire used in the construction of 
standard coils should be well annealed 

The resistance-variation of this specimen of platinum-silver between 0° and 650° C. 
was well enough represented by the formula 

E/R 0 = 1 + ‘00023272 + 0*0000000332 3 . 


Comparisons at High Temperatures. 

The coil used in the experiments recorded in Table P.-I., p. 202, was tried in the 
porcelain tube alone, without the iron tube, at the highest temperature the gas-furnace 
would produce with the air blast. The insulation was too bad and the thermo-electric 
effects too large to allow of accurate measurements and so, when the apparatus cooled, 
a copper tube was inserted mside the porcelain. On again heating the tube the 
thermo-electric effects had disappeared, but the resistance was found to change 
enormously. When cold, the resistance of the wire was doubled, and it had become 
quite brittle. The copper tube came out as bright as if it had been heated in 
hydrogen; metallic copper was deposited all over the cooler parts of the electrodes 
and terra-cotta; the porcelain tube was bent with the heat. It is, therefore, 
necessary to try some other method at high temperatures The apparatus is not yet 
complete, but promises well. I hope soon to be able to extend the comparisons 
accurately to 1000° at least* 


Note. 


* [The experiments on surface condensation, mentioned on page 181, were not sufficiently 
precise to be applied to the case of the air thermometer; they only served to confirm 
the result© of recent experiments, to show that the phenomenon is dependent in great 
measure oh the past history, and to emphasise the importance of eliminating aqueous 
vapour and C0 2 * It has not been thought worth while to use Equation (E), p. 179, in 
reduction of the observations, partly because they are not yet sufficiently accurate, 
,beeau£te it Kt doubtful whether Equation (E) itself is strictly applicable 
of the experiments on which it is founded. The corrections it 
IS© errors of observation, and anyone who thinks it 
i^-My 11, 1887*] 
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VII. On the Distribution of Strain in the Earth’s Crust resulting from Secular 
Cooling ; with special reference to the Growth of Continents and the Formation of 
Mountain Chains. 

By Charles Davison, M.A , Mathematical Master at King Edwards Sigh School, 

Birmingham. 

Communicated by Professor T. G. Bonney, D.Sc ., F.R S. 

Received April 7,—Read May 5,1887. 

(1) The reasoning of this paper is based upon the results of Sir W. Thomson’s and 
Professor G EL Dar^vin’s well-known and independent researches on the rigidity of 
the Earth, upon Sir W. Thomson’s investigation on the secular cooling of the Earth, 
and, lastly, upon the beautiful contraction theory of mountain evolution which these 
researches lead up to and support. Its objects are to determine the distribution of 
strain in a solid globe resulting from secular cooling, and to examine the effects 
which this distribution must have upon the form of the great features of the Earths 
surface. 

In the first part of the paper I shall suppose the Earth to be bounded by a smooth 
spherical surface, and to be made up of a very great number of very thin concentric 
spherical shells, each shell being so thin that the loss of heat throughout it may be 
considered uniform. In the latter part the effects of inequalities on the Earth’s 
surface upon the results so obtained will be alluded to. The argument urged 
against the contraction theory by the Bev. Osmond Fisher will also be incidentally 
considered. 


I. The Distribution of Strain in the Earth’s Cntst resulting from Secular Cooling. 


(2) In bis memoir on the secular cooling of the Earth, Sir W. Thomson works out 
the case of the conduction of heat in “a solid extending to infinity in all directions, 
on the supposition that at an initial epoch the temperature has had two different 
constant values on the two sides of a certain infinite plane/’ and he shows that, for 
“ a globe 8000 miles in diameter of solid rock, the solution will apply with scarcely 
sensible error for more than 1,000,000,000 years.” The solution, he gives is 


v = v 0 + 


2 V r*/ 2 ^**) 
vT-nOJ) 


dz . ; 


29.8 87 
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where “ k denotes the conductivity of the solid, measured in terms of the thermal 
capacity of the unit of hulk; V, half the difference of the two initial temperatures; 
v Qi their arithmetical mean; t, the time; x, the distance of any point from the middle 
plane; v, the temperature of the point x at time t.”* 

(3) Differentiating v with respect to t, we obtain 

dv__ _ * . -tf/ixt 

dt 2 V / ('me) 5 

the rate of cooling at the point x at time t. Differentiating this expression with 
respect to x, we find 

V 1(* 1 \ e 

dccdt 2 v /(7r/c) t'\2/ct ) 


Hence (Pvjdxdt is equal to zero when x = x /(2Kt). In other words, at any given 
epoch, the rate of cooling is a maximum at the depth for which x is equal to (2/rt).t 

Hence the rate at which any shell parts with its heat increases to a certain depth 
below the Earth’s surface, where it is a maximum, after which it decreases towards the 
centre, and the depth of the surface of greatest rate of cooling is continually 
increasing, and varies as the square root of the time that has elapsed since the 
consolidation of the globe* 

(4) Consider any two consecutive spherical shells below the surface of greatest rate 
of cooling. Since the upper shell cools the more rapidly, its inner surface would, if 
free, contract more than the outer surface of the shell below; but, being forced to 
remain of the same radius as the latter after its contraction, it follows that the upper 
shell must be stretched or rent in order to rest upon the lower. Owing to the great 
pressure at that depth, and also to the slow rate of cooling, there can be little doubt 
but that the upper shell will be stretched and not rent. 

Consider, again, two consecutive shells above the surface of greatest rate of cooling. 
In this case the lower shell cools the more rapidly; the inner surface of the upper 
shell, if free, would not therefore contract so much as the outer surface of the shell 
below. The upper shell must then either be stretched less than the lower, or must 
be crushed and folded in order to rest upon it. It will be shown afterwards that, 
above the surface of greatest rate of cooling, the amount by which each shell is being 
stretched gradually diminishes towards the surface of the Earth, until at a certain 
depth it is zero (the shell at this depth being now unstrained through cooling), and 
outside this depth, every shell is being crushed or folded. 

£ * 


? 4 j & € j 


Soo*Traas^ voL 23,1864, pp. lSl^-162; Thomson and Tait’s ‘Natural Philosophy,’ 



of »T&fter by Professor GK H. Daewin on “The Formation of 
Earth,” published in * Nature,’ Feb. 6,1879 (vol. 19, p. 313). 
the depth at which the rate of coobug is greatest is about 63 miles 
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Hence folding by lateral pressure takes place only to a ceHain depth below the 
Earth’s surface; at this depth it vanishes , and } passing through it downwards , folding 
gives place to stretching by lateral tension* 

(5) In order to find the depth at which folding by lateral pressure vanishes, 
I propose to solve the following problem — 

A globe, of radius r, is surrounded by a number of concentric spherical shells, 
called A 1} Ao, A a . . , of thicknesses a lt a^ a s . . ., respectively The globe remaining 
at its initial temperature, the shell A x is cooled by tf 9 the shell Aj by tf m the same 
time, and so on. The linear coefficient of expansion being e, and the same for all the 
shells, it is required to find the distribution of strain resulting from this method of 
cooling. 

[(6) Consider the shell A^ If the globe were absent, the radius of its inner 
surface would become r (1 — et^. It is, however, obliged to remain of radius r, and 
it must, therefore, be stretched. Assuming the stretching to be uniform throughout 
the shell, and expressing the fact that the volume of the shell after cooling tf is 
equal to its original volume multiplied by 1 — 3 et v it will be found that the radius of 
the outer surface of the shell is 



where 


r x = r + cq 


Proceeding in a similar manner with the other shells, and remembering that the 
radius of the inner surface of any shell after cooling must be the same as the radius 
of the outer surface of the shell below after its cooling, then the radius of the inner 
surface of the shell A rt+1 becomes 


(r « 3 — i s ) et n + (r* _! 8 — r„_ 3 s ) et n -i + + fo 3 — **) et Y 

r » ~ -JT3- 

' » 

How, let «! = %=...= a; also let t x = St 0 , t z — t x = $t x , . . £*+i — £„ = St n . 
If the shell A„ +1 had been allowed to contract, as if the globe and n interior shells 
were absent, the radius of its inner surface would have been (r -f- na) (1 — e£* +1 ). 
Hence the amount by which a great circle of the inner surface of this shell is 
stretched is proportional to 

777-—r s [(?' + ra&) 3 & n + (r-f w — l.a) s .§ 4 _i+ • . - 

T Old) 

that is, if the shells be supposed infinitely thin and infinitely great in number, to 

« _r +m **-dz 

(r + ?Ul ) 3 J r ds 

# Whilst folding and. crushing by lateral pressure must be accompanied by a development of heat, as 
pointed out by Mr. R Mallet and others, Btretching by lateral tension, on the other hand, must be 
accompanied by a cooling of the masses stretched. 

MDCCCLXXXVn.—A. 2 H 
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If this expression for any shell he negative, then that shell will he folded and not 
stretched ] # 

(7) Comparing the above with the notation used by Sir "W. Thomson, it will he 
seen that t is proportional to his dv/dt ; his x corresponds to c — z, where c is the 
radius of the Earth, and z is the distance of any point from the centre of the Earth. 
Hence the dt/dz of the preceding paragraph is proportional to — [d/dx) (dv/dt) in Sir 
W. Thomson’s notation. 

Now 

— f—\ — _ — _ . \ (— — i\ 

dx\dtj 2 y (ttk) 1 


Substituting in the integral in § (6), we have 


^»+i — 




$ (r + na) % 




where fi is a constant. 

No practical use can be made of this expression, and we are, therefore, obliged to 
return to the last expression in § (6), in order to find the radius of the shell which 
experiences no strain through cooling. 

(8) If, in the expression for dv/dt in § (3), we put x = 2^/ (id) z, we find that, at 
any given time, the rate of cooling is proportional to ze~*\ At the depth where the 
rate of cooling is greatest (for which z = \ js / 2) the value of z e - * 8 is *42888. 
Again, at the depth for which z — 4*00, the value of this expression is *00000045014. 
Hence, at any time, the rate of cooling at the latter depth is about one-millionth of 
its value where it is greatest. For our present purpose I shall, therefore, assume that 
below the depth for which z = 4*00 the rate of cooling is practically insensible, and 
it will he seen afterwards that the quantities neglected do not appreciably affect the 
results. 


If the temperature of melting rock be 7000° F., the consolidation of the globe may 
have taken place about 98,000,000 years ago; but, as Sir W. Thomson remarks, “we 
are very ignorant as to the effects of high temperatures in altering the conductivities 
and specific heats of rocks, and ,as ; to their latent heat of fusion. We must, therefore, 
allow very wide limits hi such an estimate as 1 have attempted to make; but I think 


we may with much probability say that the consolidation cannot have taken place less 
than 20,000,000 years ago, or we should have more underground heat than we actually 
. havet, nor more than 400,000,000 years ago, or we should not have so much as the 
| underground increment of temperature. ”t 

brackets (added June 21, 1887) are abridged from tie proof 
;<s)jnfctraieaffced to the Society, partly because tbe proof there given was 
and more elegant proof is given, in tbe note following 

160-161 j ‘Natural Philosophy*’ App. D., §§ (y), (2). 




EARTH’S CRUST RESULTING FROM SECULAR COOLING. 


235 


If the time that has elapsed since consolidation he taken as 174,240,000 years, the 
depth for which % — 4*00 is 400 miles. For simplicity, let us adopt this value for 
the present. 

(9) The radius of a sphere equal to the Earth in volume being about 3959 miles, I 
therefore suppose the Earth at the present time to be made up as follows —A central 
globe, 3559 miles in radius, at a temperature of 7000° F., which as yet has not 
sensibly cooled; surrounded by 400 concentric spherical shells, each one mile in 
thickness, the rate of cooling in each shell being uniform throughout, and equal to its 
value at the outer surface of that shell. On these assumptions I have calculated, from 



the last expression in § (6), the proportional amounts by which the four hundred 
shells are stretched or folded. 

The results of the calculation are shown in the accompanying figure, in which the 
dotted curve represents the rate of cooling, at the time considered, from the surface 
down to the depth for which % = 2*55, and the continuous curve represents, at the 
same time, the amount by which a great circle of any shell is being stretched ox 
folded, the folding by the part of the curve to the left of the axis Or, and the 
stretching by the part to the right. 


2 H 2 
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( 10 ) The continuous curve also represents approximately the volume that, in a 
given time,*,is stretched or folded of any shell. For, let r be the radius of the 
internal surface of any shell, a its thickness; let r' and a be what these values would 
naturally become by cooling if the shell were isolated; and let r' + 8 be the radius of 
the globe on which this shell is obliged to fit, 8 being small compared with r If the 
shell were isolated, its volume after cooling would naturally be 4irr'V. But the 
volume of the shell of radius t + 8 and thickness a! is bird (r /2 -f- 2 r' 8 ). Hence the 
amount of the shell that is stretched or folded is equal to — 87 raV 8 , the shell being 
stretched or folded according as 8 is positive or negative. This expression, at a given 
time, varies nearly as 8, and therefore the continuous curve of the figure may be 
considered to represent very fairly the amount of rock stretched or folded at any 
depth. 

(11) Without attributing much weight to the numerical results of these calcula¬ 
tions—for, on account of our ignorance on many points, they are given rather for 
their qualitative than their quantitative value—the following conclusions may be 
deduced from them, taking t provisionally at 174,240,000 years — 

1. Folding by lateral pressure changes to stretching by lateral tension at a depth 
of about 5 miles. 

2. Stretching by lateral tension, inappreciable below a depth of about 400 miles, 
increases from that depth towards the surface; it is greatest at a depth of 72 miles, 
that is, just below the surface of greatest rate of cooling ;* after this, it decreases, 
and vanishes at a depth of about 5 miles. 

3. Folding by lateral pressure commences at a depth of about 5 miles, and 
gradually increases, being greatest near the surface of the Earth.t 

(12) Since, at the depth at which folding by lateral pressure vanishes, the thin 
spherical shell cools and naturally contracts without straining, it follows that the 
folding of the outer crust is exactly the same as it would be if the whole globe 
beneath the unstrained shell were to cool uniformly throughout, and at the same rate 
as at the unstrained surface. 

It will be seen, in the next paragraph, that the depth of this surface increases with 
the ifime since consohd^tl<|m . Hence a part of the crust at one time stretched by 
lateral tension may at Ifeto jMod be folded hf lateral ^pressure. 


* If i = 174,240,000 years, the depth of the surface of greatest rate of cooling is about 71 miles As 
fbe surface of greatest stretching should he just below the surface of greatest rate of cooling, this close 
K ~ 1 orfmation indicates the degree of accuracy of the assumptions made in § (9). 

depth to which crust-folding extends may, perhaps, he considered as an argument 
theory on ihe hypofhesis of solidity, inasmuch as room is apparently not afforded 
«£thu*ted thicknesses of 40,000 feet in the Alleghany Mountains 
14 assuming such estimates to be correct, it should be 
afeelhhas been calculated on the supposition that the 
1 it is probable that the existence of the surface 
enough to bury ihe thickest known masses of sediment. 
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(13) Let us suppose, for a moment, that the rate of cooling is always inappreciable 
at the depth for which % — 4*00, i.e., for which x = 2*f(ict) . 4*00. This depth is 
continually increasing, and varies as the square root of the time that has elapsed 
since the consolidation of the globe. Dividing the crust above this depth always 
into the same number of spherical shells, the thicknesses of these shells therefore 
increase m proportion to the square root of the time. Now, the rates of cooling of 
any two particular shells have at any time the same proportion to one another, and 
therefore the proportional values of 8 z 0 , 8 ^, Si 3 , . . . , in § ( 6 ) are always the same. 
But the cubes of the radii of the shells above the surface of greatest rate of coohng 
diminish hi a less ratio, as the time increases, than the cubes of those below that 
surface; so that the depth of the unstrained surface would increase m a proportion 
rather greater than the square root of the time. On the other hand, the rate of 
cooling of any particular shell varies inversely as the time f" and, although at any 
time, the rate of cooling at the depth for which z = 4 00 is always about one- milli onth 
of its rate at the depth where it is greatest at that time, yet in early periods the rate 
of coohng might be sensible at a depth greater than that for which z = 4'00. This 
would have the effect of shghtly diminishing the proportion alluded to above. Hence, 
within certain limits, it is true that the depth of the unstrained surface increases as 
the square root of the time that has elapsed since the consolidation of the globe . 

From the value given m § ( 11 ) we can therefore determine approximately the depth 
of the unstrained surface at any other time. 

If we assume, as is generally done in the theory of the Conduction of Heat, that #e, 
the rate of conductivity, is independent of the temperature, then the rate of coohng of 
any particular shell varies only when the time changes, and therefore the depth of the 
unstrained surface is, at any time, independent of the initial temperature of the 
globe. 

(14) Making use of the conclusion of the last paragraph, we can also determine 
approximately the law according to which the amount of rock stretched or folded in a 
given tim e changes. Considering any shell above the unstrained surface, the amount 
of it folded in a given time has been shown, in § (10), to be SnaY 8 . Now, approxi¬ 
mately, r' may be considered constant, 8 to vary inversely as the tune, and a' directly 
as the square root of the time; so that 87 raY 8 varies nearly inversely as the square 
root of the time. This is the case with every shell above the unstrained surface, and 
therefore with the total folding of all such shells. Hence folding by lateral pressure 
ivas effected most rapidly in the early epochs of the Earth's history , and t since then , the 
total amount of rock folded in any given time decreases marly in proportion as the 
square root of the time increases 

(15) The same law being approximately true of the total amount of rock stretched 
by lateral tension, it follows that the ratio of the amount of rock stretched to the 


* For <fo[dt = — V/ s/ir . z 1 ft, which varies as lIt, since »is a constant for any particular shell. 
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amount folded in a given time is very nearly constant, but in reality slightly 
diminishing as the time increases. 

Hence the ratio of the areas contained by the parts of the continuous curve in the 
figure with the axis Ox, to the right and left of that axis, may be considered to 
represent roughly the ratio of the total amount of rock stretched to the total amount 
folded since the earth solidified.* 


II. The Rev. 0. Fisher ’s Argument on the Insufficiency of the Contraction Theory, 


(16) It may be well here to refer to the objection urged against the contraction 
theory by the Eev. 0. Fisher, an objection which has by some been considered 
conclusive against either the contraction theory, as usually held, or the assumptions on 
which that theory is founded. In its latest form this argument will be found in 
a paper in the ‘Philosophical Magazine’ for February, 1887.f Briefly it may be 
summed up as follows — 

Mr. Fisher’s argument is based on the assumptions that, initially, the Earth was 
practically solid, its surface spherical, and its whole mass at the high temperature of 
7000° F. throughout; and that it cooled down from this condition to that implied by 
Sir W. Thomson's solution. Further, he takes the case which he considers most 
favourable to the advocates of the contraction theory, and supposes that each 
spherical layer, m sinking down by reason of the .cooling of the mass beneath, 
maintained its horizontal extension, so that the whole of the compression, introduced 
by its having to fit on the shrunken nucleus, was rendered available for producing 
corrugations. He thus finds that “if all the elevations which would have been 
produced by compression, through the contraction of the Earth cooling as a solid, were 
levelled down, they would form a coating of about 900 feet in thickness above the 
datum level, which would be the surface, had the matter of the crust been perfectly 
compressible, so that compression would not have corrugated it.” He concludes, 
therefore, that, “if we take into consideration the land and the ocean-basins, the 
existing inequalities of the surface are greater than can be accounted for by the 
theory of compression through contraction by cooling of a solid globe, even upon the 
toe highly favourable suppositions madp in the present paper.” J; 

This argument seems to me inconclusive on several grounds. 


* Roughly, this ratio is about 340 to 1* But this relates only to folding resulting direotly from 
secular cooling, the surface of the Earth, being smooth and spherioal. The total amount of rook-folding 
must, of-course, be far in excess of that indicated by this ratio; see footnote to § (23) 

kjQa&. the Amount of the Elevations attributable to Compression through the Contraction during 

* Rh&, Mag.,’ voh 23,1887, pp. 145-149. *The original form of the argument 
** th® inequalities of the Earth’s Surface viewed in connection with the 
khiTRSans./ vol. 12,1879, pp. 414t~433, and m * The Physics of the 
Ms: JpeSafeo a letter to * Nature,’ Nov. 23,1882 (vol. 27, pp 76-77) 
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(17) First, tlie problem investigated is not one according to nature. For it takes 
no account of the time during which the cooling has taken place, and, therefore, 
bemg independent of the time, the effect must be the same as if the cooling were 
suddenly accomplished. But sudden cooling involves the impossible supposition that 
k, the rate of conductivity, should be infinite 

(18) But, again, let us for a moment imagine that the temperature of the Earth’s 
crust (supposed solid) did suddenly change from a uniform one throughout to its 
present condition as given by Sir W. Thomson’s solution. Let us further assume the 
Earth’s surface to have been initially spherical, and the Earth to be divided into a very 
great number of very thin shells by spheres concentric with the Earth; the shells being 
so thin that the cooling throughout each may be considered uniform. 

Then the loss of heat experienced by any one of these shells is V — v, where V was 
its initial and v is its present temperature. And, as v increases with the depth from 
the surface, it follows that V — v diminishes as the depth increases. 

Consider any two consecutive shells. Since the upper shell is cooled by the greater 
amount, its inner surface would, if free, contract more than the outer surface of the 
shell below; but, being forced to remain of the same radius as the latter after its 
contraction (and straining), it follows that the upper shell must be stretched in order 
to rest upon the lower 

The same reasoning applies to every pair of consecutive shells from the greatest 
depth at which V — v is a sensible quantity to the very surface of the Earth. Hence, 
on the assumption of sudden cooling throughout the whole of the Earth’s crust that 
has so far undergone cooling, there ought only to be crust-stretching by lateral 
tension, and not any crust-folding by lateral pressure. 

But, as shown above m § (11), lateral pressure, brought into action by secular 
cooling, does produce foldmg m the Earth’s crust—to a limited depth, it is true, and 
in rock that may already once have been stretched by lateral tension. 

I maintain, therefore, that an argument built up on the virtual hypothesis of a 
sudden cooling of the globe, however favourable to the contraction theory the other 
data employed may be, loses its force when we consider the natural process of a 
continuous and gradual cooling. 

(19) Lastly, even if it were to be proved that the volume of rock folded by lateral 
pressure due to secular cooling is insufficient to produce the existing inequalities of 
land and ocean-basm, it would in no wise follow that the mountain-chains alone could 
not be so produced. And it should be remembered that this is all that is generally 
asserted by the advocates of the contraction theory. Mr. Fisher’s argument assumes 
that the Earth’s surface was initially spherical. But Professor B. Peirce * and 
Professor G, BC. Darwin t have shown that vast wrinkles would be formed on the 

* “ The Contraction of the Earth,” ‘ Natnre/ Eeb. 16, 1871 (vol 8, p. 315), reprinted from the 
#* Proceedings of the American Academy of Arts and Sciences,’ vol. 8. 

f ‘‘Problems connected with the Tides of a Yiscons Spheroid,” ‘Phil. Trans.,’ 1879 (Part 2), 
pp. 539-593. 
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surface of a once viscous Earth by “ the diminution of oblateness arising from the 
diminished velocity of rotation upon the axis ” resulting from tidal friction; wrinkles 
that would be amply large enough to form the foundations of the continental masses. 
In order to prove the insufficiency of the contraction theory, it is necessary, therefore, 
to show that folding by lateral pressure, both directly and indirectly, by acting on 
vast masses of se dim ent, is incapable of producing, not the average height of the 
inequalities of the Earth’s surface, but the total amount of rock-folding in all past and 
present mountain-chains 


III The Effects of Crust-Stretching and Folding on the Evolution of the Earth's 

Surface-Features 


(20) It has been already stated that much weight cannot be attached to the 
numerical results obtained in this paper. They are evidently dependent on the 
assumptions made at the commencement. It should also be remembered that the 
coefficient of expansion (e) has been supposed constant at whatever temperature the 
loss of heat takes place, and there is reason for believing that this is not strictly true. 
And again, it was assumed that, on solidifying, the surface of the Earth was a smooth 
sphere, although by the interference of tidal friction there must previously have been 
raised up masses forming the nuclei which, by continual growth of folded rock and 
mountain-range along their borders, have developed into our present continental 
areas. Clearly the existence of these great masses from the very beg inning must 
have had an all-important influence on the subsequent evolution of the Earth’s surface- 
features. 

(21) “In the case of the Earth,” says Professor G-. H. Darwin, “the wrinkles 
would run north and south at the equator, and would bear away to the eastward in 
northerly and southerly latitudes; so that at the north pole the trend would be 
north-east, and at the south pole north-west. Also the intensity of the wrinkling 
force varies as the square of the cosine of the latitude, and is thus greatest at the 
equator, and zero at the poles. Any wrinkle when once formed would have a 
tendency to turn slightly, so as to become more nearly east and west than it was 
when first made. 


“ The general configuration of the continents (the large wrinkles) on the Earth’s 
surface appears to me remarkable when viewed in connection with these results.” 

And again, indicating a physical cause of continental permanence, he says, “ But, if 
this c&ttse was that which principally determined the direction of terrestrial inequalities* 
|kep the view must be held that the general position of the continents has always 
££ at,present, and that, after the wrinkles were formed, the surface 

. so that the inequalities could not entirely subside 
to the form of equilibrium of the Earth adapted at* 
tby* "With respect to this point it is worthy of remark 
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that many geologists afe of opinion that the great continents have always been more 
or less in their present positions. 

(22) Now, soon after the formation of these wrinkles, that is, in the initial period 
of the Earth's history as a solid, or nearly solid, globe, the unstrained shell must have 
been very close to the surface of the Earth, and the surface of greatest stretching also 
so near to it that stretching by lateral tension must have affected the form of the 
surface features. But, owing to the pressure of the continental wrinkles, the amount 
of stretching under them must have been very much less than under the great oceanic 
areas. Thenceforward, therefore, crust-stretching by lateral tension must have taken 
place chiefly beneath the ocean-basins, deepening them and intensifying their character. 
And, in leading to the continual subsidence of the ocean-bed, it is evidently a physical 
cause of the general permanence of oceanic areas: a cause, it is true, continually 
receding from the surface, and diminishing in intensity with the increase of time, but 
probably even now not quite ineffective. 

(23) Again, the amount of crust-stretching by lateral tension being greatly in 
excess of the amount of crust-fol ding by lateral pressure due to secular cooling, it 
follows that folding beneath the ocean-bed will do little but diminish its rate of sub¬ 
sidence. The effects of folding m changing the form of the Earth’s surface features will 
therefore be most apparent in the continental areas, especially in those regions where 
the change of vertical pressure above the folded layers diminishes most rapidly, i e 
near the coast-lines where the slope towards the ocean depths is greatest. It is 
perhaps worthy of remark that these are the districts where earthquake and volcanic 
action are now most prevalent t 

In the coast regions, moreover, the products of continental denudation are chiefly 
deposited, and the rock-folding due simply to secular cooling produces in vast masses 
of sediment still more crushing and folding. J The direction of the folds will be 
perpendicular to the average slope of the surface above them, i.e., they will generally 
be parallel to the coast-line. Hence the continents will grow by the formation of 
mountain chains along their borders , 

(24) In a given time, the amount of rock-folding resulting from secular cooling was 
greatest in the first epochs of the Earth’s history, and diminished as the time increased. 
It does not necessarily follow that the early mountain ranges were the loftiest and most 
massive, but probably they were , and very possibly also the displacement, by crushing 
and folding, of two neighbouring portions of rock was greatest in early times. But, 

* ‘Phil Trans ’, 1879, pp 589, 590 

t Professor J, Mijike, “Note op. the Geographical Distribution pf Volcanoes,” ‘Geol. Mag.,’ vol, 7, 
1880, pp 166-170. 

J Professor J D Dana thus summarises the history of the Alleghany and other mountain-chains 
“ First, a slow subsidence or geosynohnal.. . and, accompanying it, the deposition of sediments to a 
thickness equal to the depth of the subsidence; finally, as a result of the subsidence, and as the climax 
in the effects of the pressure producing it, an epoch of plication, cru sh i n g, Ac., between the sides of the 
trough.” ‘ Phil Magyol 46,1873, p 49. 
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taking into consideration tlie whole surface of the globe, the process of mountain- 
making diminishes loith the increase of the time , and so also does the rate of continental 
evolution. 

(25) It cannot be said that the contraction theory on the hypothesis of solidity is 
entirely free from objections. Two very obvious ones have already been alluded to in 
the course of this paper, namely (1) The small calculated depth of the unstrained 
surface, especially m early geological periods; and (2) The small proportion of folded 
rock to stretched rock directly produced by secular coolmg. But I do not think that 
these objections are by any means fatal to the theory. Assuming the Earth to be 
practically solid, and to have been originally at a high temperature throughout, I 
believe it may be concluded that the peculiar distribution of strain in the Earth's 
crust resulting from its secular cooling has contributed to the permanence of ocean- 
basins, and has been the main cause of the growth of continents and the formation of 
mountain chains. 


VIII Note on Mr. Davison's Paper on the Straining of the Earth’s Crust in Cooling. 

By G-. H. Darwin, LLD. } F.P.S , Fellow of Trinity College , and 
Plumian Professor in the University of Cambridge. 


Received June 15,—-Read June 16, 1887, 


Mb Davison’s interesting paper was, he says, suggested by a letter of mine published 
in c Nature' on February 6, 1879. In that letter it is pointed out that the stratum of 
the Earth where the rate of cooling is most rapid lies some miles below the Earth's 
surface. Commenting on this, I wrote — 

u The Rev. O. Fisher very justly remarks that the more rapid contraction of the 
internal than the external Strata would cause a wrinkling of the surface, although he 
does not admit that this can be the sole cause of geological distortion. The fact that 


the region of maximum rate of cooling is so near to the surface recalls the interesting 
series of experiments recently made by M. Favre ( f Nature,' vol. 19, p. 108), where 
yi the phenomena of geological contortion were reproduced in a layer of clay placed 
on a stretched india-rubber membrane, which was afterwards allowed to contract, 
tah ndt seem possible that Mr. Fisher may have under-estimated the contractibility 
** m coaling, and that this is the sole cause of geological contortion ?” 

out the suggestion, and gives precision to the general idea con- 
however, that there is a layer ef zero strain in the 
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Earth’s surface, and that this layer, instead of that of greatest cooling, must be taken 
to represent Favre’s elastic membrane 

It appears that the mathematical discussion of the problem in his paper is un¬ 
necessarily laborious, 4 * and he has not made various important deductions as to the 
integral results of distortion and as to the magnitude of the effects to be expected 
I, therefore, offer the following note with the intention of rendering more complete an 
important chapter in the mechanics of geology. 

When a spherical shell expands with rise of temperature, it may be said to stretch, 
in one sense of the word. If the shell were one of the layers of the Earth, such a 
stretching would have no geological effect, for it would merely involve a change of 
density. The term “stretching” then requires an explanation in connection ydth 
Mr. Davison’s paper. The stretching which we have to consider is, in fact, simply the 
excess of the actual stretching above that due to rise of temperature. The negative 
of such stretching is a contraction, and it would actually be shown by a crumpling 
of strata. 

If p be the density of a body, and e its modulus of linear expansion for temperature, 
then it is obvious that when the temperature is raised 6 degrees the density becomes 
p (1 — Zed). Now suppose that a spherical shell of radius r expands so that its 
radius becomes r (1 + a), and suppose that at the same time its temperature is raised 
6 degrees. Then, if h be the modulus of stretching, so that unit length is stretched 
by a length k, we have, in consequence of the above explanation of stretching, 

a = k -J- ed. .(1) 

Now let us consider the geometry of changes in a sphere such that a shell of 
internal radius r, thickness Sr, and density p, expands until its internal radius r 
becomes r (1 + a) and its density p becomes p (1 — Zed). 

The external radius r -j- Sr clearly then becomes 

r (1 +«) + Sr[jL + £ (ra)J . 

Thus the mass of the shell 47rr 3 p 8?’ becomes 

4 irr^p 8r + 2a -j- — (rot) — 3€#j. 

Then, since the mass remains unchanged, we must have 

2a+£(ra)-Se0 = O. 

This “ equation of continuity ” may clearly be written 

£ T (?a) = 3eBA 

* 0/ foot-note, p 234 
2 I 2 
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Substituting for a In terms of tbe modulus of stretching as given by (1), we have 


Hence 


and therefore 


dr 


(kr* + e0r>) = Bedi* . 


d (kr 3 ) = -er 8 ^, 


clr 




where the integral is taken from r down to such a depth that there is no change of 
temperature. 

If, now, 9 represents the rise of temperature per unit time, and if we replace h by 
dKfdt, tbe rate of stretching per unit time, and if we make application of (2) to the 
case of the Earth, and write v for the temperature of the Earth at a depth x below the 
surface, and c for the Earth’s radius, we have •> 


and (2) becomes 




In inserting the limits to the integral, it is assumed that the temperature at the 
Earth’s centre is sensibly constant. 

The amount by which a great circle of radius (c — as) is being stretched per unit 
time is » 


2-7T (e — x) 


dK 
dt * 


This expression, with the above value (3) for dKjdt, is Mr. Davison’s result. 

"We know from Thomson’s solution for the cooling of the Earth that, when x 
exceeds a small fraction of the Earth’s radius the temperature gradient and its rate of 
variation in time are very smaiL Hence, when x is not very small, d*v/dx dt is vary 
small; therefore we may with sufficient approximation replace (c — a?) 3 under the 
integral sign by c 3 — 3c*£c. Outside of the integral we may simply neglect x. Also 
the »limit c of the integral may be replaced by infinity, and this is desirable because 
Thomson's solution is really applicable to an infinite slab and not to a sphere. With 
^l^^f^^jpproxbhaiions we get 
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Integrating, with regard to time, from the time t to zero, we shall get the total 
amount of stretching in the layer x from the epoch of consolidation down to time t. 
Thus 

3a:\ dv , 

■“Tjs * 1 ' • • • 


Now with Thomson’s notation 


(5) 


Since 


r 


“ dv 7 V '* 

x — dx = 


dx 


(jr/cty 


f^-dx = Y-v 
J a* Cf-£C 

jg — Z 

dx (TTKt)* * 

f xe~* li,ct dx = — 76 "^ = 2 /tf dv 

j X 


(7TKty 


dx 


Hence (5) becomes 


_ r_ T 6 nt dv 1 

r=e|v-«- T -c-j 




( 6 ) 


This expression gives us the total amount of contraction since consolidation in 
terms of the temperature and the temperature gradient. I shall return to this 
expression later. 

Differentiating (6) with respect to the time, we have 


But 


Hence 


or 



dK -*\ 

dv 

6k dv 

6 xt dH 1 


dt L 

dt 

c dx 

c dxdt\ 

* 

II 

•SIS 

x dv 

2 1 dx 3 

and 

cPv 

dx dt 

II 

£1-* 

i 


dv 

dx 


dK _ 

£ 

dv 

~x 

12 Kt 

dt 

2t 

C dx 

c 

c 3 

dK ___ 

e 

dv 


3x? 

dt 

2t 

° dx 

c c 8 


( 7 ) 


When x exceeds more than a small fraction of the Earth’s radius dvjdx is very 
small; hence in (7) we may regard xjc as small, and write the equation 


e dvfx 6k f 

n -cr ■ 


dK _ 
dt 2 t" dx\c 


x 6 k f 

e~‘~J J' 


(8) 


* If a had not been treated as small, we should have got 

2 a fc 3 —(o-g) 3 


,c(cS + 6*f) 2 a p*-(„-*)* , A ,1 ^ 

— C^?L- i - +4rf J e s 


and it is easy to see that this leads to the same result as the above for all practical purposes. 
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When x — 0, dKjdt is negative, and hence at the surface there is contraction or 
crumpling The cr ump ling continues for some depth downwards, and vanishes when 

X §Kt 

c~ir 

Taking, with Thomson, the foot and year as units, k appears to he about 400; if, 
therefore, i is r million years, Kt = 4 X 10 8 t. Now, c being 21 X 10® feet, 
kt/c 2 = r/10 6 approximately, and 

24 x 10 8 „ , 

X ~ 21 x 10“ r feet ’ 

= 114 r feet. 

If r be 100, x — 2 miles. 

Thus, if the time since consolidation be 100 million years, the present depth of the 
stratum of no strain is 2 miles, and the depth is proportional to the time since con¬ 
solidation. With a greater value of k the depth is greater 

With regard to the value of dKjdt at greater depths, we observe that at a few 
miles below the stratum of zero strain 6/cf/c 3 becomes negligible compared with xjc. 
Hence dKjdt is approximately proportional to x dv/dx. Now, if we take the figure 
drawn in Thomson and T ait’s ‘ Is atural Philosophy,’ Appendix D, and augment or 
dimmish each ordinate NP' proportionately to the corresponding abscissa, it is clear that 
we shall get just such a curve as that drawn by Mr. Davison. His curve might thus 
have been drawn without any computations at all. The function x dv/dx is pro¬ 
portional to dvjdt, and thus his dotted curve is of just the same kind as the other, 
excepting close to the surface. 

Now let us return to the expression for the integral stretching, viz..— 


We have 


TJT /tt \ 6/rf dv~ 

fr-v)- T c- . 

I— _J 


dv Y ... 

-- - - p~&j±Kt 

dx (tta:£)* 


.. (9) 


Sence, if be small and t large (both of which conditions apply to the present 
lame near the Earth’s surface), 

dv Y 



dx (mrf)* 


. . ( 10 ) 


such values as those with which we have to deal, 
durg that it increases with the time. 
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Hence, for fche upper layers, we have approximately 

iT= e (V — z>). . . . . . . . (II) 

Thus it appears that the integral effect is always a stretching, and that it is the 
same in amount at whatever speed the globe cools. The fact that, if the globe cools 
suddenly, the integral effect must be stretching has been pointed out by Mr Davison. 
If we differentiate (10), we have 

— — f ^ 3* Y 1 

dt dt C (7T7rf)*J 

But 

dv x dv 

dt 2 t dx* 

and, near the surface, 

dv _ Y 
dx ( 7 TKty 

Hence 

dK _ dv I x 3 k\ 

dt € dx \2i c ) 

e dv ix 6 k€\ 

2t C dx \c c 3 / * 

and thus we find equation (8) again, as ought to be the case This may also be 
written— 

dK _ e Y / 6 acA 

dt 2t (iTKtf “ TJ * 

We must now see whether the amount of crumpling of the surface strata can be 
such as to explain the contortions of geological strata. 

It must be borne in mind that, from a geological point of view, contraction is not 
the negative of stretching. When a stratum is stretched it may peihaps be ruptured, 
and rock may be squeezed up into the crack, at least for the strata which are very 
near the surface, and therefore not under great pressure; but when compressed the 
stratum is no doubt crumpled. Hence it is insufficient to know that the integral 
effect from the time of consolidation is a stretching; for that stretching may be merely 
the excess of a stretching over a crumpling. How we have found above that the 
depth of the stratum of no strain is given by 

6td 

x =— * 

0 

Hence, at the time t', given by if = cx/6k, the surface of no strain was at depth x i 
and at all later times than t' the surface of no strain lies deeper. Therefore, to find 
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the total amount of crumpling at any depth, we require to find the integral effect 
taken from t' to t, which is greater than 

The integral stretching from consolidation to time t is 

jr= E [v-«-“ f:]. 


Now near the surface v is nearly equal to v Q + & 



hence 


But 


Hence 


2T=e(V-<; 0 )- 




Y 

(w/cty 


Q—aP/iKt 


Y 

(TTKty 


near the surface. 


K=*(Y-v 0 )- 


eV 

(toc)* 



( 12 ) 


At the time t\ given by t' — gx/6 k, 


K=,(Y- Va )-^ Q*+ **(f)*] = e(7 ^ v 0 ) 


eY 

0™) 1 



(13) 


This gives the total stretching from the time of consolidation until the surface of 
no strain has got down to x. 

If, therefore, we subtract (13) from (12), we get the total stretching between the 
time t' and the time t, and the result is obviously— 


This is clearly 




This expression is essentially negative, and therefore the total effect from t' to t is 
‘ & crumpling, as was foreseen. 

crumpling vanishes at the same place as does dKjdt, that is to 
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This, we have shown above, will be at a depth of 2 or 3 miles. The amount of 
crumpling at the surface is given by putting x = 0, and 

jr 6/et do 

K ~ “ e T~ dx' 

Now we have seen that, if r be the number of millions of years since consolidation, 

— = 114 r feet, 
c 

and 

^ = 0°*02 Fahr. per foot. 

Hence 

K= — re X 2*28. 

The total amount by which a great circle is contracted is 25,000 K miles; and, 
judging by the coefficient of expansion of metals, e may be about 5 X 10“ 5 . 

Thus, with these rough data, the amount of crumpling of a great circle of 
radius c is 

2 ttcK = t X (J^ X (2 5 X 10 4 ) X 2 28 = 2 85 mules. 

Thus, in 10,000,000 years, 28J miles of rock would be crumpled up. 

The area of rock crumpled is 4 ire 2 .2 K t and with these numerical data 

47tc 2 .2 K = 4c (2irc K). 

Now c — 4000 miles, and therefore 

4irc 2 .2 K = 22,800 r square miles. 

Thus, in 10,000,000 years, 228,000 square miles of rock will be crumpled up and 
piled on the top of the subjacent rocks. 

The numerical data with which we have to deal are all of them subject to wide 
limits of uncertainty, but the result just found, although rather small in amount, is 
such as to appear of the same order of magnitude as the crumpling observed 
geologically. 

The stretching and probable fracture of the strata at some miles below the surface 
will bave allowed the injection of the lower rocks amongst the upper ones, and the 
phenomena which we should expect to find according to Mr. Davison’s theoiy are 
eminently in accordance with observation. It therefore appeals to me that his view 
has a strong claim to acceptance. 

2 K 
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IX. Transmission of Sunlight through the Earth's Atmosphere. 

By Caft. W. de W. Abney, R.E., F.R.S. 

Received February 17,—Read March 10,1887 

It will be in the recollection of the Royal Society that early last year General Resting 
and myself brought forward a method of colour photometry, which is described in a 
paper in the ‘Phil. Trans./ 1886. 

In a postscript, dated June, we added a description of a somewhat modified 
apparatus in which any variation in the intensity of the light producing the spectrum 
under measurement was equally reproduced in the comparison-light 

This was effected by causing a part of the light which passed through the slit of 
the spectroscope to act as the comparison-light. For the sake of easy reference the 
diagram of the modified apparatus is repioduced in this paper. 
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R, R, are rays coming from a heliostat, and a solar image is formed by a lens on 
the slit Sj of the collimator C. The parallel rays produced by the lens L 2 are partially* 
refracted and partially reflected. The former pass through the prisms P lt P s , and are 
focussed to form a spectrum by a lens L 3 on T), a moveable screen, in which is a slit S 2 . 
The rays coming through S 3 are collected by a lens L 4 to form a monochromatic image 
at F of the near surface of the second prism. When D is removed the image of the 
surface of the prism is white, obtained by tilting the lens L 4 at an angle as shown. 

The reflected rays from P 2 fall on G, a silver-on-glass mirror. They are collected 
by L s , and form a white image of the prism, also at F. 

At M is a small electromotor carrying a disc with moveable sectors, so that any 
amount of incident light may be cut off. 

By this arrangement both the comparison-light and the spectrum itself are formed 
by the light coming through the slits. 


§ I. Graduation of the Sectors. 


As the intensity of the comparison-light can only be altered by opening or closing 
the sectors of the rotating discs, it is essential that their graduation shall be good. As 
a matter of fact, the circles were carefully divided, but the graduation was only regarded 
as sufficiently accurate when the aperture used was more than 5°, since for very small 
angles the ratio of any small error in graduation to the aperture used might then 
not be negligible, which it would be where the aperture was fairly large. As it almost 
always happened that coloured light had to be measured, which was very much 
dimmer than the comparison-light diminished by an aperture of 5° in the discs, it 
became necessary to adopt some other means To accomplish this, one of the two 
following methods was employed 1st, either the light was absorbed by means of 
coloured glasses; or 2nd, a mirror of unsilvered glass was used. Both of these plans 
enabled readings of coloured light of feeble intensity to be measured with apertures of 
the rotating discs, commencing at 90°. With such modified reflected light it was 
rarely necessary to close the sectors to less than 5°. The glasses used were red, green, 
blue, or violet, Repeated experiment having shown to General Festing and myself 
that it makes no difference in the result what colour the comparison-light may be. 
In every case the ratio of the diminished intensity to the original intensity of the 
comparison-light was determined, and the measures of the former reduced to the scale 


* of the latter. It has been almost a surprise to find what great accuracy can be 
att&med ha. reading by the new method. It is a matter of the greatest ease to read* 

of the mean of a series of observations when the source of illumi- 
the loefchred shadows are so steady that the very slightest move- 

on <* p^^ed. 
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§ II. Method of observing with Sunlight. 

During tlie whole of these observations but one instrument was used, so that they 
compare absolutely with each other. A silvered surface was used to reflect the sun¬ 
light on to the condenser, and the image of the central portion of the sun’s disc was 
focussed on the slit and kept upon it. It became a matter of importance that the 
mirror should remain untarnished, as General Festing and myself have found that 
tarnish materially alters the proportions of the reflected rays. These results we 
intend to bring forward shortly. 

§ IIL Times and Places of Observation. 

From November, 1885, to January, 1887, at my laboratory at South Kensington, on 
every possible occasion when my official duties would allow, I have taken observa¬ 
tions of the colour composition of sunlight. But as those before June 1886 were 
taken by our first plan, I have not included them here. Where my laboratory is 
situated, m South Kensington, the E.NE., E, and S.E. are quarters in which the 
densest parts of commercial London are situated, and consequently, if a wind from 
any of these quarters prevails, the observations are liable to be marred by smoke; but 
to the N.N.E, N., N.W,W., and S there is a comparative freedom from any such 
source of error; and with a wind blowing from those quarters the sky can be as 
blue as it is in the most uninhabited part of the country. This is important to 
remark, since it may be thought that the neighbourhood of a big city like London is 
an unsuitable one for making sunlight observations. Li fact, a comparison of results 
obtained at South Kensington with those obtained in what is termed pure country 
air, shows that the latter has no perceptible advantage over the former when the 
wind is in a suitable quarter. 

In September, 1886,1 took my apparatus to Switzerland, eventually bringing it to 
my old observing station on the Biffel, Zermatt, at the height of about 8,000 feet. 
On three different days I made observations under the most favourable circumstances, 
which will be described later on. In England my observations were usually made at 
about either 10, 12, 2, or 5 o’clock; sometimes more than one set was taken on each 
day. I thought it inadvisable that anyone except myself should take readings, in 
order to avoid any readings which might be difficult of collation. 

" § IV. Length of Time required for a Set of Observations. 

It may be interesti ng to note the time it takes to complete a whole set of observa¬ 
tions. The way I proceeded was as follows:—The adjustment of the standard 
light was so made that in most cases the full aperture, 90°, of the rotating discs allowed 
light to pass which nearly coincided with the illuminating value of the rays of 
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maximum intensity The aperture was then closed to read 80 , then 70 , and so on 
till 20°, after which every 5° were used till the final opening was itself 5°. The 
coloured glass was then placed in front of the comparison-light, or the plain glass 
substituted for the mirror, and the readings recommenced from 90° until 5° was 
a gain reached. The light from the spectrum at this point would ordinarily be so 
feeble that it would be impossible to read rays of feebler luminosity. Three readings 
of each sett ing of the sectors were made and the mean taken. This involved thirty- 
three readings, or sixty-six in all, and the reverse order of the observations was 
again carried out, i e., commencing with 5° aperture and the absorbed (or partially 
reflected) light up to 90° aperture, and then from 5° back to 90° with an unabsorbed 
comparison-light. The time of the commencement of each cycle of readings was 
noted, and the mean taken as the correct time applicable to the mean of the whole 
set. Twenty-five minutes generally sufficed to make the double set of measures. 
For two hours on each side of noon the alteration in the sun’s zenith distance during 
twenty-five minutes is not sufficient to make any very material alteration in the 
relative proportions of the rays, and the mean of the two sets may be taken to be the 
reading: of all the rays at the mean time of observation. 

Later in the day, when the sun's zenith distance rapidly increases, the mean values 
derived from the cycles of observations may not exactly correspond to the mean time, 
though, perhaps, not very far from it. 


§ Y. Comparison of Results . 

X am not at all disposed to think that observations taken during a whole day are 
likely, as a rule, to give a true value for the coefficients of transmission of the 
different rays, more particularly in a climate such as that of England. The 
atmospheric conditions often vary greatly between the evening and morning, and I 
have come to the conclusion that by combining observations of the sun at different 
altitudes, but at approximately the same hour, the minimum values of absorption for 
each ray are more likely to be correctly determined. As a rule, just the contrary 
mode of preceding haB been taken. In the determination of atmospheric absorption 
of stellar or lunar light by Bougtjbr, Seidel, Pritchard, Mtjller, Pickering, and 
Langley the days’ observations have been compared together. It is probable that the 
atmospheric conditions obtaining at night are more equable than those in the day. 


§ VI. Atmospheric Conditions most suitable at the Time of Observation. 

? day is essentially an unfavourable day for taking such observations as I had 
JfcRYe only used, in my final result for minimum absorption, observa- 
s| appeared suitable from a meteorological aspect. A still 
ihday, and I preferred, where possible, to utilise those 
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days on whicji there was a breeze blowing from a favourable direction, such as I have 
already indicated ; and, if the sky were partially cloudy, only those days on which the 
clouds were collected in cumuli, leaving fairly large spaces in the sky of as dark a 
blue as is obtainable in England. 

I would here interpolate that, from the nature of the loss of light by transmission 
through the atmosphere, it would be impossible to find a sky of that bine-black 
which is found at high altitudes, the most that can be expected is a deep blue. 

Besides the ordinary meteorological observations which were taken at the Museum 
at South Kensington, I have had the advantage, through the kindness of Mr. Whipple, 
and by permission of the Meteorological Council, of obtaining complete records from 
the Kew Observatory for the days I wished to utilise. As this observatory is but a 
few miles distant from my place of observation; and, as these records are compiled 
with every accuracy, I have utilised them for my work. 

§ VII. Atmospheric Conditions at the Riffel. 

The morning atmospheric conditions of the Riffel were perfection on each day of 
my observations, but after 2.30 pm they were unsatisfactory. In the mornings the 
wind was north, a quarter which is well known to Alpine men as a “ fine ” quarter, 
and the sun rose with a whiteness of surface which I suppose we can never see at 
low elevations. The sky was then intensely blue, and improved to a blue-black as the 
sun gamed in altitude. The distant Oberland ranges of mountains were well defined, 
no visible haze intervening. The shadows on the distant Bietschhorn were black, and 
the snow-capped summits stood out with almost undimmed whiteness. At Thebes, in 
Egypt, where I was for three months in 1874-75,1 often remarked upon the depth of 
shadows of the rocks of the Lybian range, distant some three miles from my station; 
but the shadows in the Oberland Alps, lying some twenty miles or more away, were 
on this occasion even darker, showing that the haze caused by dust, which is always 
more or less prevalent in Egypt, was almost absent. The presumable absence of 
water particles as well as of dust on my days of. observation at the Riffel made the 
atmosphere clearer than it was in Egypt even under the most favourable conditions 
I am not statin g this only from recollection, but I have records of the fact in photo¬ 
graphs which I took at the time at both places. This state of the atmosphere lasted, 
as I have said, till the afternoon, when a battle for supremacy was waged between the 
north wind and the wind commg over from the Italian side of the range. The sky 
then became more or less hazy, and the observations of sunlight were discontinued. 
The sky at mid-day, as I have said, was of a blue-black, and in feet, with a pocket 
spectroscope, the spectrum could barely be seen. On a previous occasion, when photo- ’ 
graphing the sky spectrum at the same place, and, as far as can he judged, under 
precisely the same conditions, the exposure necessary to give to the plate was at 
least some seven or eight times that required in England to obtain similar results. 
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indicating an absence of scattered light, and a consequent increase in direct sun¬ 
light. I think, for observations on visible radiation, such a locality as I selected in the 
Alps is preferable to one of equal altitude in a wanner climate. In Prolessor 
Langley’s report* on his observation at Mount Whitney, he describes the atmosphere 
below him as being filled with dust, liis lower observing station lying in it. Now in 
the Alps, on days such as I have described, this dust haze is absent. I have looked 
down some 10,000 feet and failed to discover it. For these observations poifect dry¬ 
ness of air is not a necessity, though undoubtedly for observations of the dark rays 
and extreme red rays it must be; aqueous vapour, except it be present in very 

large quantities, does not affect the visible radiation from the sun at these high 

altitudes. When pointing a pocket spectroscope at a distant horizon, I have failed to 
see any of the rain-bands even when the atmosphere was notoriously damp. The 
only time at an elevation of 8,000 feet when I have seen the rain-band has been 

when rain has been freely falling. I am not asserting that the rain-bands are never' 

present except under such circumstances, but only that I have not seen them. It lias 
been necessary to be somewhat prolix in describing the atmospheric conditions at 
the Eiffel, as my standard solar spectrum is derived from my observations taken on 
September 15th, 1886, at noon. 

| Till. Law of Diminution of Light 

The observations carried on throughout the year were undertaken more to 
obtain a meteorological record than for any other purpose, and it was not till 
November last that any comparison of the curves I had plotted was undertaken, nor 
did I opine that any set law governed the absorption of the different rays. 
Langley’s results, contained in the volume I have already quoted, rather forbade 
the idea that any exact or even approximate law prevailed, Bince certainly his results 
gave no clue to any. The plotting of the observations was made on squared paper, 
and through the points thus obtained a smooth curve was drawn by hand; and it will 
be seen that all the observations lie very close indeed to the curve so drawn. From 
the curves the value of ill umin ation at each unit of my scale was noted and tabulated. 
From such tabulation it became easy to try whether any particular law governed 
the loss of light by different rays after transmission through a thickness of air. 
Thus the intensities of visible radiation, as measured at the Eiffel on September 15th, 
could be compared with those at South Kensington on July 1st. 

v for loss of light caused by the 
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X the wflve-length of any ray), 
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with the observations at these two dates, showed that the observed values could be 
accounted for by the theory that the loss at the station of lower altitude was due 
solely to the suspension of fine particles in the atmosphere. Other days’ observations 
in England were compared in the same way, and in very nearly every case the above 
law held good, hx, of course, varying as the zenith distance of the sun on the different 
days varied. A comparison was then made inter se of the different days’ observa¬ 
tions, and the above law, as it should, still held good. Now, on the different days 
in England on which the observations were made, the mean time of observation 
was known, and consequently the air-thickness The air-thicknesses were reduced 
to a uniform barometric pressure of thirty inches of mercury for one atmosphere. 

§ IX. Conditions of Comparison between the Rif el and South Kensington. 

Evidently the air-thickness at mid-day on the 15th September at the Eiffel could 
not be compared with the air-thicknesses at sea-level, as it by no means followed that 
the atmospheric conditions were the same, i e., that the scattering particles assumed by 
the above theory were as abundant at an altitude of 8,000 feet or more as in London 
at sea-level in a unit volume It should be remarked that this does not affect the 
value of the comparison of the observations made between the two places, since the 
law would equally apply, were the particles per unit volume more or less The 
reduction of the observations showed that the particles were fewer m number, which 
is equivalent to observing sunlight through an atmosphere less than unity at sea-level, 
though the absolute air-thickness was slightly greater than unity. It is manifest 
that there is very great utility in making the illuminating value of the spectrum at 
the Eiffel the standard with which to compare the values obtained with greater air¬ 
thicknesses at sea-level; since the differences in the proportions of the different 
transmitted rays are very much accentuated, and §ny slight errors in observation, 
which would mask the results when the differences between the observed air¬ 
thicknesses are small, are eliminated. 

§ X. Minimum Loss of Light. 

For the purpose of obtaining the minimum Iosb of light, I have selected observations 
made on seven days, all of which are compared with the Eiffel observations. The 
atmospheric conditions were favourable, as will be seen by the meteorological Tables 
annexed. These days are divided into two groups of three, leaving one odd day. 
The first three days are June 4th, July 5th, and July 21st, when the observations 
were made with a thickness of about 1*3 atmosphere. The second group comprises 
observations 29th October, 4th November, and 18th November, when equally satis¬ 
factory atmospheric conditions existed, with thickness of about 3*3 atmospheres. 
The seventh day is 14th October, when the thickness of atmosphere at the time of 

MDCOOLXXXVn.—A. 2 L 



258 


CAPTAIN W. DE W ABNEY ON THE TRANSMISSION 


observation was about 2 atmospheres. From the first group a mean of the air¬ 
thicknesses is taken, and also the mean coefficient, and the second group is treated in 
the same way. Thus 



Air-tlucknesa 

k 

June 4. 

1265 

00190 

July 5. 

1-373 

00211 

July 21 

1235 

00220 

Means 

1*311 

00207 



Air-thickness 

h 

October 29 , . 

3 404 

*00472 

November 4. . 

3-428 

*00500 

November 18 

3-160 

*00412 

Means . . . 

3*331 

•00461 

__ ,____ 




To ascertain the coefficient for one atmosphere, we use the formula 

— x 

7 ^ 7 =^ 

where x f and x are the coefficients for the two groups, and 2 ! and 2 the air-thicknesses. 
In the case before us we thus have 


that is, the formula 
becomes 


xf — X 



•00461 - '00207 
3-331 - 1-311 


= *00126 


> 


V = 


I' 


= Lr 


00126 Ar* a 

> 


a? being air-thickness in terms of one atmosphere at Bea-level. 

* For October 14th the air-thickness is 1*973, and the coefficient is *00284; according 
tp the above formula, the last should be *00249. 

^ t % -V if - J 

;Optobe^ 14th with the second group, we have p,=*00130, which is not 
|at 4®nved from Groups 1 and 2. 

may vary about 2 per cent, in the yellow of the 
^hie, aD( ^ & i® believed that greater accuracy at 
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present is not obtainable than the figure in the 4th place of decimals. The adopted 
minimum loss of light from scattering is therefore represented by T = Ie" O033,A-t . 

Taking the mean of a large number of days, I find that the average value of 
k is 0017. 


§ XI Langley’s Coefficients of Absorption . 

Turning to the work which Langley has published in the volume already alluded to, 
I find no single instance of coincidence with the above law. For instance, at page 151 
he gives a Table of coefficients of transmission, which are as follows in the visible 
spectrum:— 

\ . . . . . 3580 3830 4160 4400 4680 5500 6150 

Coefficient of transmission for one atmosphere 449 531 600 636 *677 '734 '781 

Taking A 6150, which agrees nearly with my scale number 47, and X 4400, which 
agrees nearly with my scale number 57, it will be seen that the coefficient of absorp¬ 
tion increases nearly by A“ 2 instead of by A -4 . How this wide discrepancy arises, I am 
at a loss to understand There is one point, however, to be remembered, which is in 
favour of the observations I have recorded, that within certain limits I was quite inde¬ 
pendent of any small haze which might have passed between the slit of the collimator 
and the sun, as the spectrum was compared with one portion of the light coming 
through the slit, whilst another portion formed the spectrum itself. Now any small 
amount of white haze would probably give a general absorption without in any large 
degree altering the relative proportions of the component rays, whilst the bolometer 
readings would be affected considerably, but this would not be sufficient to account 
for the systematic and great differences between our two results. A glance at the 
curve of illumination of the solar spectrum will show that, as far as A 6500 at least, 
there can be no difficulty in making visual measures. With the width of slits used, 
the light coming through scale number 47, a candle had to be placed but 5 inches 
off the screen on a bright summer day at noon to balance the illuminated shadows ; 
and, as the colour of the candle-light and that of the D-light is very nearly of the 
same tint, no difficulty could be found in judging of the value of the latter according 
to the old method,* and this gave identical results with the new method adopted, and 
described at the beginning of this paper. For that reason I have selected Langley’s 
coefficients of transmission of A 6150 to compare with mine, as no physiological 
objections can be brought against such comparison. 

The following in Column II. are the coefficients he tabulates for a stratum of air 
equivalent to a column of 1 decim. of mercury for this wave-length — 


* “ Colour Photometry,” 1 Phil Trans.,’ 1886 
2 L 2 
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I 

11 

III 

I 

11 

III 

February 15 

963 

•753 

May 2 . . . . 

•974 

81!) 

March 23 . . 

971 

799 

May 29 . . 

•973 

'813 

35 * 

960 

733 

55 * * 

•976 

'831 

3) 

967 

77r> 

Juno 22 . . . 

979 

'850 

51 

961 

•740 

September 12 

*058 

'722 

?) 

968 

'781 

5 5 * 

•959 

'728 

March 29 

•945 

■65/ 

September 15 . 

•978 

'844 

55 

*9*9 

* t 

jj * 

•976 

831 

March 31 

930 

•578 

55 

*975 

'826 

April 24 

•975 

826 

Norembor 25 . 

967 

'775 

>5 * • 

976 

831 




May 1 . , 

961 

740 





Now the mean of these numbers in Column II., which are Langley’s measures, gives 
his adopted coefficient of absorption as *068 for an air-thickness, equivalent to 1 dcm. of 
mercury, and the coefficient of transmission for one atmosphere (760 mm. of mercury) 
as 781. The numbers in Column TI, are apparently very concordant, but the coefficient 
of absorption, it must be recollected, is only for a thickness of atmosphere of 1 dcm. 
of mercury, and the differences are much more apparent if wo reduce them all to 
coefficients for one atmosphere, as we have done in Column III, For instance, if we 
take the highest and lowest values in Column II., which are *930 on the 31st March 
and 979 on the 22nd June, and reduce them to the coefficients for one atmosphere, 
we find that they are *850 and *578 respectively, and the mean of the series is *774. 
Similarly at page 25, Table VL, of Langley’s work the highest and lowest coefficients 
of absorption for an atmosphere equivalent to 1 dcm. of mercury are *980 and *872, 
which at one thickness of atmosphere are *858 and ‘351. 

Again, in the. Table p. 151 for X 440, the highest and lowest coefficients for an 
atmosphere equivalent to 1 dcm. of mercury axe *974 and *907, which at one 

atmosphere give coefficients of *819 and *476, whilst the lowest but one, which is *935, 
gives *601 for one atmosphere. 


.These results have been brought forward to show that in the limits of visibility 
^ there, ar’e wide discrepancies in the coefficients of transmission, as 

might he exited; in what may be called uncompensated readings, and it appears that 
so£Ele *&®fchod analogous to that which General Festing and myself adopted 
l ®f nv baWl3g one side of the bolometer with the spectrum and the 

““ s^t-peAaps such great differences in the coefficients 
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§ XII. Loss of Light other than hy Scattering. 

The question arises if there is a loss of light from any other source tha n the 
scattering by small particles, and an answer is at once furnished by every-day 
observation. We know that it is ; that a hazy day diminishes sunlight, though often 
without materially altering the ratio of the components of the light Now light, 
qud light, I did not measure on all these occasions, but here the value of the 
measures taken by means of the candle comes in, assuming that the candle is invariable 
or only varies slightly. Mr. Vernon Haroourt tested a candle such as we employ, 
and got from it a result more satisfactory than with a standard candle; and, as the 
same brand of candle is always employed, it is believed that the same measurements 
, hold good. 

With the instrument unchanged in any respect, the slits having the same width in 
both cases, an estimation of the total illuminating value of sunlight can be at once 
ascertained. It happens that on two days which I have selected, viz., 4th June and 
29th October, what I may call the candle-value of the spectrum was ascertained. 
Now the illuminating value of the spectrum, taken by means of the candle, as already 
has been said, is not such a satisfactory method as that I have latterly employed, and 
on which the foregoing measures have been based; but an average value for k can 
be readily ascertained. On the 4th June, about a quarter of an hour later than the 
time when the printed observations were made, the value of the ray at 47 on my 
scale was 80, and for the 29th October, also about a quarter of an hour later, it was 
62, or 1 to *775. The value for this ray at the adopted times of observation on the 
above days is 114*3 and 89*0 respectively, or 1 to *778. This shows that on these 
two days any loss of light, except that due to scattering, was very small. On 
some other dayB, however, I adopted a different plan, which I had carried out, not 
for the purpose of applying them to these results, but for estimating the photo¬ 
graphic values of skylight and sunlight. Fortunately, also, these measures were 
carried on at the Bififel: observations of no small value, as it proves. 


§ XIII. Loss of Total Light by Transmission through the Atmosphere. 

Before entering into this more fully, something must be said as to the value of total 
sunlight as derived from my observations, assuming for the present that there is no 
diminution of light except from the scattering by the small particles. Having 
obtained the coefficient of transmission per atmosphere for each ray, it is easy to 
construct curves representing the luminosity for every air-thickness, and, having so 
constructed them, to find the value of the areas of each. These areas then represent 
the values of total illumination which would be observed, were the total light under 
measurement, as General Festing and myself have shown in the paper before quoted. 
Having found the areas, it is easy to see if any law holds good connecting total light 
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and air-thickness. ThiB latter problem is one which astronomers have long studied, 
and their researches point out that, if I' and I be the values of the light before and 
after traversing an air -t hic kness, 0 be the zenith distance, and <x the constant ot 
transmission, then I' = IcT 800 6 , 

Diagram 1, 





^ accurately where 6 is very large* 

- ; ^ SpifaU im the.variation of the thickness 

^£ r "the at&bsphere traversed at differeM-zenith distances, allowing fox refraction. 

was subsequently verified by Professor Womm, and the results 
Leetnre the Transnarencv of the Atmosphere 
fital&r-Jt&ys ife peeing through it/* which appeared 

may refer to, I 
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Z.D 

Sec ZD 

Forbes’ Value 

Bouguer’s Value 

0 

10000 

10000 

10000 

10 

10154 

10164 

10153 

20 

10642 

10651 

10642 

30 

11547 

11556 

11547 

40 

13054 

13062 

1.3050 

50 

15557 

15550 

1 5561 

60 

2 0000 

19954 

19903 

70 

2 9238 

2 9023 

2 8998 

75 

3 8637 

3 8087 

3 8046 

80 

5 7588 

5 5711 

5 5600 

82 30 

7 6613 

! 7-2343 

— 

85 

114737 

10 2165 

10 2002 

86 

14 3356 

121512 

12 1401 

88 

28 6537 

18 8825 

19 0307 

90 

Infinite 

35 5034 

35 4955 


Astronomers have made various estimations of the value of what they term 
absorption, and perhaps no astronomical problem has received more attention than 
this one. The determination of the coefficient of absorption is a necessary preliminary 
for ascertaining star magnitudes, and thus has an importance peculiarly its own 
Professor Langley, to whose work I shall presently have to refer, made two estima¬ 
tions, one on Etna at 4,000 feet elevation, and another at Mount Whitney, at a still 
higher altitude. At both of these localities he found a value for the coefficient of 
transmission to be *88, though at the latter station he disclaims any great accuracy 
as likely, which is indeed the case, considering the method he caused to be employed. 
The other values obtained were as follows:— 

Pritchard at Cairo and at Oxford, *843 and 791 respectively; Boijguer *812; 
Seidel 794, and Muller ‘825 : or a mean of *804 at low-level stations. 

Professor Langley, assuming from his observations with the bolometer, regards 
these results as being liable to error. He says, JTor be it observed in general 
terms that, since the rays with large coefficients are represented by diminishing 
geometric progressions, whose common ratio is near unity, these rays will persist, 

whilst others with small coefficients are early extinguished.. . 

But what we desire now further to point out is that, according as the difference 
of these Coefficients of transmission for the different portions of the light of the same 
star is greater, so will the error of the result in treating them as equal be larger: a 
consequence so obvious that it is only necessary to make the statement in order to 
have its truth recognised. 

“ Since it has now been demonstrated that the formula ordinarily employed leads to 
too small results, it might properly be left to those who still employ it to show that 
their error is negligible, but this has never been done. There is possibly an impres¬ 
sion that if there were any considerable error its results would become apparent in 
such numerous observations as have been made all over the world in stellar photo- 
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metry during this century. But it is, in my opinion, a fallacy to think so; and I 
believe, as I have elsewhere tried to Bhow, that the error might be enormous—that 
the actual absorption might be twice what it is customarily taken, or 40 per cent, 
instead of 20 per cent., without the errors being detected by such observations as are 
now made.” 

It will be found from my observations, and also from those of Professor Langley 
himself, that the error made by astronomers in not taking into account the different 
coefficients of absorption of the different rays is negligible. 

I will first of all take a value which waB derived for atmospheric absorption in which 
k was ’001183. (Be it remembered, this is not one I adopt, but it was a value 
obtained by certain combinations.) The areas obtained for the curves of illumination 
of 0, 1, 2, 3, 4 atmospheres, and which would have been the values observed by any 
integration method, were as follows .— 

740, 657, 572, 505, 441. 

Now, as the least atmosphere through whioh an observer can observe at sea-level 
is 1, we may take 1 and 4 atmospheres as lying on the true curve and calculate the 

oU,« ta. -lag a. u r - lA wh„ „ i. a. j 

tion and x the thickness in atmospheres. We find 

log 657 = — /a + log I 
and log 441 = — 4/a + log I , 
from which /a = T324. 


The calculated values for 0, 2, and 3 atmospheres are then 749, 573, and 503 
respectively, values which might be said to be identical with the above. 

It may be thought that it is owing to a happy accident that these numbers are so 
close. If* we take the value of the coefficient k = *0015, we find that the values of the 
areas for 0,1, 2, 3, and 4 atmospheres are— 

730, 625, 534, 459, and 396 

respectively. Using the logarithmic formula, we find that the value of /a is T529 
And the Yates'of light passing through the above thicknesses are— 

r 730; 62*, 538, 461, and 396 

d i 

Respectively, In this case, if a be the coefficient of transmission, 


and 


a x = r^, 
a = -858. 


Vi 


Once more we may take the coefficient of scattering as k 
-the curves for 0,1, 2, 3, and 4 atmospheres are— 

930, 755, i 623, 513, and 



-the formula are as follows-— , 

§20, 508, . and 


*0019, and we find that 
418. • 

418. 
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This gives a, the coefficient of transmission, = *822. It may be imagined that 
the same result would not obtain if the coefficients of absorption for the different 
rays were other than those obtained from Lord Rayleigh’s law. We have at hand 
values of the atmospheric absorption for the different rays which Professor Langley 
has adopted. They are to be found in the volume to which we have referred. 

For the purpose in view, I have assumed that my estimation of the illuminating 
value for one atmosphere with a coefficient of ‘001183 holds good, and constructed 
curves with the coefficients of absorption which he gives, and then taken the areas 
as giving the value of total illumination at different thicknesses. The values are, for 
0,1, 2, 3, and 4 atmospheres— 

1,000, 65/, 393, 236, 142, 

and the values obtained by using the logarithmic formula are— 

1009, 657, 394, 237, and 142, 

a sufficiently close agreement to need no co mm ent; but it should be remarked that, as 
fi— *5109, the coefficient of transmission a — 6 nearly, a value far lower than has 
been found by astronomers. 

Finally, I give the results by the above method, which are obtained from the areas 
of the curves derived from the minimum coefficient of absorption (h =*0013), which 
are as follows for 0, 1, 2, 3, and 4 atmospheres, viz. :— 

762, 662, 578, 504, 439. 

Taking 762 and 439 as points on the curve le"^ = I', we get the following numbers 

(ft = ’1385)— 

762, 664, 578, 504, 439 ; 

which gives the coefficient of transmission = '869 , which, it will be seen, is higher 
than any value assigned to the coefficient of atmospheric transmission that has been 
obtained by astronomers ; but to this I shall refer presently. 

§ XIY. Observations of Total Light by Colour-blind Persons. 

It was interesting to ascertain what would be the effect of the observations of 
total light by a colour-blind person as regards accuracy of result in comparison 
with a normal-eyed person. 

To ascertain this, it was supposed that the observer R* had taken the luminosity 
observations, and the curves for the sunlight were reduced proportionally by the 
amount by which the normal curve of the electric light was shown to be reduced 
by this observer—an inadmissible assumption, as General Festing and myself have 
shown. The curves so reduced were plotted out, and the areas taken. 

It was found that, when 7c = ‘0013, for 0,1, 2, 3, and 4 atmospheres the areas were 

532, 455, 389, 334, 287. 

* See Bakebian Lecture, 1886 
2 M 
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Taking 532 and 287 as lying on the curve derived from T = Ie”'**, the values 
obtained were as follows— 

532, 456, 391, 335, 287; 

and the value for the coefficient of transmission was = '862, a value somewhat lower 
than that obtained for the normal-eyed person, though not very far from it. 

X think m the foregoing enough has been adduced to show that, whether the loss of 
intensity by different rays in passing through the atmosphere obeys Lord Rayleigh ? s 
law or follows the observations made by Langley, astronomers have been quite 
warranted in using the logarithmic law, at all events in observations made to 75° 
zenith distance. 


§ XV. Photographic Values of the Integral Value of light through different 

A ir- Thicknesses. 


We thus see that as far as light, qud light, is concerned the method of observing the 
integration of the different wave-lengths gives results concordant with those obtained 
by treating the light analytically. The point that next presented itself was as to 
whether the photographic values of radiation when treated in the same manner 
would give a similarly satisfactory result. If so, then the photographic values of 
sunlight which I had obtained could be applied to the question of total value of sun¬ 
light on any particular day. 

In the * Proceedings of the Royal Society * I have shown the photographic 
sensibility of a particular salt of silver for the different rays of the spectrum; 
and, knowing the day and hour on which that value was determined, and assuming 
the minimum value of the coefficient for scattering as applicable, after constructing 
the necessary curves and taking the areas, the following results were obtained at 
1, 2, 3, and 4 atmospheres. The values of areas of the curves were— 


621, 457, 340, 253, 

and those derived from using the formula L = Ie - ***, g> being *2993 and a *74, were— 

621, 461, 342, and 253, 

The maximum value of the spectrum on this salt of silver lies well in blue, and it 
was thought that a theoretical consideration of the value when the photograph was 
taken on a salt of silver which had a maximum in the extreme violet would be useful, 
-smee j each a salt—the chloride—is used in RqScoe’s actibometer. The spectrum 
Yktae of this salt had been previously carefully taken by myself, and the values were 

le. The values obtained for 0,1,2, 3, and 4 atmospheres 
7 —r, , „ 
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the values from the formula T = Ie”' 1 *, fi being *5192 and a 595, were— 

689, 413, 248, 148, 87; 

agam a sufficiently close value to show that it may be safely used. 

§ XVI. Experimental Photographic and Optical Tests of the Logarithmic Formula. 

A great many tests with turbid water were made to ascertain if the same held 
good experimentally The same photographic preparation as that already referred to 
was used. A cell 6 inches long and 4 inches wide was employed, and different 
portions of the same photographic plate were used for obtaining impressions of the 
light acting. The light was allowed to fall through the cell, containing clear water, on 
an isolated portion of the plate f-inch square. Eight different exposures were given 
to various portions of the plate to form a scale of density of deposit. Exposures 
were given to the other parts of the same plate to light from a constant .source 
passing through the 4-inch and the 6-inch thicknesses of clear and turbid water. 
The plate was then developed with ferrous oxalate,* fixed, and dried. The density of 
deposit of each square was next measured by a plan which I have described in the 
‘Photographic Journal.’ 

§ XVII. Mode of measuring the Density of Deposit on a Photographic Plate. 

From the paper m question I have made the following extract.— 


L 


“ The light, whatever it may be, is placed at A; a lens L t at distance of its 
equivalent focus, in this case 9 inches The negative, N, is placed in front of 

this, and another lens, L n , throws the image on the screen S, in front of which is a 

rod, It, whose shadow is cast by the light coming through L n . 

“ This is the ordinary optical lantern form of apparatus. At one side, at a convenient 
distance, I place a mirror, M, with the angle so adjusted in azimuth that it reflects 

the lig ht from A over the patch illuminated by the lens L a . This naturally throws 

another shadow of the rod alongside the first shadow If desirable, I can place the 
other lenses, L m and the latter forming the image of L in , upon the first patch of light* 
(As a rule, these last two lenses are unnecessary ) The screen, S, may be transparent 

* This developer was used for convenience, as it gave a black deposit, 'which was useful for subsequent 
measures 


2 M 2 
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or opaque, whichever is deemed best Where the shadows of the rod fall, I cut out a 
square mask to enable me to view the two shades without distraction to my eyes by 
glare from adjacent parts. It will be seen that, as the light and the reflected beam 
are stationary, the method of varying distance cannot be adopted to vary the intensity 
of the light. To obtain the necessary variation, I employ revolving sectors. These 
sectors, being connected with a small electro-motor wheel, work with four Grove s 
cells The aperture of the sectors can be increased or dimi nished during motion by a 
simple arrangement. This is an admirable plan of graduating light, and answers for 
all purposes of the sort. It will now be apparent that, should the light vary, the 
results will Dot be vitiated in the least, since the original light is made to act as the 
comparison-light as well.” 

By this arrangement a (( density curve ” for the exposures given to the plate 
through the clear water was constructed, and the values of the other exposures 
through the turbid medium, in terms of the exposure through the clear water, were 
determined. A screen with squares of different translucencies, which had been 
carefully measured, was placed in front of the plate. 

The following is an example .— 


1 

6-inch turbid water | 

Opacity of screen. 

Equivalent exposure through dear cell 

39 5 

= 9 

29 0 

= 65 

22 0 

= 50 

90 5 

20 5 


Or it required 4*415 times the exposure through the 6-in. turbid cell to be equivalent 
to a unit exposure through the dear cell. 


4-rnch turbid •water 

Opadty of screen. 

Equivalent exposure through clear cell 

39*5 

= 14 

,290 

= 11*5 

22*0 

*=8 0 

90 5 

83 5 


Grit required 2*70 times the exposure through the 4-in. turbid cell to be equivalent 
exfwjsafce through the clear celh 

% for convenience sake, the clear cell was exposed for two 
Jeters tedng^.an aperture of 30°. 
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The 6-inch turbid cell was exposed for five minutes through rotating sectors having 
an aperture of 90° 

Hence the above values have to be multiplied by 7‘50 and 3*75 respectively, and we 
find the relative values of a unit exposure to be— 

Clear cell 4-m.cb turbid 6-mob turbid 

1 _1_ _J_. 

10125 331 

Using the logarithmic formula, we get, taking the clear cell and the 6-in. turbid 
cell as giving points in the curve, 

/a = 5832; 

and the value for the 4-in. cell becomes 1/10*3, which is sufficiently close to 1/10*12 5 
to show that it holds good. 

The optical values were also taken by means of the rotating sectors, and found to be— 
Clear cell 4-mcb turbid water. 6-mch turbid water 

75*5 26*5 15 5 


Using the first and last as giving points lying in the curve derived from the 
logarithmic formula, we get fi = *2639, and find the values to be 75*5, 26 3, and 
15 5 ,* a coincidence which is nearly exact. 

Now we find that 


_ 5832 
im 2639 


= 2 * 21 ; 


and if we compare the value of the optical measure of the areas of the sun curves 
with the measure of the photographically derived curves in the same way in the 
results we have given, it will be found that the factor ////a is very nearly the same as 
the above. This close approximation leaves no doubt that the logarithmic formula is 
sufficiently exact to be employed. 

Another example may be quoted, which will, with a diagram, still further explain 
the mode adopted. An exposure to lamp-light waB given to portions of plates 
in succession by means of the rotating disc, for 15 seconds each exposure. The 
apertures were as follows, and the densities, measured as described, are placed in 
juxtaposition:— 


Aperture 

Relative transparency 
of negative 

0 

8* 

177 

18* 

83 

28* 

51* 

38* 

34* 

48* 

27 

58* 

22 

III 

16* 

12* 

98* 

11# 

138 

7* 

180 

5* 
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Diagram 2 stows this plotted. 

Diagram 2 


I .'■ ■O'-.. 



-:j ; i-.i .....■ ■»L' i!«.) \.-.i ■.:.<) ■■ <0 


Photographs were tten taken through a clear-water cell, through 3 *069-in, turbid 
water, and through 1*7 5 9-in. the same water, the light being admitted through 
varying apertures of the rotating disc. The results are as follows .— 


Clear Cell ; 20 sec. exposure. 


Aperture. 

Density 

Equivalent on 
above scale 

Therefore 1 — ‘865. 

.Reduced to standard of 

1 min exposure, 1 = 

2 595 

484 

384 

284 

18} 

304 

42* 

59 

96 

42 

33 

25 

17 

1 

134 

* 

117 


If-in. turbid; 1 min. exposure. 


* 

Aperture. 

Density. 

Equivalent on 
above scale. 

Therefore 1 = 795. 

. _ a ___ 

174 

284 

584 

[,’• 86} 

* 3- i 7 b 

104 

60| 

29 

18| 

14 

23 

45 

70 

: 1 ^ , 

V * - 

\ , , , 

152 
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3-in. turbid ; 3 min. exposure. 


Aperture 

Density 

Equivalent on 
above scale 

Therefore 1 = *984 

Reduced to 1 min exposure, 
1= 328 

174 

28} 

58} 

86} 

84 

SI 

224 

13} 

18 

28 

59 

84 

191 

4 

189 


Using the first and last for points in the logarithmic curves, we get the observed 
values 

2*595, *795, and *328 ; 

calculated 2*595, *786, and *328 ; 

fx = *677. 

The optical values were next observed, from which }i — 306 when jxffx' = 2*21, 
which agrees with the foregoing example. 


§ XVIII. The Measurement of the Photographic and Optical Values of Total Intensity 

equivalent to the Measurement of a Single Ray. 

A remarkable deduction now presents itself from the fact that, if we divide [x and fx 
by h in the results given by plotting the areas, we find that the results are numbers 
which are about 105 and 235, and these represent wave-lengths 5570 and 4540 
respectively, so that, if we observe the total value of light optically, it is 
equivalent to observing monochromatic light of X 5570, and if we use bromoiodide of 
silver for registering the intensity it is equivalent to measuring a ray of X 4540. 

We may apply any of the results obtained by astronomers to find the value of h. 



Coefficient 
of atmospheric 
transmission 

/» 

k 

Langley (on Etna) 

880 

1*274 

00122 

♦Pritchard (at Cairo) . . 

*843 

1*704 

00164 

„ (at Oxford) 

BottgutSR ... . 

791 

2 333 

*00224 

812 

2 070 

*00199 

Seidel and Pickering . . . . j 

794 

2*311 

00222 

M&ller . . . 

*825 | 

1924 

00185 


With these factors we may construct the curves of illumination for any air-thickness 
* Professor Pretohard’s rnmnmnm value, as far as I have calculated it, is very close to mine, viz, 860. 
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It should be remarked that the methods adopted in determining the absorption 
by astronomers practically eliminated any variation due to haze, since the stars were 
compared inter se, which is what the method employed in the foregoing observations 
also does, though m a more complete manner 

The above plan of obtaining the coefficient of h leads to another very important result, 
which is that on any day, by taking an optical measure of the total light with any 
standard, such as a candle, and also a photographic measure of the same, we can fix the 
coefficient h to be applied to each wave-length, and also the loss by general absorption, 
with very great exactness, as two equations are formed from which each can be deduced. 

I would point out that even a simpler method is to expose a sensitive surface to 
rays coming through an orange medium and also through a blue medium, and measure 
the relative densities or blackness of the resulting photographs. The exposure 
through the orange medium will be equivalent to an optical measure. 

It must be recollected, however, that each different sensitive photographic compound 
will give results for different parts of the spectrum. 

§ XIX. Application of the above Law for the Comparison of the Actual Variations in 

Sunlight . 

Now on various days exposures were made on sensitive paper during the time of 
observation, and the depth of density measured, and from these measures were 
derived the intensity of the light acting If the loss of light is alone caused by the 
scattering of small particles, and from no other cause, then the values of the ordinates 
of the different curves belonging to the days on which simultaneous observations were 
taken ought, at scale number 56, to be proportional to the values obtained from the 
photographs, the times being those given in the Tables. At the Eiffel the photographic 
value on September 15th was 256 ; at South Kensington on July 21st, 172; on 
October 29th, 72; on November 4th, 72. The values of scale number 56, taken from 
the curves, are as follows —Eiffel, 2‘45 ; 21st July, 1 74; October 29th, *73; 
November 4th, *7 ; which are fairly in accord. On the other hand, there are values, 
as for the 8th November and 23rd December, which are not concor dan t, showing 
that there was a general absorption of light as well as a scattering m its passage 
through the atmosphere. 

§ XX. Considerations as to the Amount of Scattering. 

We are bound to ask ourselves what is the cause of the different coefficients for the 
scattering of light in its passage through the atmosphere. It must be recollected 
that small particles of any kind will suffice for the purpose, and that it is merely a 
question, of quantity which determines the coefficient. Greater or less amount of 

and dry weather is not the weather in which, from this 
>e least. Again, small parficles of water must always he 
i helieVed by the writer that these are the most active 


;waS;affiect the question, 
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causes in diminishing the amount of transmitted light. Lord Rayleigh has shown 
that the sizes of the particles have a considerable effect in the scattering, and when 
we have white mist the scattering of light must be general rather than selective 
But it may happen that the general aggregate of particles present may be of sizes 
which to a greater or less degree refuse to scatter light of wave-lengths not taken 
between certain limits. Or the sizes of the particles may be so varied that, whilst one 
gives a limit of scattering for one certain wave-length, another may give a limit for 
another, and so on till the final outcome may be to give a loss of light not exactly 
varying as A -4 This, it appears to me, may be the meaning of this law being obeyed 
on days which are perceptibly misty, as in some November and December days, and 
in which the integration method by photography is not in accord with the optical 
method adopted. On the whole, I am inclined to think that on fine days, near mid¬ 
day, with pure blue sky, the water particles are present in numbers, and, if dust 
be fairly absent, that then we get the minimum loss. At night, when the tem¬ 
perature is diminished, the water vapour probably condenses to give a larger number 
of small water particles, and hence star observations give a greater value for the 
coefficient of transmission than I have obtained for the minimum, though the mean 
value they have deduced is not far from the value I obtain when the coefficient Tex is 
equal to ‘0019, which is a value that on several occasions I obtained. That these 
water particles have much to say to the coefficient of transmission is shown by 
Pritchard’s determinations at Oxford and Cairo respectively ; the former gave 
a coefficient of *791 and the latter *841 

§ XXI Deductions from the Eiffel Observations. 

It would be premature to deduce too much from the observations taken at the 
Riffel. It will be seen that the air-thickness at the Riffel at noon on the day observed 
is equivalent to 1 atmosphere at sea-level, and that our equivalent value is really a 
good deal less than, that thickness. This means that there are at higher altitudes 
proportionally fewer particles to scatter the light than at sea-level. I refrain from 
giving the values I obtained near sunset at the same place, but the value of absorption 
I found to be startlingly smaller, so much so that my lesults must be repeated before 
I can vouch for the deductions to be made. It seems to me that in the Alps we have 
the most favourable conditions for studying the atmospheric permeability for light, 
owing, in proper seasons of the year, to the absence of dust. It should be pointed 
out that the radiations which act on our eyes as light are less absorbed by 
aqueous vapour than are those radiations which lie in the infra-Ted, and that it 
by no means follows that, if the district of the Alps is a good locality for observing 
the one, it is therefore also good for observing the other. As to that I express 
no opinion. Probably a spot like Mount Whitney, where Langley observed, might 
be preferable, more particularly as the long waves are much less scattered than the 
short waves. 

2 N 
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§ XXII. Relative Colour Brightness of different Parts of the Solar Spectrum, 

Hood, in his ‘ Modem Chromatics/ gives the value of the brightness of different parts 
of the spectrum under the head of different colours. His Table he constructed from 
Yebrobdt's curve, which General Resting- and myself criticised in our paper on 
“ Colour Photometry.” Taking a June day near mid-day, the following values were 
derived, and they are compared with Rood’s — 


Hood’s scale 

Hood’s nomenclature of colour 

Rood’s value 
of brightness 

Abney's value 
of bughtness 

0 to 149 

Red 

54 

65 

149 „ 194 

Orange-red 

140 

138 

194 „ 210 

Orange 

80 

61 

210 „ 230 

Orange-yellow 

114 

77 

230 „ 240 

Yellow 

54 

39 

240 „ 344 

Yellow-g r een and green-yellow 

327 

365 

344 „ 447 

Green and blue-green 

134 

183 

447 „ 495 

Cyan bine . . 

32 

33 

495 „ 806 

Bine and blue-violet 

60 

36 

806 „ 1000 

Violet 

5 

3 


In this scale A = 0, a = 4005, B = 74 02, 0=112 71, D = 220 31, E = S6311, 

F = 493-22, 0=753 58, H=1000 


Table of "Wave-lengths. 


Scale number 

x 

1 

X 4 

44 

662 

52 

45 

629 

64 

46 

601 

76 5 

47 

577 

90 

48 

557 

104 

49 

538 

120 

50 

519 

138 

51 

502 

158 

52 

487 

178 

53 

474 

198 

54 

464 

216 

55 

454 

235 

56 

445 

255 

57 

436 

276 

58 

428 

298 
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Scale numbers. 
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X. On Hamilton's Numbers. 

By J. J. Sylvester, JD.C.L., FR.S , 

Savihan Professor of Geometry in the University of Oxford , 
and James Hammond, M.A. Cant. 
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Introduction. 

In the year 1786 Erland Samuel Bring, Professor at the University of Lund in 
Sweden, showed how by an extension of the method of Tschirnhausen it was 
possible to deprive the general algebraical equation of the 5th degree of three of its 
terms without solving an equation higher than the 3rd degree. By a well-understood, 
however singular, academical fiction, this discovery was ascribed by him to one of his 
own pupils, a certain Sven Gustae Sommelius, and embodied in a thesis humbly 
submitted to himself for approval by that pupil, as a preliminary to his obtaining his 
degree of Doctor of Philosophy in the University * The process for effecting this 
reduction seems to have been overlooked or forgotten, and was subsequently re-dis¬ 
covered many years later by Mr Jerrard. In a report contained in the ‘Proceedings 
of the British Association ’ for 1836, Sir William Hamilton showed that Mr. Jerrard 
was mistaken m supposing that the method was adequate to taking away more than 
three terms of the equation of the 5th degree, but supplemented this somewhat 
unnecessary refutation of a result, known a, prion to be impossible, by an extremely 
valuable discussion of a question raised by Mr Jerrard as to the number of 
variables required in order that any system of equations of given degrees in those 
variables shall admit of being satisfied without solving any equation of a degree 
higher than the highest of the given degrees. 

In the year 1886 the senior author of this memoir showed in a paper in 
Xronecker’s (better known as Crelle’s) * Journal’that the trinomial equation of 

* Being’s “ Reduction of the Quintic Equation ” -was republished by the Rev. Robert Harley, F.R S ,in 
the ‘ Quarterly Journal of Pure and Applied Mathematics,* vol. 6,1864, p. 45 The full title of the Bund 
TheBis, as given by Mr Harley (see * Quart. Joum Math ,* pp 44, 45) is as follows * “ B. cum B 
Meletemata quaedam matbematica circa transformationem aequationum algebraicaram, qaae consent. 
Ampliss Eaoult Philos m Regia Academia Carolina Praeside D Erland Sam Bring, Hist Profess. 
Reg. & Ord. publico Eruditorum Exam ini modeste subpcit Sven Gustaf Sommelius, Stipendiaries Regina 
& Palmoreutzianus Lundensis Die xiv Decejnb., mpoclxxxvi, LJE Q S.—Lundae, typis Berlingianis ” 

80.9.87 
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the 5th degree, upon which by Being’s method the general equation of that degree 
can be ma de to depend, has necessarily imaginary coefficients except in the case 
where four of the roots of the original equation are imaginary, and also pointed out a 
method of obt ainin g the absolute minimum degree M of an equation from which any 
given n umb er of specified terms can be taken away subject to the condition of not 
having to solve any equation of a degree higher than M. # The numbers furnished by 
Hamilton’s method, it is to be observed, are not minima unless a more stringent 
condition than this is substituted, viz., that the system of equations which have to 
be resolved in order to take away the proposed terms shall be the simplest possible, 
i.e., of the lowest possible weight and not merely of the lowest order; in the memoir 
in * Crelle,’ above referred to, he has explained in what sense the words weight and 
order are here employed. He has given the name of Hamilton’s Numbers to these 
relative minima (minima, i.e , in regard to weight) for the case where the terms to be 
taken away from the equation occupy consecutive places in it, beginning with the 
second 

Mr. James Hammond has quite recently discovered by the method of generating 
functions a very simple formula of reduction, or scale of relation, whereby any one of 
these numbers may be expressed in terms of those that precede it his investigation, 
which constitutes its most valuable portion, will be found in the second section of this 
paper. The principal results obtained by its senior author, consequential in great 
measure to Mr. Hammond’s remarkable and unexpected discovery, refer to the proof 
of a theorem left undemonstrated in the memoir in c Crelle ’ above referred to, and 
the establishment of certain other asymptotic laws to which Hamilton’s Numbers 
and their differences are subject, by a mixed kind of reasoning, in the main apodictic, 
but in part also founded on observation.! It thus became necessary to calculate out 
the 10th Hamiltonian Number, which contains 43 places of figures. The highest 
number calculated by Hamilton (the 6th) was the number 923, which comes third in 
order after 5 (the Bring Number), 11 and 47 being the two intervening numbers. It 
is to be hoped that some one will be found willing to undertake the labour (consider¬ 
able, but not overwhelming) of calculating some further numbers in the scale. 

The theory has been w a plant of slow growth.” The Lund Thesis of December, 


* For instance, an equation of not lower than the 905th degree may he transformed into another of 
that degree, in which the 2nd, 3rd, 4th, 5th, 6th, 7th, terms are all wanting, by means of the successive 
solution of a ramaficatory system of equations, of no one of which the degree exceeds 6, whereas by the 
Jerrard-Hamiltonian method this transformation could not be effected for the general equation of degree 
lower than the 6th Hamiltonian Number, viz, 923, So for the analogous removal of 5 consecutive 
terms the inferior limit of degree of the equation to he transformed would he 47 by the one method, hut 
44 (the lowest possible) by the other In the ease of 4 consecutive terms Hamilton could not avoid 

the 4th number which I have named after him* might be replaced by 10, as the 
«■ - -, Jspsit.'-cf the eqpatibm.to be transformed- 

efftmOaMl to the Sooieiy ftfrer the 1st and 2nd had gone to press, the 
&nd the results reduced tp apodmtic certainty. 
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1786 (a matter of a couple of pages), Hamilton’s Beport of 1836, with the tract of 
Mr. Jerrard therein referred to, and the memoir in * Crelle ’ of December, 1886, 
constitute, as far as we are aware, the complete bibliography of the subject up to the 
present date. 


§ 1 On the Asymptotic Laws of the Numbers of Hamilton and their Differences . 
Consider the following Table — 


0 0 

0 

0 

0 

0 

0 

1 1 

1 

1 

1 

1 

1 

2 

3 

4 

5 

6 

7 
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15 

29 

49 

76 



36 

210 

804 

2449 




876 

24570 

401134 





408696 

246382080 






83762796636 


Any line of figures, say p, q, r, s, t, . 0, in the Table being given, to form the 

subsequent line q lt r 1} s v t l3 . . . $ 1} we write 


_p(p + 1) 
12 


+ 2 - 


*i = PS *+i\T +1} +M + r. 

Si== slz± D(f +^p) q+pr+3 . 


p(p + l)(p + 2)(p + 3)(4p + l) p(p + l)(p + 2) p(p + l) 

1“ 1 2 3.4.5 h T23 2+ 12 *• + *» + *■ 


n i>(jP + D . .(.p + i-l)(^ + l) , p(p + 1 ) ..(p + i- 2) - 


If we call the n ih term of the mP 1 line [m, n], the general law of deduction may b© 
expressed by the formula 

s [ 

i = 0 


[m + 1, n] = — B„ +1 ([m, 1] — 1) + 2 [tn, % -f 1 - l], 


where B,& means the coefficient of a? in (l — z)~K 
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The negative term - B* +1 ([m, 1] - 1), it may be noticed, arises from decomposing 
the first term of [wi -}- 1, iij, as given by the original formulae, into two parts, of which 
it is one. 


Thus, ex. gr , 


p(p + 1) (p + 2) {p + 3) (4 p + 1) 
1 2 3 4 5 


is changed into 

o-i)pQ + i)(.p + 2 )(ff + 3 ) , pJjl± ± 2 )(y± 3 ) n 

1 2 3 4 5 1 2.3 4 ' 


The numbers m the hypothenuse of this infinite triangle, viz., 

1, 1, 2, 6, 36, 876, 408696, 83762796636, 3508125906207095591916, 
6153473687096578758445014683368786661634996,. , 


are what I call the Hamiltonian Differences, or Hypothenusa! Numbers* ; and their 
continued sums augmented by unity, viz., 

2, 3, 5, 11, 47, 923, 409619, 83763206255, 3508125906290858798171, 
6153473687096578758448522809275077520433167,.. 


are what I call the Hamiltonian Numbers. The two latter of these have been 
calculated by means of Mi*. Hammond’s formula, presently to be mentioned, and the 
corresponding Hypothenusal Numbers deduced from them by simple subtraction. 
Their connection with the theory of the Tschirnhatjsen Transformation will be found 
fully explained in my memoir on the subject in vol. 100 of ‘ Quelle/ My present 
object is to speak of the numbers as they stand, without reference to their origin or 
application.! 


* The other numbers of the “ triangle,’’ -whose properties it may he some day desirable to investigate, 
may be termed co-hypothenusal numbers of order measured by their horizontal distance from the hypo- 
thennse—their vertical distance below the top line denoting their rank In the sequel the development 
is given of the half of a hypothenusal number (of the first order) in a descending senes of powers (with 
fractional indices) of the half of its antecedent, the coefficients in the principal part of such senes being 
(not, as might have been the case, functions o£ the rank, but^ absolute constants These may be termed 
the hypothenusal constants The values of the first four of them are shown to be 1, -§| 

t The reader will he disappointed who seeks in Hamilton’s Report any systematic deduction of the 
numbers which I have called after his name He treats therein the more general question of finding 
the number of letters sufficient for satisfying any system of equations of given degrees by -m^ana of a 
certain prescribed uniform process whereby the necessity is obviated of solving any equation of a higher 
degree than the highest one of the given equations, and among, and mixed up with, other examples 



equations of degrees 1, 2, 8; 1, 2, 3, 4 j 1, 2, 3, 4, 5; 1, 2, 3, 4, 5, 6, for which the 
letters required to make such process possible (when the equations are homo- 
, 958^ respectively. - Accordingly he has no occasion to employ the infinitely 
C amL cohesion to the problem which deals with an indefinite 
de^es fiom I upwards* This triangle* which plays an impor- 
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The question arises as to whether it is possible to deduce the Hamiltonian 
Differences, or to deduce the Hamiltonian Numbers, directly m a continued chain 
from one another without the use of any intermediate numbers Mr. James 
Hammond has shown that it is possible, and has made the remarkable discovery that 
it is the Numbers of Hamilton, and not the Hypothenusal Numbers, which are 
subject to a very simple scale of relation These being found, of course the Diffe¬ 
rences become known. This is contrary to what one would have expected. A 'priori, 
one would have anticipated that the deter min ation of the Hypothenusal Numbers 
would have preceded that of their sums. 

I leave Mr. Hammond to give his own account of his mode of obtaining the 
wonderful formula of reduction, which, by a slight modification, I find, may be expressed 
as follows .—Using E, to denote the (i -j- I) 01 Hamiltonian Number augmented by 
unity, so that E 0 = 3, E x = 4, E 3 =6, E s = 12, E 4 = 48, . . .; and to signify 
the coefficient of t x in (1 -f- t) m ; then, for any value of i greater than unity, 

&E, y^xE , —1 -f- $jE,_ 3 — ^gE^g + • • • + ( )* AE 0 = 0 

taut part in the systematic treatment of the problem, first appears m my memoir on the subject in the 
100th volume of ‘ Ceelle ’ 

. It is proper also again to notice that what I call the Numbers of Hamilton (at all events those subsequent 
to the number 5) are not the smallest numbers requisite for fulfilling the condition above specified Smaller 
numbers will serve to satisfy that condition taken alone, but when such smaller numbers are substituted 
for Hamilton’s the resolving equations will be less simple, inasmuch as they will contain a greater 
number of equations of the higher degrees than when the larger Hamiltonian numbers are employed 
This distinction will be found fully explained m the memoir cited, and the smallest numbers substitutable 
for Hamilton’s are there actually detei mined for r equations of degrees extending from 1 tor for all 
values of r up to 8 inclusive. 

I have added nothing (for there is nothing to be added) to the fundamental formula of Hamilton 
expressed by the equation 

[X, /i, i;, .. w] = 1 + [X — 1, "X + /*, X + fi + v, ., X 4- p + v -(- — +’>'], 

where, supposing the letters X, fi, v, .. v, to be % in number, [X, ft, v, w] means the number of letters 
required in order that it may be possible to satisfy, according to the process employed by Hamilton (in 
conformity with a certain stipulation of Jebbabd), a system of X equations of degree i, fi equations of 
degree % — 1, v equations of degree i — 2, . , sr equations of the degree 1, without solving any single 

equation of a degree higher than i This formula, applied X times successively, will have the effect of 
abolishing X and causing [X, /i, v ,.. . if] to depend on \jt, v\ «■'], where ft', v',. .. ir 1 are connected 
with X, ft, v t . it by means of the formulae given at the commencement of the present paper, hut where 
instead of the letters X, I have used the letters p, g, r ,.. 

It is presumable that the reduced Hamiltonian numbers would he found much less amenable to 
algebraacal treatment than the Hamiltonian numbers proper; for numerical equalities and inequalities 
have to he taken account of, m determining them, which have no place m the determination of the latter 
numbers. Hamilton, as already stated, expressly alludes to the reduction of 11 to 10, but with that excep¬ 
tion hn.s avoided the general question of finding the absolutely lowest number of letters required m order 
that a system of equations (expressed in terms of those letters) of given degrees may admit of being satisfied 
Withont the necessity arising to solve any equation of a higher degree than the highest of the given ones 

MDCCCLXXXVII.—A. 2 P 
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Or in other words, writing /3 0 E* = 1, = E,_ l5 and replacing i — 1 by i, 

E t = 1 + $jE,_ i — AE,_ a + • • • + (~~) ,+1 A+A 

for all values of i greater than zero. 

This is eminently a practical formula, as all the numerical calculations made use of 
to obtain any E are available for finding the E which follows. Dispensing with the 
symbol A we may deduce all the values of E successively from those that go before 
by means of the equivalence 


S = (1 — t)*° + t (1 — tf' + t 2 (1 — t)** -f . . . = 1 — 2 1, 


which, by equating the powers of t on the two sides of the equivalence, gives 



A 

E a 

E, 


1 + 
1 + 


3.2 
1 2 

4 3 
1 2 


6 5 

l + T7* 


4, 

3 2.1 
1.2.3 

4 3 2 


= 6 , 

.3210 

T* 


1.2 3 ' 1.2 3,4 


12 , 




and so on. 

* ^ I use the term equivalence and its symbol m order to convey the necessary caution 
that the relation indicated is not one of quantitative equality ; for, although the senes' 
on the left-hand side of the symbol converges for all positive values of t less than 2, 
it is never equal to the expression on the right-hand side except when t = 0. Thus, 
e.g t) when t is unity the two terms of the equivalence are 0 and — 1, and when t = ^ 
they are 

2“ El “ 1 + 2 -E *" a + • • • and 0, respectively; 


and for all values of t within the limits of convergence the value of the left-hand 
side is in excess of the value of the right-hand side of the equivalence by a finite 
quantity which decreases continuously as t decreases from 2 to 0, and which vanishes 
when t = Q. # 

In a word, the generating equation is not an equation in the usual sense of the 
term. Conceiving each term of the series S to be expanded in ascending powers of t, 
and like powers of t to be placed in columns under and above each other, the double 



* 01 the truth of the statement that the excess never changes sign, and continually decreases, I have 
gg^depbt, hut it requires proof. Mr. Hammond remarks that 

—#>*+. +^<1 *- 0®"=* (i - 2 1 ) -m 2 (i- -r 4 - 1 (i - 0®*“ \ 

8 Values of i. Probably a proof of the point in question might be 

thought it necessary to investig&te the matter. 
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sum may be taken as a vertical sum of line-sums or as a horizontal sum of column- 
sums, and, although for licit values of t each sum has a finite value, the two finite 
values are not identical, just as a double definite integral may undergo a change of 
value when the order of its integrations is reversed * 

I noticed at p. 478 of the 100th volume of f Cjrelle’ that the value of any Hamiltonian 
Difference divided by the square of the preceding one was always greater than |, and 
stated as morally certain, but “ awaiting exact proof,” that this ratio ultimately becomes 
\ By aid of Mr. Hammond’s formula for the numbers, I shall now be able to supply 
this proof, and at the same time to show that the ratio of a Hamiltonian Number to 
the square of its antecedent (which, of course, converges to the same asymptotic 
value -J) is always less than that limit t 

We must in the first place prove that in the series 

Aj^-i y8 3 E,_ 3 -j- $jE,_ s — &E,_ 4 -}"••* 

the absolute value of each term is greater than that of the one which follows it. 

In proving this, I shall avail myself of the property of the Hypothenusal Numbers 
disclosed m the process of forming the triangle given at the outset of the memoir, viz , 
that E, — E,_ x is greater than (E,.^ — E,_ s ) 2 /2 

Let us suppose that the law to be established holds good for a certain value of i. 
For the sake of brevity, I denote E„ E,_ 1} E,_ 2 , E f _ a , . . . by N, P, Q, B, . . . 

We have then 


Q(Q-l) R (R — 1) (R — 2) S (S — 1) (S — 2) (S — 3) 

2 2.3 ' 2.3 4 * * ' 

P(P-1) Q (Q — 1) (Q — 2) R(R —1)(R-2)(R—3) 

2 2.3 + 2.3.4 

_ S(S - 1)(S - 2) (S - 3) (S - 4) 

2 . 3 . 4.5 


* Professor Cayley las brought under my notice a not altogether dissimilar, but perhaps less striking, 
phenomenon, pointed oat by Cauchy, that, althongh the seneB 

1 “ 7i + 4 * 

is convergent, its square 

« 0 S + (2m 0 «i) + (2«o« 3 + «i 2 ) + . • 


4.P , 

1 - /2 + - . • • 

is divergent. 

t The fortunate circumstance of the two ratios m question being always respectively less and greater 
than the common asymptotic value of each of them enables us to find the value of the constant m the 
expression c 2 *, which is asymptotically equivalent to the half of the a 01 Hamiltonian or Hypothenusal 
Number by a method exactly analogous to that of exhaustions for finding the Arc him edian constant 
correct to any required number of decimal places. See end of thiB section (pp 298,299), 


2 P 2 
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If, then, the law to he proved is true for all the consecutive terms of the upper series 
it will obviously be true for the second series, abstraction being made of its first term , 
provided that no antecedent is less than its consequent in the series 


Q-2 

“T“ s 


E - 3 

~T 3 


S -4 
5 : 


which is true d fortioon if 


continually decrease, as is obviously the case, inasmuch as 

* 

Qj h, S, * * • 

form a descending series. 

In order, then, to establish the necessary chain of induction, it only remains to show 
that 

3P (P — 1) — Q (Q — 1) (Q — 2) 

is positive. 

Now 

(P _ Q) _ (Q - r R ) 3 jand a fortiori P - ( - Q - ~ B) - 
is positive for a reason previously given.' 

And, if in the series 3, 4, 6, 12, 48, 924,. . . we make exclusion of the first three 
terms, we have always 


and consequently 


R=or < f, 
4 

p > # 

^32 


And, since under the same condition (P — 1 )/(Q — 1) > 4, 3P (P — 1) — Q S (Q — 1), 
and d fortiori SP (P — 1) — Q (Q — 1) (Q —2), is positive if 12P — Q a is positive, 
which is the case, since P > 9Q a /32. 

Hence, since the theorem to be proved is true for the several series 




4 3 

3 2.1 

1 2 

1.2 3 ’ 

6 5 

4.3.2 

1.2 

1.2.3 ’ 

12.11 

6,5,4 ,4,3 2 1 

1 2 

1.2.3 *^1.2.3.4* 

48.47 

12.11.10 6,5 4 3 

1*2 

1*2 3 "*1,2.3*4* 


vi*. 


the series 4,6,12,48,924, v. t$ its antecedent continually 
feb$%%he wo^th setting forth in the text. 
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it will be true universally, .for in all the succeeding series the term we have called It 
will be higher than the term 6 in the scale 3, 4, 6, 12, 48, . . 

Hence 

P - l = or <J(Q 3 -Q). 

For the initial values of Q, P, (viz., 3, 4,) 

P — l = £ (Q 3 — Q). 

[When P represents any term beyond the first it is very easy to prove, but too 
tedious to set out the proof, that the sum of all the terms after the first in the 
series equated to P — 1 will be less than — 2; so that, except in the case stated, 

P<MQ a -Q)]. 

For the senes 12, 48, 924,... we have seen that P > 9Q a /32. 

Hence, for the series 48, 924, . , 


But 


Hence 

i 



-n Q 2 - Q R(B -l)(R -2) 

F> 2 6 ’ 

Q 3 - Q B s 

> 2 6 


P> 


Q s Q 6 4 V2 


8 1 


Q } , and P < 


Q 8 — Q 


Hence, when P, Q, are at an infinite distance from the origin, 



Hence, also, 

ultimately ==| = i 


which proves the theorem left over for “ exact proof” in the memoir referred to 

It is convenient to deal with the halves of the sharpened* Numbers of Hamilton, 
which may be called the reduced Hamiltonian Numbers, and denoted by h with a 
subscnpt, or, when required, by p, q } r, . . . (the halves of P, Q, P, . . . respectively) 
We have then 


2 p < 


4ff 3 - 2 q 

~~T~ i 


# Numbers increased by unity may conveniently be denominated sharpened numbers, and numbers 


diminished hy unity flattened numbers 
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oi 

P < 2* - f> 
p>f -§ —Wa* 

We may find a closer superior limit to p in terms of g as follows— 

■p . _ ^Q s -Q E(E-l)(B-2) S(S-l)(S-2)(S-8) 

P-l-or<-^-s- + -24- ’ 

in which, inequality it may he shown by inspection up to a certain point, and after 
that by demonstration, the tedium of writing out or reading which I spare my 
readers and myself, that P may be substituted for its flattened value P — 1. 

We have then 

-n ^ Q 8 — Q It 3 — 3R 3 t S 4 
e< ~2-6 +24 

Let us suppose that S, R, are not lower in the scale of the E’s than 12, 48, respec¬ 
tively; so that P is not lower than E 0 , which is 409620. 

Then, as we have previously shown, 

Q*<^P, R 3 <^Q, S 3 <^-R. 


Moreover, we have 

P < i (Q 2 — Q), whence it follows that Q 2 > 2P -f- Q, 

and, & fortiori 

Q S >2P 

Similarly 

R 2 > 2Q, 
and 

S 2 >2R 

Now 

-p.Q 8 -Q R 8 , R 9 , S 4 

< ^ - * (2Q)»+4 (¥ Q) + A (¥ E) J 

<f-irQ , +flQ + A(WQ. 

E<4Q S -^Q' + WQ. 

^ result* expressed in terms of the reduced numbers p, q, takes the form 
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and we have previously shown that 

p>g*- Ws 1 - f> 

i£ 

at all events when P is not lower in the scale than E 6 . 

The fraction - J ^ a - arises from our having substituted for R. 3 the inferior value 
(%q- Q) 1 ; but, the higher we advance P in the scale, the nearer R approaches to 2Q, 
and is ultimately m a ratio of equality with it But, if we had written (2Q) 5 for R 3 , 
the coefficient, which now stands at — -g 3 ^, would have been — § In like manner, 
as P and Q are travelled on in the scale, R. 3 and S 4 become indefinitely near to 2Q 
and (2R) 3 , i.e , 8Q, so that the coefficient of Q in the superior limit approximates 
indefinitely near to 

4 + 1 + s'5 2 e ’> f> 

and the two limits of p which have been obtained become 

2* —+ 

s*-(l + v)tf-iz> 

where ultimately e and yj are infinitesimals * 

Hence it follows that the ultimate value of 

(p - q 3 ) -h g 1 is -1, 

%% & y 

2E, - Wi_ x , . 

—= — a/I when i —— co, 

* 

Let X, fi, v, . . . represent the halves of the Hypothenusal Numbers in the triangle 
given at the commencement of the paper, i e. } the differences of the numbers which 
we have called p, q, r, . . . 

Since 

p = g 3 — f q* and q — r 3 — f r*, 

p — q = q* — iq l — q, and q — r = i 2 — | r f — r. 


Obviously, therefore, as a first approximation when X, fi a are very advanced terms 
in the hypothenuse, 

X = 

Let us write 

X = p, 3 -p k p? 

for a Second approximation. 


* As a matter of fact, it will be found that, as soon as q and jp attain the values 6 , 24, 2 s — 4 gr* may 
be taken as a superior limit. It may be noticed also, to prevent a wrong inference being drawn from the 
above expressions, that, as will hereafter appear, 57 is an infinitesimal of the order 1 /g*, when q is 
infinite. 
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Then 


(f — % q* — q = (r z — •§■ r 4 — r ) 2 -{- k (r z — § r s — r) a , 


or, neglecting terms of lower dimensions than r s , 


(r s -t 5 -») s -|r s fl-^+ f r ~- ■ 


— ( ,,s — § r 3 — r) s + K r 


,2a 


Therefore 

Consequently 


i2a 


- f r 3 = — 2 r 8 + k 7 


a = f and . k = f. 


Thus, then, for the consecutive Hypothenusal Numbeis A, p, 


Let 
or say 


\ = /A 3 + f /A 1 + . . . 

X = /A 2 + f^ 4 + 


^ar + l = I?* 3 + -f Vx + P* **?« 


where vj x is the cc th term in the series 1, 3, 18, . . . 

The successive values of p x and their differences are given in the annexed Table 


X 

y* 

P* 

<1 

1 

*5 

55719096 


2 

1 

•66666666 

+ 10947570 

3 

3 

69059893 

+ 02393227 

4 

18 

67647909 

- 01411984 

5 

438 

64334761 

- 03313148 

6 

204348 

61769722 

- 02565039 

7 

41881398318 

61139243 

- 00630479 

8 

1754062953103547795958 

61111171 

- 00028072 


The decimal figures following those given in p B , required for ulterior purposes, 
being 5795; 

An examination of the column of differences for x = 5, 6, 7, 8, shows that the 
ratios of each to the rest go on decreasing somewhat faster than their squares this 
it almost certain that /> 8 — p e will be between the 400th and 500th part of 

the value of p 9 will be •6111111, &c. I believe it is 
doubt that the ultimate value of p is exactly ; and, indeed, it 
L%rtbrtained of this being its true value, when I had calculated 



A - 

<* j 


i -nf ,* 
H *« 
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that led me to undertake the very considerable labour of ascertaining the 10th 
Hamiltonian Number in order to deduce from it the value of p 8 This being taken 
for granted, # we may proceed to ascertain a further term m the asymptotic value of 
+1 expressed as a function of t)*. 

For, calling 

p& “i 8 —— 8# and rjx —— qx> 

we have 

S 6 = *00658611, 

S 7 = ‘00028132, 

S 8 = -0000006047, 
ft = 21, "I 

q 7 = 452, ^neglecting decimals, 
ft ~~ 204649, J 

Thus 

(Sq\= 1383, 

(Sq) 7 = *1272, 

(8q) 8 = -12375. 

The value of 

(fy)o — (fyh being 0111, 

and of 

(Sq) 7 - (Sq) 8 -0035, 

we may feel tolerably certain, from the Law of Squares, that (Sq) 8 — (8q) g will be 
somewhere in the neighbourhood of the tenth part of *0035, and accordingly that 
(Sgf) 9 is about -1234, so that the probable value of (Sq)^ is '1234 
Thus we have found 

y*+i = yJ + i yJ 4- H y* + [ ] yJ + 

the only moral doubt being as to the degree of closeness of propinquity of the 
coefficient of to the decimal *1234. . . t 

For the benefit of those who may wish to carry on the work, I give the following 
numerical results which have been employed in the preceding arithmetical determina¬ 
tions .— 

« 

* It is reduced to certainty in the supplemental 3rd section. 

t The exaot value of the coefficient of yjt , left blank in the text, is proved in section 3 to he i e , the 
recurring decimal 123456790 

2 Q 
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E 8 (E b - 1) 
1 2 


= 6153473687194529702895764001115884685871706 


Ji i ^ z—?) _ 97950944448414216137607200637520 

1.2 o 

= H73024302352295838445 

12 3 4 

E s (Eg - 3 H F -» ~1 > = 5552272910184 

1.2 345 

E. (E. - 1) (E< - 2) (E, - 3) (E. - 4) (E„ - 5) y 

1.2 3 4.5 6 ~ 12271512 

E,(E, - 1) (E, - 2) (E a — 3) (E, — 4) (E, - 5) (E, - 6) 

1234567 **'*■' 


^5-7-^= 24 33383333 . 
tjQ v) 5 = 466*54794520 . . 
rjy + rj^ 204951*34925714 . 

Va + rj 7 = 41881671184 54776412 . . . 

ije + ^8= 1754062953159389842293*346657805 . . 

V^= 4 24264068 . 

^= 20 92844819 
\/^ = 452 04866994 . . 
v4^= 204649 45227877 . . . 

V^ = 41881534751 051659567667 . . . 

Finally, it is interesting to find the asymptotic value of h x and rj x (the halves of the 
sharpened Hamiltonian, and of the Hypothenusal Numbers), which are ultimately in a 
ratio of equality to each other, in terms of x. Obviously each of these is ultimately 
m a ratio of equality with M 2 *, where M is a constant to he determined. 

Let 

M=10* a and «,= lQ** + \ 

Then, for finite values of x, remembering that (in the preceding notation) 

p <q* and X > p, 2 , 

between the corresponding terms of the two series 

iMtX ft. 18. 438,204348, 41881398318,. 

a, 6, 24, 462, 204810, 41881603128,. . . 
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By means of this formula, writing for u x coiresponding values of tj and h, and 
retaining so much of the two corresponding determinations of a as is common to both, 
we can find a precisely to any desired number of places of decimals, as shown in the 
following Table, m which 18 and 24 are taken as the terms of place zero in the 
respective series. 


u x — 18, 

438, 

204348, 

41881398318, 

a = *32, 

*401, 

•4088, 

•4089863 . . 

1! 

463, 

204810, 

41881603128, 

a = *46, 

*413, 

•4090, 

•4089866 . . 


Hence, if we now change the origin, taking \ and 2 as the zero terms, we have 

M2* + S _ 103* + “ 

8 log M = 2 

M = 1*4654433 * 

As a verification, since 2 s = 8, (l‘46544) s should lie between 18 and 24; and, as a 
matter of fact, a rough calculation gives 

(l 46544) 3 = 2 1473. , 

(2-1473) 3 = 4 608 
(4*608) 3 = 21*234 

which is about midway between the two limits.— J J. S. 

§ 2.— Proof of the Formula for the Successive Determination of each in turn of 

Hamilton’s Numbers from its Antecedents. 

Let 

1 4* x + a? + as 8 4 a 4 -J- as 5 4 a 6 4 • • = F 0 (*)> 

2a? + 3x* 4* 4a 8 4* 5a; 4, 4- 6a? 6 4* 7a° 4- • * * = F x (a), 

6a s 4“ lSas 3 4* 29a 4 4 49a 6 4 76a 6 +. . = F 2 (a), 

36a 8 4 210a 4 + 804a* 4 2449a 8 4 . = F a (a), 


where the coefficients of the various powers of x are the numbers set out in the 
triangular Table at the commencement of this paper. 

If, in general, we write 

F„(a) = a*as” 4 4 c n x*+* 4 d H scf t+ ^ 4 • • •» 

the coefficients of F* +1 (as), expressed in terms of those of F* (a), are as follows .— 

* See Note 1, p 812 
2 Q 2 


approximately 

and 

which gives 
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,, - h _i_ + 2 ) 

«» + l — °n "T j—g 


7 i — r J- n J\ JL (^ a » + 1 ) 

°n +1 — -f CfoO* “i“ -j—^—g- 


/> — /7 _i_ « /* _l 7. i a »( a « 4 1) (®» 4 2) (3a* 4- 1) 

c »+i — a„ + a n c n i-p~ 2 — o« +- ^ 2 4 - 


Now 


(1 - «) ■-% = 1 + a* + ** + «!<?» + *> <* + 2 > gfi + . 

when multiplied by 

F«(z) = + b n x n+l + c n x n+ * + d„a? +5 -f- . , 

gives 

(1 — x)~<F n {x) — a n af + b H x n+1 + c n x H+2 -f d n x? +& -f . . 

+ a„V +1 + a, u b n a? t+ * + a H c H af +s + . . 

+ w+... 

_j_ a^jan 4 1) (a n + 2) 

~ 1.2.3 37 + * * * 

_j_ 

Comparing this with 

¥ m+1 (x) = b n xf ,+1 4 - cyc* + a 4 - djc? + * + . . . 

+ - V 2 " ^ ft+1 + a n b )i x n+2 -\-a ti c n ocf t+a 4- . . . 

+ *■( « . + lH2a, + 1) „„ + %fa + l) + 

1 a »( a « 4* 1) (ctft 4 2) (3a„ 4 1) 

~ t_ 1.2.3 4 

we see that the difference of the two expressions is 

a.®* + — ,~ j, K <C +1 + ( - ~ , 1} a ;% + X) a-+» 4 . («.-l)a.fa + l)( , o.+a> 

• L ' 3 12.3 ^ 12.3.4 37 “h 

•which is equal to 
Thus 

, = (l — #)"*» F*(o;) — af“i(i — x )~‘ a » +1 q_ — a;).* 

^^,this equation by (1 — ar)*»+i, where 

: ~ a o + «i 4- a 3 + . .. + 4 . a*, 

^ ■ * See Note 2, p, 312. 


£C” + 8 4- . . 

+ • , 


2 ( l ^ z)- <a *~ 1} — af-^l — ®). 
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we obtain 

(1 — £b) , » + i F« +1 (£c) = (1 — x) e » F „(x ) + — cc)^+i +1 — — x) Su + \ 

which gives, when we write successively n — 1, n — 2, n — 3, . . . 0 in the place of n, 

(1 — sc)'" F„(a;) = (1 — xy»-i F u ~i[ x } + £b”“ 3 (1 — aj)*» +1 — x n ~ 2 (l — , 

(1 — = (l — x) 3 * -s F„_ s (ai) + af~ 3 (l — a:) , »-i +1 — x n ~\\ — x) 3 »-* +1 ; 

• ••••• • » » • • • • * • • * 

(l — x) Sl F^ic) = (l — x) So F 0 (a:) + x ~ l { 1 — x) 3 ' + l — x~ l (l — as)* +1 . 

lienee, by addition of these n equations, we find 

(1 — x)* n l?„(x) = (l — x)*° F 0 (r) + x n ~\\ — a3)'» +1 — £c -1 (I — £c) S|,+1 

-f- a5"~ s ( 1 — x) s *- 1+z -f- £C"“ 4 (l — x)*»- s+z + . . . + £c _1 (l — £c)' it2 , 

where it has been assumed that it is possible to assign to s 0 (previously undefined) 
such a value as will make the last of the above n equations, viz., 

(I — x) Sl F^ce) = (1 — x) e ° F 0 (.r) + aj _1 (l — x) 3l+1 — £c“ 1 (l — sc) ,0+1 , 

identically true. That this can be done is obvious, for, if in that equation we write 
for F 1 (cc), F 0 (sc), and s x their values, viz., 

F^sc) = (l — x)~* — 1, F 0 (£c) = (1 — x)~\ and s 1 = a Q = 1, 

then, on making s Q = 0, the equation becomes 

(1 — x)" 1 — (1 — x) = (l — x)~ l -j- £c -1 (l — x) (1 — x — 1) 

Thus the general value of F*(r) is given by the equation 

(1 — a?)'* F„(jc) = (1 — as) - ' 1 + a5" -a (l — x )* n+1 — aj _:i (l — x) 

-f- a5"“ s (l — cc) s "- 1+a + ^"^(l — £c)*»-* +a + . . . -f* aT*(l — £»)* l+2 , 

which is equivalent to 

(1 — x )‘■ F*(aj) — (1 — *)“ 1 + £c“ 1 (l — x) — — as)** +1 

= a? - *(l — £c)'* +a + aj w " 3 (l — a?)'* 1+2 H- a?~\ 1 — a)'*-** 3 + • • • + aJ M (l — aj)* J ' 2 , 

where, Oq, a 1} a 2 , a a , . . , being the Hypothenusal Numbers 1, 2, 6, 36, ... we have 
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~ CIq — 1 , 

s 2 = % “I - ^1 = 3, 

,s 3 = a Q -j- ci \ ct 2 = 9 , 


i.e., the successive values of s u + 2 are the Hamiltonian Numbers 3, 5, 11, 47 . . . 

Now F*(as) = a„x n + . . . , so that the coefficient of af* m (1 — xf n F„(cc) is the same 
as the coefficient of as” in F„(a;), viz, a„. Consequently, equating coefficients of x n on 
each side of the equation just obtained, we find 


a„ 


-i | /„ i i\ _ ( 5 » + 2) (s n + 1) (s«-i + 2) + l)s„_ 1 

i+(«. + !)- Yz TTi 


Remembering that 


+ 

. / y-n Oh + ^fa + l) fa + 2-w) 
^ v > 1.2 3 (n + 1) 


if we call the Hamiltonian Number s n + 2, H„, the above relation may be written 
thus: 


H; 


»+i 


H,(H M -1) _ H w _ 1 (Hg-j - 1) (H w , t - 2) 


1.2 


12 3 


I H„_ g (TT n -3 1) (H«-9 2) (H„_ 2 — 3) 

12 3 4 


( _ y +1 H, (Hi — 1) (H! —■ 2) . .. (H, — n) 
^ ' } 1.2.3.. («+ 1) 


To obtain Professor Sylvester’s modification of this formula given in the preceding 
portion of this memoir, we multiply the equation from which it was obtained by 
1 — x before proceeding to equate coefficients. Thus we have to equate coefficients 
of af on both sides of 


(1 - «0*«F.(a!) - 1 + a-i (1 - xf - a*- 1 (1 - a:)'» +2 

= *■“'*(1 — ®)'* +a + a!" _s (l — + a”~*(l — a:)'”-* +s + . . . +® -1 (l — a)* +s . 

Or, writing 


+ 3 = E„, 

Coefficients On both sides of 

i > 1 

i + SB** 1 (1 - xf - flf-1 (1 - 

-f (1 — + af“ 4 (1 



a ;)®# 3 * 4 1 * • ‘ &* 1 (1 •“** ®)**. ' 





ON HAMILTON’S NUMBERS 


303 


This equation is easily transformed mto 

(1 — cc)® 0 + * (1 ~ x)* 1 4- & 2 (1 — ^) Ea + . . + a* (1 — a)®* 

= 1 — 2x -f- x 2 (l — a?) 1 " 1-3 P„ (x) — rt t+1 (l — a:)®* -1 , 

from which, as Professor Sylvester has pointed out in this memoir, by equating 
coefficients of all powers of x from 0 to n, we can obtain the successive values of E a . 
The general formula 

i Tf 1 I E»_ 3 (E,i_ 3 1) , / \«Eo(E 0 1) • (E 0 —n 4- 1) 

1 — -&*-i t 2 2 ~ • *r {—) . n ~ 0 

arises from equating the coefficients of as”. —J. H.* 


3.+ Sequel to the Asymptotic Theoi'y contained in § 1. 


The relation 


p = q 2 — fq 5 > etc. 


previously obtained supplies only the two first terms of the remarkable asymptotic 
development 

+ 2* + 2* + • + g <4), )+ H, 

where i is any assigned integer and S is of a lower order of magnitude than the lowest 
power of q in the series which precedes it This may be easily established as follows .— 
By the scale of relation proved in the preceding section we have 

P = 2 S — |^+|-+-. 

= q 2 — l-r 8 -f- terms whose maximum order is that of r 3 . 

Let, now, 

P = t — t# 1 — ¥ l( t — tV — IV • • •; 

therefore 

q — r 1 — fr* — %hr* — | -h* — f lr y . . 

and 


p = q 2 — -fr 8 (1 — r ~* — Ar*” 3 — hr p ~ 2 — lr y ~ 2 
— hr 1 * — %hr 2fl — . .. 

= q 2 — -Jr 3 -f | (r { -j- Ar° +1 + +1 4* ^ y+1 4* * * } + ♦ • * 

— -§A?' 3 ° — f — |rZr 2y — 


• • 


Therefore 


A=l, k= 1, Z = 1, m = 1, ... 

2a = |, 2j3 = 1 4“ a > 2y=l + A 28 = 1 + y, 


i.e. 


a 


— JL 

— 45 


/3 —t, y = it» $ = 


2j 


* See Note 3, p 312 


t Received July 28,1887 
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and thus 

p — f — |\q {q k + <t + 2* + 2* + 

as was to be shown.* 


+ g®) + B, 


* This theorem unary be rigorously demonstrated, and reduced to a more precise analytical fornij as 
follows — 

For the sake of brevity, we may call — pjq + q the relative deficiency of p, and denote it by A 
First it may be noticed that, if m the equation 

F(g) = XoC2 S_ * — 2 -3 ”*) 

we write log q = l, 


F 


(i) = 2 (■ 


h + 


F 


1 2 3 . 7 + 1 2 3.4 5 31 ^ 1 2 3 4 5 6 7.127 


/LB 


W 



which is always convergent 

Moreover, the value of F (g) may be calculated for any given value of q within close limits For, id 
we call U the right-hand branch of the senes m q, beginning with z — z~ 1 , the terms of XJ will easily bt 
Been to lie between those of two geometncal senes of which z — is -1 is the first term, and of one of whicl 
§■, and of the other (ss 4 + a -4 ) -1 , is the common ratio. 

Hence IT is intermediate between 2 (a 3 — l)/z and (z s — 1) (z + l)/a (s — s 4 + 1) 

[The difference between these limits, it may be parenthetically observed, is 





B 4 — 1 + Z -4 ’ 


which, when a is nearly unity (the limit to which g®* converges), is nearly equal to -feQs — sr 1 ) 8 , i.e., li 
? = 1 + t, the difference between the limits (for t small) is very near to t 3 ^ 3 

Now on p 309 {post) it is shown that V q — r + s — •|v / r = e, and that, when the rank of g is taker 
indefinitely great, « converges to •£. Hence e always lies between finite limits 

[For, m general, x being any one of a senes of increasing numbers, and (x) a function of x which if 
always finite for finite values of x, but ultimately converges to c, by taking for x a value of L sufficiently 
great, we make the senes of terms for x > L intermediate between c + S and c — 8, where 8 is any 
assigned positive quantity, and consequently, if v, are the greatest and least values of Y r ( aJ ) when s 
does not exceed L, the greater of the two values, c + 8, /t, and the lesser of the two, c — 8, v, will bf 
superior and inferior limits to the value of ^ ( x ) f° r all values of x ] 

Hence, writing 

\/p — 2 + t —• f v'g — 

v / 2 -5*+«-|v'r=!6j, 

V — S + t - -J- V '8 — S 6g, 


► < • 


*/Q — 8 + 2 — -J \/3 = 

we obtain, by summation, 

? + ■^■(‘^2 + V < r”+ */~s + . . + \/6) = — 2 + -fv /, 3, 

and, consequently, 

— 2-bi(^g+ vV+ ^g+ ,. + •\/6) = />», 

■whqre /»is always a finite quantity lying between determinable limits. But again (p. 307)- 
^ \ ^ p=as (g —£ /g)8, 

i 

isr %•) is always a proper fraction. Hence 

./-N 



't -t 
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It is interesting to notice that the formula apparently remains arithmetically true 
for finite values of p and q, provided that q is not less than 24, when we replace each 


Hence, from what has been shown above, 

\ <1 y V s + \/ 6) — 2 p'x 


<£-P= a t . /~ 


In this equation we may write 


a/7=: q\ + £j"] 

VT = gi + 
a/1 = gA-f - 


>■ (x —3 equations), 


where Tc a ,. . are all of them finite (and, as a matter of feet, of no eonseqnence for our immediate 
object, positive proper fractions) For, ultimately, 

^ — 2* — r * gi = ^TjfT^F — l 0 i — i ( seQ P 307), 

and consequently the finiteness of each h is a direct inference from the general principle previously 
applied m the case of the e’s 

Applying this result to the equation previously given, it follows that g* + gl -f- + g®*'* = ■§■ A — u® 

(where v is finite) = F(g) + (g - i + g — i+ -f q~ (4) 1- *) — •[ (z — z _1 ) + (ft — s - *) + (zi — z~±) + } > 

where z lies between 1 and 2 

The series of negative powers of q is obviously less than x, and the z-senes, which follows it, is less than 
the finite quantity 2 (ss — 1/z), i e , < 2 (2 — •£) Hence f A = E(g) + Qx, where 0 is a number lying 
between fixed limits, and su, the rank of q, is of the same order of magnitude as log log g This equation 
contains as a consequence the asymptotic theorem to be proved, for, using i to denote any positive integer, 

i A - Si g (i)t = F (g) - Vi g (i,i - 0 ® = g (i),+1 + ' i” (g®* - g- (i) ') - V l/g U),+1 - © ®. 

* = i + 2 

Hence, remembering that x is of the same order of magnitude as log log g, and that 

2J (g li> * — g -1 *’*) < 2(g ti>,+3 — g -tl) * +3 ), • . 

l=i+2 

which is of a lower order of magnitude than g (i)t+1 , it follows that f- A — V g (i) * for all values of i is ulti¬ 
mately in a ratio of equality with g (i)t+1 , which is the theorem to be proved 

We have thought it desirable to obtain the formula f A = Fg -f 0x for its own sake, but, so far as 
regards the proof m question, that might he obtained more expeditiously from tbe expression given for 
3A/2 — vx without introducing the series Eg 

It is easy to ascertain the ultimate value to which 0 converges In the first place, the senes of 
fractions 1/g* + l/g* + 1/gi + . to x — 2 terms (where as is the rank of g) may he shown to he 
always finite, and consequently, when divided by x, converges to zero. 

For we know that (jp — g) > (g —- r) 3 > (r — s) 4 , > (6 — 3) 31- * Hence the last term of the 

senes g*, g*, gt. (viz., g® ,_1 ) > 3 Hence the finite senes 1/g* + 1/g* + 1/gl + . * . for a double 
d forhori reason is less than the infinite geometrical series v + T + tV'f' %•<■£• 

[In fact, from § 1 (p. 299) it may easily be shown that the last term of the series g*, g 1 , g* .. > M 4 
> (1465) 4 > 4 608, so that the sum is really less than ~oa -I 

Hence, retracing the steps by which 0 has been obtained, and observing that p’ differs from p by a 
finite multiple of 1/®, we have ultimately 0 = v = & — 3 p’ ~k — 3p = & — 3e = -*- — f = — fa. If, then 
(using u s to denote the half of the sharpened a?® 1 Hamiltonian number), we write u x — 1 /w* — «*, and 
understand by Q (t — ljt) the mfimte senes (ft — t~V) + (ft — t"*) + (ft — i - *) + . ., it is easily seen 
that th e principal part of </ (v x +{), regarded as a function of «* and ®, is + fa^ 

2 R 


MDOGQIXXXVn —A. 
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term in the formula by its integer portion, and in the series on the right stop at the 
term immediately preceding the first term for which 


Thus, when 
we have 

and 

So also, when 


and 


E g® = 1. 

p = 462 and q = 24, 

E {f(Eg» + E 2 *) } = E {|(4 + 2) } = 4. 
p — 41881603128, q = 204810, 


E {§- (Eg* + Eg* + Eg* 4- Eg*) } = E {f (452 + 21 + 4 + 2) } = E (• 4 & ) = 319. 


But, if we had included the term Eg*, the result would have been 

E {§; (452 -J- 21 4“ 4 4" 2 *4" 1) } = 320. 

Again, when 

p = 3076736843548289379224261404637538760216584, 
q =1754062953145429399086, 


E It-—l) = 27921159919, 


and 


E {§■ (Eg* 4- Eg* -J- Eg* 4- Eg* 4” Eg* 4~ Eg*)} 

= E {§*(41881534751 4- 204649 4~ 452 + 21 4- 4 + 2) } = 27921159919.* 


We will now proceed to consider afresh the asymptotic development of any 
jETypothenusod Number p — q in terms of its antecedent g — r, and to reduce to 
app^iqtic, certaipty results which in the first section were partly obtained by observa¬ 
tion* • It -has already been shown in that section that 






g 

2 


, than 204810 in the scale 2, 3, 6, 24, 462, 204810, . . . , i.e., when 

i k nob less than 462. 





P > 2* - 32* + S’ + (If ?* -1 ?), 


understood merely to affirm the possibility of the theorem being true, and to 
strength of the presumption raised that it is so. 
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or, since fi — j- q is a positive quantity, 

P>(q- Vq f, 


at all events when q = or > 462. 

It will be found also on trial that this formula remains true for all the values of q 
inferior to 462. 

Thus 


Hence, universally, 
But we know that 


462 >(24- \/24) 3 , 
24 > ( 6 — y/bf, 
6 > ( 3 - y^) 3 , 

3 > ( 2 — y/2)\ 

p>(q — '/q) 2 * 


We may therefore write 


P < q 3 

p={q — e y/~qf. 


where 0 is some quantity between 0 and 1. 
Similarly, 


q = (r—0 1 \/ r)*. 


r = (s — 0 a s/~s) 2 , 
• * * • *2 


where 9 lt 0 %3 . . . are also positive fractions. 
When p and q become infinite, 



= $ = 20 . 


Hence the ultimate value of 0 is ■$■. Similarly, 0 L , 0 2 , ... all of them converge to 
the value -J-. 

This agrees with the result previously demonstrated (p. 295), and is the starting 
pomt of all that follows. 

We know that letters p 3 q, r, s 3 . . being used to denote the halves of the 
augmented Hamiltonian Humbers, they are connected by the scale of relation 


P = i + 


g(2g-l) 

2 


r(2r-l)(2r-2) a 
2.3 



* Had this inequality been true only for values of q sufficiently great, it would have been, enough for 
the purposes of the text. 


2 B 2 
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where 


S = 


s (2s — 1) (2s — 2) (2s — 3) 
2 3.4 


and T stands for the remaining' terms, involving 


Considering 
to be of the order 


t, u, v, . . 

q, r, s, t, 

i 1 1 I 

a> 4^ 8> • • » 


we may reject the term which is of zero order, and write 

p = 2 s — fr 8 , — | + 

Hence, rejecting terms of order less than -§ (which have, however, to be retained ii 
obtaining the subsequent approximations), 


(j> - ?) L = 
(? - «■)'/ 


when q is infinite. 

Again, writing for S its expanded value, viz., 


I — l*" 3 ; — fg+r* — ^ + S — T 

\—q* + Zqr; — r* 

= (2gr — I?’ 8 ); 

(P - ff) ““ (? “ = fe 1 


we have 

(P — 2) 

- (g - r) 2 
-f(g-r)» 


£? _ oB _|_ JJ..S _ i 

3 la s 4 , 

2gr — fr 3 — fg‘ 

+ 2gV — -fg -f -Js 4 


Order f, 


„ < 1, 


rejecting the terms $“V 3 , q~b A , ... in the expansion of (q — r)* because the order 
of none of them is superior to zero. 

We now write 

q = (r — $ 1 rf, 

so that 

2^ —|r s -|^ = (2r s --f 20 X V) - fr* - (I*- 8 - 4J& x i* + 

= - 20 1 V + |(9 X V. 

^ | ~ 2 ^ r2 + 2 2 V — te + £** Order 1, 

+ „ <f. 






? t , 
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Since 


q = r 2, = s 4 (ultimately), 


the terms of Order 1 (which are the only ones with which we have to do at present) 
are ultimately equal to 

(- 2 ^+ 2 + 


or, giving 0 1 its ultimate value J, to ££< 7 , or to the same order of approximation to 
m - r). 

Hence, ultimately, 

(p-q)={q- of + i(q - of + tt(<Z ” r)* 


We use this result to obtain a closer approximation to \/ q than r — \/~r, and to 

find the relation between the general values of 0 1 and 0 2 . 

Thus, assuming 

\/q—r = r — s + | fr — s + h, 

we have, ultimately, 

q — r = (r — s) 2 + f (r — $)* + (-f + 2 k)(r — s) 

— (r— s) z + Hr — «)• + ii(r — *). 


Consequently, as r becomes indefinitely great, h converges to the value 

“ e) = A- 

Now 


</ q — r 

and similarly 
Hence, ultimately, 


— f q — \ 


v q 


. . = s/ q — l ultimately , 


vr — s = \/ r — 4 "ultimately. 


v /g' = r —s + + + = + + 


We may therefore write 

v' q = r 

But 

and therefore 
Moreover 

whence it follows that 


s + f r + c (where ultimately e = ^). 
■s/ q — r — & 1 \/ r, 

0 1 x/ r = s — f \/ r — e. 
sfr = s — 0 % \/~s> 


0\ \fr = J s + x/ s — e (where e = ^ ultimately). 


# As previously obtained by observation m § 1 (pp. 296,297) It will, of course, be understood that in 
the above and similar passages tbe sign s= is to be interpreted to mean <c is in a ratio of equality with.,” 
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Resuming the development of (p — q) m terms of (q — r), we have 


tP-ff) 
- (y-r) 2 

~ s (? — r ) 1 

~ ii fe — «’) 


— 20/ -f 2q*r — V’ S' + | 

+ $ 0 1 a r 3 — s 3 

_^ ? -VS + ^ r+ ^ s 3_® _ T 


Order 1. 




£ 

4* 


» < §• 


The terms of order inferior to f are of no value for present purposes, and are only 
retamed for the benefit of those who may wish to carry on the work. 

To reduce the terms of Order 1, we write, m succession, 


Thus 


q = (r — fljvV) 2 , 
6 1 \/t == i s -J- § 0%y/s — e, 
r = (s — 6zs/l)\ 


- — 20/r 2 + 2 gfy — i&g 

= §“-2^ 1 *r»+2r 8 —Jjfr®; + - \s Q2 r 

^ 7*® / £ \ ^ / a 

= 3 “9 ““ 2r V3 + ; +4er (| + t^\/;j+V^; -2e 2 r--^^v 

= g i ( s * — + 60/s 3 — 40 a s s* + 0 a 4 s 2 ) — f s s (s 3 4- 4(9/ -f 40 a 2 $) 

+1V (* 2 + 40/ + 40 a 2 s) — f 0/s (s 2 + 40/ -j- 40/s) , 

+ 3 crs + 0/; + f e 0 3 r/s - 2c 2 ?' - ^ 9 - 0* r 

W Order ^ 

+ t 0aV -f I e0 s ^ i/s — 0 3 V — 2e®r — ^ 0/ . ^ | 

Hence 
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Here the terms of Order f are ultimately equal to 

(tV-! + *«+¥*)8*. 

which, when 0 1 and e receive their ultimate values, and becomes 

(A-i + i + l*)2 f = «<?*-* 

From this it follows immediately that (rejecting terms of an order of magnitude 
inferior to that (q — r) 1 ) 

V - 2 = fe “ r f + t (Sf “ «■)* + H to - r) + H (q — r)* 

The law of the indices in the complete development is easily deduced from the 
relation 

, q (2y — 1) r(2r-l)(2r-2) , a (2s -1) (2s - 2) (2s - 3) 

i> = tH- 2 -273-*- 2.371 - 

The terms carrying the arguments 

q 3 , q, r 3 , r\ r, s\ s 3 , s 3 , s, t 5 , 

fiimish the indices 

2 > 1> t> i> lj J, i, h • • > 

which, arranged in order of magnitude, become 

2, f, 1, f, f, fc f, • • • 

* 

Thus, calling p — q and q — r y and x respectively, the expansion for y in terms 
of x will be of the form 

2m+l 

y = t Ax 2H , 

where n has all values from 0 to oo, and 2 m + 1 does not exceed n -f- 2, i.e. } m has 
all positive values from 0 to nj 2 or ^ (n + 1), according as n is even or odd. 

But, besides this expressed portion of the development of a Hypothenusal Number, 
say 7) x+1 , as a function of its antecedent, tj X) there will be another portion, consisting of 
terms with zero and negative indices of tq x having functions of x for their coefficients, 
which observation is incompetent to reveal, and with the nature of which we are at 
present unacquainted. The study of Hamilton's Numbers, far from being exhausted, 
has, in leaving our hands, little more than reached its first stage, and it is believed 
will furnish a plentiful aftermath to those who may feel hereafter inclined to pursue 
to the end the thorny path we have here contented ourselves with indicating, which 
lies so remote from the beaten track of research, and offers an example and suggestion 
of infinite series (as far as we are aware) wholly unlike any which have previously* 
engaged the attention of mathematicians. 

J. J. S. and J. H. 

* Agreeing closely with what had been previously found by observation in § 1 (p, 297). 
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Note 1, page 299.—(September 17, 1887.) 

It is easy to see that, if SM and Sa are corresponding errors m the values of M and 
a respectively, 

SM = (M log* M log* 2) Sa = ( 38822 . . .) Sa 

(since M = 1*46544 . . . , log* M = 38220 . . . , and log* 2 = *69314 . . ). 

Hence, Sa being intermediate between ’0000003 and ‘0000006, 

SM lies between *000000116 and *000000233. 

The value of M (the base of the Hamdtonian Numbers) is thus found to be 
1*465443 . . . , correct to the last figure inclusive —J. J S. 

Note 2, page 300.—(September 17, 1887.) 

This equation may be obtained more simply from the fundamental formula of 
Hamilton (middle of above note). It follows from the law of derivation there given 
that, if we write = (1 — — af, and, in general, • ?+1 F w = (l — sc)- 1 -*]?, — sc", 

then F H+1 = •‘F*; and, consequently, 

F, +1 -(l -»)-«*F w = + (1 -«)- l + (1 -a)~ s + . . . -f (1 -«)-«»+!} 

= — x) —■ (1 — aj)-'«*+i}.—J J, S 

Note 3, page 303.—(September 19, 1887.) 

It is curious to notice the sort of affinity which exists between a form of writing 
the scale of relation for B:ernoulli’s Numbers and that given at p. 289 for Hamilton’s. 

If we write G 0 =l, G x = -1, G S =(-4)B 1 , G s = 0, G 4 =(-4) S B 2 , G 6 = 0, 
G 4 = (— 4) 8 B 3 ,. . . then, using & in the same sense as at p. 289, we shall find the 
scale of relation between the B J s (Bernoulli’s Numbers) is given by the equation 

K~i 

2 (—)*&«* G,_ K = 0, provided i is odd. 

t < 0 “ - “ 

On striking out the i which intervenes between j3 K and G,.^, so as to make the 
former operate on the latter, the equation becomes that given at p. 289 for the E’s, 
the sharpened numbers of Hamilton.—J. J. S. 

f S 

i irv * 
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XI. On Evaporation and Dissociation .—Part ~V.* A Study of the Thermal Properties 

of Methyl-Alcohol 

By Professor William P ams ay, Ph.D ., and Sydney Young, D Sc 
Communicated hy Professor G. G. Stokes, P.R S. 

Received January 6,—Read January 20,1887. 


[Plates 14-18.] 


In previous memoirs we have given the results of investigations of the thermal 
properties of ethyl-alcohol, acetic acid, and ethyl oxide (ether). The subject of the 
present paper is the vapour-pressures, vapour-densities, and expansion of methyl- 
alcohol ; and from these results the heats of vaporisation have been deduced The 
range of temperature is from —16° to the critical temperature 240°; and the 
range of pressure from 11 millims. to 60,000 millims. 

Preparation of pure methyl-alcohol f—A finely crystallised sample of methyl 
k oxalate was distilled with ammonia; the distillate was rectified, and when partially 
freed from water was distilled with quicklime. The distillate was again distilled 
from barium oxide, and then allowed to stand for some weeks over anhydrous copper 
sulphate; but the boiling-point was found to be by no means constant. It was then 
distilled six times over small quantities of sodium; and the rise of temperature 
during the last distillation was less than 0 1°. The boiling-point was 64 85° at 761‘9 
millims. A series of determinations of vapour-pressure at low temperatures was then 
made, and it was decided, before employing the alcohol for determinations of vapour- 
density, to re-distil it It boiled at 64’95°, under the same pressure, 761‘9 millims. 
Preliminary experiments were then carried out, with a view to determining the 
critical temperature and pressure; but the volume-tube burnt, and the experiments 
were delayed until a new volume-tube had been calibrated. As the boiling-point of 
the alcohol was not absolutely constant, it was repeatedly fractionated, and the 


* Parts I and H, are published in the * Philosophical Transactions’ for 1886 (Part I.), Part HE, 
ibid., 1887; Part IV is published m the f Transactions of the Chemical Society,’ 1886, p 790, Part"VX, 
in the * Phil. Mag ,’ vol. 23,1887, pp. 435-458; vol 24,1887, pp. 196-212. 
f See alsp Addendum at p. 330. 
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greater part was obtained, boiling at 64*7°, under 760 millims. pressure. The rise of 
temperature did not exceed 0*05° during the complete distillation. 

The boiling-point of methyl-alcohol has been a subject of much dispute. Kopp 
found, with three separate samples, 65°, 65°-65 2°, 6 4‘6°—65*2°, Pierre, 66*3°; 
MendeliSeff, 66 °; Delffs, 66 5°; Dumas and Peligot, 66*5°, Landolt, 66*3°; 
and Dittmar and Stewart, 64T°. Perkin, who dried his alcohol with copper 
sulphate, found 65*8°-66°, but we found that several weeks’ standing over copper 
sulphate produced little effect. Begnault, who dried his alcohol over lime, found 
66 *78°; and Sohiff found 64*8° at 763 millims. pressure. There can be little doubt 
that the last is correct. 

Apparatus employed .—The apparatus for determining vapour-pressures at low 
temperatures was that described in the ‘Phil. Trans./ 1884, p. 37; and in the 
e Chem. Soc. Trans./ 1885, p 42. The vapour-densities at low temperatures were 
determined by a modification of Hofmann’s apparatus, whereby pressure, volume, 
and temperature could be altered at will. This apparatus has been described in our 
memoir on ether (‘Phil. Trans / 1887, A, p 59). The constants at high temperatures 
were determined by a modified Andrews’ apparatus, of which a description is to be 
found in our paper on ether. 

Experimental results. —Before giving experimental results, it should be noted that 
in every case the temperatures are those of an air thermometer, the pressures refer 
to the latitude of University College, Bristol (51° 27' 25 // N.), and to 226 feet above 
sea-level; they are corrected according to Amagat’s experiments (‘ Comptes Bendus/ 
vol. 99, p. 1153), and are measured in actual millimetres of mercury. 

Vapour-pressures at low temperatures .—The thermometer employed for tempera¬ 
tures below 40° was graduated in tenths of a degree. By reduction of pressure an * 
apparent fall of temperature of 0*25° for 760 millims. was observed. This apparent 
fall is proportional to the pressure, and correction was applied accordingly. The 
thermometer was standardised by a determination of the vapour-pressures of water 
above 0°; and it was assumed that the graduation below 0° was equally regular 
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Table I 


Senes I 

Senes II 

l 

Senes IIL 

Pressure 

Tempera¬ 

ture 

Pressure. 

Tempera¬ 

ture. 

Pressure. 

Tempera¬ 

ture 

Pressure 

Tempera¬ 

ture 

Pressure 

Tempera¬ 

ture 

TTlTTIRy 

1115 

13 15 

13 7 

15 85 

17 05 

19 05 

24 05 

26 3 

29 85 

32 95 
361 

40 65 

-1461 
-12 35 
-11 94 
-10 02 

- 8 70 

- 6 89 

- 3*19 

- 198 
+ 0 01 

160 

3 25 
5-06 

mms 

44 2 

55 0 
610 

88 4 
105 0 
125 5 
147 35 
173 4 
200 9 
2351 

| 

6°58 

1016 
1213 

18 64 

21 77 

25 19 

28 32 

31 63 

34 70 

37 95 

mms 
1612 
189 7 
2178* 
257-1 
2991 
344 3 
357 2 
390 5 
449 6 
494 2 
5416 
590 6 
640 9 
698 4 
761 8 

O 

30 4 

33 7 

36 6 
39*8 
432 

46 3 

47 2 

48 9 

52 5 

54 8 

56 6 

58 7 

60 9 

62 95 

65 0 

mm g 

2715 

29 6 

40 2 
410 

52 65 
684 

82 8 

103 9 

139 8 

166 8 
1971 

239 65 

O 

- 14 

00 
+ 4*8 

50 

93 

13 95 

17 45 
214 

27 2 

30 8 
341 

38 2 

mms. 
2915 
334 05 
38445 
436 55 
4848 
5376 
588 5 
645 8 
699 0 
7432 

42°8 

45 5 

48 75 
5145 

53 75 
564 

58 7 

60 9 

62 8 

642 


These results were plotted, and curves drawn through them, showing great regularity. 
The first two series were determined with substance boding at 64 85°; and the third, 
with the alcohol after fractionation. 

Vapour-densities at low temperatures. —The weight of the methyl-alcohol taken 
was not determined directly, hut was ascertained from vapour-density determinations 
at the boiling-point of chlorobenzene under a pressure of 718’95 millims., corresponding 
to the temperature 130° 

Table II, 


Temperature. 

Pressure. 

Volume 

P V. 

Mean P V 

O 

rnma 

CCS. 




130 

320 3 

175 

56,053 

'■'N 



339*9 

165 

56,083 




373 2 

150 

55,980 


56,040 


4061 

138 

56,042 




466 8 

120 

56,016 




From these observations the weight was calculated to he 0*0716 gramme. 


2 s 2 
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Temperature 

Presame. 

Volume 

P V. 

Vapour-density. 

(H-l) 

O 

60 

mms. 

264 5 

C.C9 

173 7 

45,944 

1613 

(Alcohol vapour, P = 350 3 mms ) 

265 7 

172 4 

45,807 

1617 

292 0 

157 0 

45,844 

16 16 


317*5 

144 25 

45,800 

16 18 


360 6 

126 6 

45,652 

16 23 


408 0 

111 05 

45,309 

16 35 


474 3 

95 0 

45,068 

16 44 


557*8 

801 

44,680 

16 58 


6244 

70 0 

43,708 

16 95 

40 

243 8 

174 0 

42,421 

(condensed ?) 
16 42 

(Alcohol vapour, P = 133 7 mms ) 

2601 

160 0 

1 

41,616 

16-73 


Condensed at smaller volumes. 


The vapour-pressure at 60° is 625*1 millims.; and at 40°, 260*47 millims. The 
vapour-densities at 40° appear to he too high ; this would be caused by the presence 
of dust particles, which may cause condensation at low temperatures and at pressures 
considerably below the vapour-pressure. 

Constants at high temperatures. —Three different amounts of methyl-alcohol were 
employed for these experiments. The first quantity, which we shall call A, was com¬ 
paratively large, and was employed for the determination of the orthobaric volumes * 
and of the vapour-pressures. Its volume was ascertained by direct measurement, and 
its weight from determinations of the specific gravity of methyl-alcohol at low 
temperatures. The weight of the second quantity, B, was calculated from a comparison 
of its volumes when gasified with those of the third quantity, under similar conditions 
of temperature and pressure. That of the third quantity, C, Was ascertained from its 
density at 240°, at large volumes, when p.v. remained constant during considerable 
change of volume. In the course of the experiments the quantity C was slightly 
increased by rise of liquid from the lower portion of the tube. The increased weight, 
which we shall term O', was ascertained by a comparison between the volumes of this 
portion and those given by the former. 

A. Results of experiments with large quantity . Specific gravity of methyl - 
alcohol. —The specific gravity was determined by a Sprengrl’s tube of the form 
.recommended by Perkin (‘Chem. Soc. Trans./ 1884, p. 443). 

Weight of methyl-alcohol at 22 94° , , . 16*59625 grammes, 

1 Weight of water . 20*9595 „ 

> Specific gravity at 22*94° (water at 4^ =1) , 0*78909 „ 

, ; ^ - Volume of 1 gramme .. 1*26729 cub. centfin, 

h (These weighings were reduced to a vacuum ) 

* * 

* * oirthobari^volumes ” Em volumes occupied by 1 gramme of the liquid under the 

teiiq^embires of measurement, 
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The results of other observers* are .— 


Dumas and Peligot, at 20° . 

0 798 

Kopp (1847) . 

. 0*8180 

Begnault, at 15-20° . . . 

0-813 

Kopp (1855) . 

. . 0*8142 

Deville, at 9°. 

0 807 

Pierre, at 0° . 

. . 0-8207 

Kopp (1845), at 0° . , . . 

0*8147 

Mendeleeff . 

. . 0*8206 

Perkin, at 15°/15°, 079726; at 25°/25°, 

0 78941. 



Perkin’s results give, when compared with water at 4°: at 15°, 0 79658; at 25°, 
078714 ; they are in close accordance with ours. 

The portion of methyl-alcohol A gave the following measurements :—• 

Volume 

At 18*2°. 0-27622 c.c. 

22*4°. 0-27697 „ 

80 0° . . . . 0-29666 „ 

Prom these numbers a curve was constructed, and the volume at 22*94° was read; 
it was 0 27701 c.c. The specific gravity at 22*94° was found to be 0 78909 ; hence 
the-weight of portion A was 0 21858 gramme 

The volume-tube was a new one, 35 centims. long, and about 1*1 milli m. internal 
diameter; the external diameter was about 8 millims. It was carefully calibrated by 
weighing with mercury at a known temperature. 

The following corrections were applied *— 

For volume.—Meniscus of mercury and of liquid. 

Expansion of glass by heat. 

The expansion of the tube owing to internal pressure was not 
allowed for, as no data are available. It is probable that any 
correction would have been within the Emits of error of reading. 

For pressure.—A low-pressure and a high-pressure manometer were employed; 

where possible, readings on both were taken. The manometers 
were calibrated by weighing with mercury, and contained air 
dried over phosphorus pentoxide. 

Corrections —Meniscus of mercury. 

Difference of levels of mercury in volume-tube and in pressure-gauges. 

Difference in temperature of water-jacket at time of filling and time 
of reading. 

Deviation of air from Boyle’s Law, as determined by Amagat. 

For temperature.—The data given by us in the * Chem. Soc. Trans.,’ 1885, p. 640, 

* IiOaSBN gives a tabulated statement of boiling-points and specific gravities in the f A n n alen der 
Phvsik und Chemie/ vol 214, p. 104. 
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were employed. No correction was necessary except that thf 
pressures under which the standard liquids boiled were read al 

•*» • -m room instead of at 0°, and altered 

accordingly. The temperatures are those of an air thermometer. 


volumes^Tlit mT” 68 t ^ tem P erature were determined at widely different 
volumes. The extreme volumes are as a rule about 0'91 and 046 cub. centum 


A. 




ON EVAPOEATION AND DISSOCIATION. 


319 


Jacketing vapour. 

Pressure 

Temperature. 

Volume of 

1 gramme 

Specific gravity. 

Vapour- 

preasure. 

Bromobenzene 

mmfl r 

372 65 

130 

c cs 

14764 

0 6773 

Tnmg [ 

6,257 

6,245 





Mean 

6,251 

79 

495 8 

140 

15039 

0 6649 

8,052 

8,060 

8,092 

8,076 

8,078 

8,066 

8,080 

8,077 





Mean 

8,073 

97 • 

649’05 

150 

1*5400 

0 6494 

10,309 

10,308 

10,297 





Mean 

10,305 

Aniline . 

283 7 

150 



10,355 

10,870 

10,358 

10,352 





Mean 

10,359 

77 * 

386*0 

160 

15821 

0 6321 

13,037 

13,014 

13,048 

13,029 

1 




Mean 

13,031 

77 • • * • 

515 6 

170 

i 

1*6234 

! 0*6160 

! 16,295 

16,297 
16,292 
16,286 





Mean 

16,292 

)» * ' * * 

677*15 

180 

16782 

0 5977 

20,044 

20,067 

20,069 

20,070 





Mean 

20,062 

Methyl salicylate 

249*35 

180 

16758 

0*5967 

20,129 

20,152 

20,144 

20,157 





Mean 

20,145 














320 


PROFESSOR W. RAMSAY AND DR. S. YOUNG 


Jacketing vapour. 

Pressure 

Temperature 

Volume of 

1 gramme 

Specific gravity 

Vapour- 

preBSure 

Methyl salicylate 

mm 

330 85 

190 

CCS 

1-7302 

0 5780 

mms 

24,556 

24,611 

24,634 

24,658 





Mean 

24,615 

J3 V * 

432 35 

200 

1 8098 

0 5525 

29,759 

29,776 

29,827 

29,833 





Mean 

29,799 

r> jj 

557 5 

210 

19033 

0 5254 

35,739 

35,753 

35,779 

35,808 





Mean 

35,770 

J> » * « 

7101 

220 

2 0410 

0-4900 

42,678 

42,735 

42,739 





Mean 

42,713 

Bromonaphthalene . . 

181*75 

220 

* • 


42,617 

42,670 





Mean 

42,644 

*> * 

207-35 

225 

2*1367 

a 

0 4680 

46,320 

46,332 

46,350 





Mean 

46,334 

1J m m ^ 

235-95 

230 

2-2633 

0-4418 

50,461 

50,421 

- 




Mean 

50,441 

1 r 

» • ‘ * 

2483 

232 

2 3253 

0 4301 






Mean 

52,207 

)) * * 

^ * 

)» * 

i 'r ** ’ r 

261*2 

274*65 

281*6 

288 7 

292 3 
295-95 
299*65 
303-35 

234 

236 

237 

288 

238 5 

239 

239 5 

240 

24229 

2 5300 

2 5868 
2-6989 

2 7455 

* 

• 

* 

0 4127 
0-3953 
0-3866 
0-3705 
03642 

• • 

* 

j 4 * 

53,988 

55,685 

66,955 

57,*707 
58,829 
58,810 
59,141 
59,661 

SSwM^wf ** *■*" 1 ^ - -— --— -— :_ | 
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No meniscus was visible at 240°. On lowering the temperature to 239 ’9° the 
meniscus appeared after a short time. The apparent critical temperature, therefore, 
lies between 239 9° and 240°. 

Only one reading is given at high pressures. The reason for this is that the altera¬ 
tion of level of the mercury in the volume tube altered the level of the mercury m the 
gauge by only OT mm. 

B. The weight of this portion was ascertained by a comparison of its volumes in 
the gaseous state with those of C under similar conditions of temperature and 
pressure. It was found to be 0'02565 gramme. With this portion vapour-densities 
at high temperatures, and vapour-pressures, were determined 

For this series the jacketing vapour was bromonaphthalene boiling under various 
pressures 


Procure of bromo- 
naphthalene 

Temperature 

Volume of 1 gramme* 

Pressure 

Vapour-density 

mnm 

0 

c cs* 

mms. 


181 75 

220 

39 934 

20,645 

18 58 



29 3G4 

26,109 

19 98 



23 462 

30,510 

2140 



17 610 

36,058 

2418 



14 713 

39,016 

26 68 



13 271 

40,590 

2843 



12 554 

41,397 

29 48 



12 125 

41,829 

30 21 



11'8-iO 

42,178 

30 68 



11 696 

42,231 

3102 



Vapour-pressure 

as 42,319 


20735 

225 

39 938 

20,999 

18*45 



29 368 

26,647 

19 77 



23466 

31,282 

21 08 



17 614 

37,146 

23*65 



14 717 

40,536 

25 94 



13 275 

42,269 

27 58 



11844 

44,165 

29 59 



11123 

45,168 

30 80 



10-410 

45,907 

32 38 



10 269 

46,01*2 

32 75 



10 125 

46,118 

3314 



Vapom-pressure 

— 46,222 


235 95 

230 

39 94 

21,337 

18 34 



29 37 

27,192 

19 57 



23 47 

31,980 

20*83 



17 62 | 

38,191 

23 23 



14*72 1 

41,914 

25 34 


* 

13*28 

43,918 

2681 



1184 

46,011 

28*69 



11*13 

46,894 

29-96 



10 41 

47,801 

31-40 



9 696 

48,756 

33 06 



8 982 

49,737 

34 99 



8 674 

49,884 

36 12 



Vapour-pressure 

= 50,262 
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Pressure of bromo- 
naphthalene 

Tempeiature 

Volume of 1 gramme 

Pressure 

Vapour density 

mms 

o 

c cs 

mms 


295 95 

219 

39 95 

22,020 

18 08 



29 38 

28,243 

3917 



23 48 

33,232 

20 40 



17 63 

40,209 

22 46 



14 73 

44,361 

24 36 



1185 

49,432 

2717 



10 42 

51,849 

29 46 



8 982 

54,282 

32 63 



7 552 

56,808 

37 08 



6 838 

57,307 

40 59 



6127 

58,328 

44 52 



5 696 

58,568 

47 67 



V apour-pressure 

= 58,672 


299*65 

239 5 

1185 

49,634 

27 09 



10 42 

52,301 

29 24 



8 982 

54,568 

32 49 



7 552 

56,992 

36 99 



6 838 

57,836 

40 25 



6127 

58,703 

44 27 



5 410 

58,776 

50 08 

303 35 

240 

39 95 

22,100 

18 05 



29 3S 

28,361 

18 72 



23 48 

33,454 

20 30 



17 63 

40,651 

22 26 



14 73 

44,677 

24 24 



11 85 

49,761 

27 04 



10 42 

52,406 

29 21 



8*982 

54,993 

32 27 



7 552 

57,071 

36 98 



6127 

58,751 

4428 



5 410 

59,590 

49 45 



4 697 

59,775 

56 77 



3 984 

60,038 

65 84 


C. The weight of this portion was 0 00221 gramme. It was ascertained from 
measurements of the volume occupied by the vapour at 230° and 240°. At 230° the 
change of volume was from 1 0245 cub. centim. to 0*6019 cub centim ; the product 
of pressure and volume was constant, and gave for the weight 0*002211 gramme ; at 
240°, with the same change of volume, the weight was 0*002206 gramme. The value 
taken was 0 00221 gramme The error can hardly he more than 0 5 per cent. 

The following determinations were made :— 
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Pressure of bromo- 
naphthalene 


nuns. 

2d 5 95 


303 35 


Metliyl 
salicylate. 
G” 432 35 


Aniline 

677*15 



Temperature 


230 


240 


200 


180 


Yolume of 1 gramme 

Pressure 

Y apour-density 

c cs. 

mms 


46 S 58 

2,115 

15 94 

340 90 

2,862 

16 02 

272 35 

3,583 

16 02 

204 44 

4,747 

16 11 

170 81 

5,658 

1617 

137 44 

7,021 

16 20 

10423 

9,114 

16 45 

87 65 

10,754 

16 59 

7110 

13,022 

16 88 

54 50 

16,472 

17 41 

46 22 

19,050 

17 75 

37 90 

22,421 

18 40 

29 62 

27,085 

19 49 

2135 

33,884 

21 61 

Vapour-pressure 

= 50,511 


463 71 

2,143 

16 04 

428 48 

2,326 

16 00 

410 87 

2,422 

16 02 

875*72 

2,650 

16*01 

341 00 

2,913 

16 06 

272*43 

3,647 

16 05 

204*50 

4,846 

16 09 

170 86 

5,775 

16*16 

137 48 

7,168 

16 29 

104 26 

9,328 

16*39 

87*67 

10,991 

16 54 

7112 

13,350 

16 79 

54 62 

16,949 

17 25 

46 23 

19,639 

17 56 

37*91 

23,076 

18 23 

29 63 

28,068 

1917 

21 35 

35,616 

20 96 

453 12 

2,013 

16*12 

333 20 

2,722 

16 21 

266 20 

8,391 

36 28 

199*82 

4,478 

16 43 

166 96 

5,319 

16 55 

134 34 

6,552 

16*70 

101 88 

8,491 

16 99 

85 67 

9,969 

17*21 

69 49 

12,022 

17 60 

53 27 

15,042 

18 34 

45 18 

17,279 

18 83 

37 04 

20,200 

19 65 

29 95 

23,817 

21*82 

20 87 

28,876 

24*40 

Vaponr-pressnre 

= 29,789 


10182 

8,057 

1716 

85 62 

9,362 

17*58 

69*45 

11,207 

18 09 

53 24 

4515 

13,912 

15,696 

19 01 

19 87 

37*02 

18,025 

21*10 

3217 

19,674 

22 24 

Vaponr-pressure 

= 19,970 
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Pressure of 
anilme 

Temperature 

Volume of 1 gramme 

Pressure 

Vapour-density 

ranis 

0 

c cs 

muis 


386 0 

160 

452 63 

1,846 

1611 



332 85 

2,484 

16 28 



265 91 

3,085 

16 40 



199 61 

4,049 

16 65 



166 78 - 

4,777 

16 89 



134 20 

5,855 

17 13 



101 77 

7,505 

17 62 



85 58 

8,707 

18 06 



69 42 

10,282 

18 85 



61 29 

11,299 

19 43 



53 22 

12,518 

20 20 



49 97 

12,965 

20 77 



Vaponr-pressure 

= 13,011 


204 6 

140 

101 72 

6,890 

18 31 



85 53 

7,878 

19 05 



82 32 

8,024 

19 43 



7745 

8,046 

20 60 



Yapour-pressure 

= 8,056 

| 

Chlorobenzene 





542 8 

120 

452 17 

1,658 

16 29 



400 64 

1,860 

16 39 



832 51 

2 212 

16 61 



282 31 

2,584 

16 74 



249 01 

2,900 

16 91 



199 41 

3,539 

17 31 



166 61 

4,120 

17 79 



142 15 

4,684 

18 34 



Yapour-pi’essure 

= 4,705 

« 

292 75 

100 

45195 

1,560 

1644 



400 44 

1,739 

16 65 



382 34 

2,065 

16 89 



28217 

2,391 

1718 



265 52 

2,496 

17 49 



248 89 

2,591 

1812 



Vapour-pressure 

= 2,597 



Reduction and Arrangement oe Results. 

1. Vapour-pressures. -“The vapour-pressures determined by us with quantities 
A, B, C, and O', as well as the vapour-pressures calculated from these observations by 
the formula log p = a + baf + eft, and pressures calculated by Regnault, who also 
employed Biot’s formula, are given in the following Table.— 
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*3316 number of observations with quantity A was lamp <vnA ™ 

g™** *fkJTJZSi ^T i rrr 

o- 7 "',;. :"?•'!T* “'T 1 "" 1 *- •‘-"•a™ £ 

’■ , ’ 220 • To obtam the best values at these teniDeraWs, 

5f * ** «T* W T T" 11 “*"0 - »«- (~ ^TST’ 

, p. 516 et seq.). The constants for the formula given were— g ’ 

* , T ^ 2 ^ 307096 » log a = 1-99988416, 

og — 1*2649587, log J5 = 1*99599796, 

log c = 0*3855770 
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It will be remarked that Hegnault’s vapour-pressures are in every case much lower 
than ours. On reference to his memoir Mdmoires de l’Acad&nie des Sciences/ 
vol 26, p 456), it is evident that his low results are to be accounted for by insuffi¬ 
cient drying of his specimen; it was only rectified several times over quicklime He 
states, also, that the fluctuations of his thermometer when the dy nam ical method was 
employed were so great as to interfere with the accuracy of his results Hegnatjlt, 
moreover, did not think it worth while to convert the readings of his mercury thermo¬ 
meter into those of an an thermometer 

The orthobaric volumes of 1 gramme of methyl-alcohol were read from a curve 
drawn so as to pass through the experimental pomts. We have not constructed a 
formula to represent these relations. They are given m the Table which follows *— 


Orthobaric Volumes of 1 gramme of Liquid 


Tempera¬ 

ture 

Volume 

Specific 

gravity 

Tempera¬ 

ture 

Volume. 

Specific 

gnmty 

Tempera¬ 

ture 

Volume 

Specific 

gravity 

mm 


mm 

O 

120 

1449 


o 

220 

2 041 

Q490 

mSSm 

■ 

■m 

130 

1477 

0 677 

225 

2139 

0 4675 

40 

1 291 

0 7745 

140 

1 506 


230 

2 268 

0 441 

50 

1307 

0 765 

150 

1540 


2*32 

2 328 

04295 

60 

1 324 

0 7555 

160 

1577 


234 

2 413 

0 4145 

70 

1-3405 

0 746 

170 

1623 


236 

2 528 

0 3955 

80 

1360 

0 7355 

180 

1 672 

0 598 

237 

2 597 

0 385 

90 

1379 

0 725 

190 

1 733 

0 577 

238 

2 699 

0 3705 

100 

1*401 

0 714 

200 

1 808 


238 5 

2 751 

0 3635 

110 

14245 

0*702 

210 

1 903 

■ ■ 





Orthobaric Volumes of 1 gramme of Vapour 

The following Table gives the volume of 1 gramme of saturated vapour at even 
temperatures — 


Tempera¬ 

ture 

Volume. 

Specific 

gravity 

Vapour- 

density 

Tempera¬ 

ture 

Volume 

Specific 

gravity 

Vapour- 

density. 

O 

0 

c cs 

17,803 

0 0000562 

16 10 

160 

e cs. 

5016 

0 01994 

20 64 

10 

10,044 

0 0000996 

16 15 

170 

39 59 

0 02526 

2145 

20 

5,899 

0*0001695 

16 23 

180 

3140 

0 03186 

2240 

30 

3,608 

0*0002772 

16 30 

190 

24 94 

004010 

23 57 

40 

2,276 

0 0004394 

16 41 

200 

19 70 

0 0507-5 

2513 

50 

1,484 

0 0006739 

16 52 

210 

15 33 

0 06521 

2740 

60 

993 8 

0 001006 

16 66 

220 

11 58 

0 08635 

3100 

70 

682 7 

0*001465 

16 85 

225 

9 97 

01003 

33 50 

80 

479 8 

0 002084 

17 06 

230 

842 

01187 

3680 

90 

344 0 

0 002907 

17 31 

232 

7*83 

01277 

8840 

100 

251 0 

0 003984 

17 61 

234 

7*24 

01381 

40 30 

110 

186 0 

0*005376 

17 97 

236 

6 64 

01505 

42 75 

120 

140 0 

0 007142 

18 36 

238 

5 93 

01681 

46 25 

130 

106 6 

0 009379 

18 81 

2385 

5 59 

01789 

48 70 

140 

82 25 

0 01216 

19 33 

239 

5 33 

01878 

50 8U 

150 

64 00 

0 01562 

19*93 
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Heats of Vaporisation. 

From the well-known thermo-dynamic equation 

L _ dp t 

Sjl dt J" 

the heats of vaporisation at definite intervals of temperature were calculated The 

values of dp/clt were calculated by means of the formula log_p = a -f bat + eft , 

pressures were calculated for one-tenth of a degree above and below the required 
temperature, and the difference was multiplied by 5 to obt ain the value for 1°. The 
pressures were reduced to grammes per square centimetre, and the value of J was 
taken as 42,500. 


Temperature 

dp Jett 

8 l — 8 2 

L l 

° C 

“Aba. 

millnns. 

grammes 

C C8. 

calories. 

0 

273 

1*861 

2 530 

17,802 

289 17 | 

10 

283 

3160 

4 296 

10,043 

287 36 ! 

20 

293 

5*150 

7 002 

5,898 

28454 ; 

30 

303 

8 067 

10 978 

3,607 

282 07 1 

40 

313 

12 202 

16 590 

2,275 

277 78 | 

50 

323 

17 890 

24 323 

1,483 

27414 1 

60 

333 ‘ 

25 473 

34 633 

993 5 

269 41 1 

70 

343 

35 381 

48 104 

6814 

264 51 

80 

353 

47 91 

65*139 

478 4 

258 96 

90 

363 

63 54 

86 330 

342 6 

252 76 

100 

373 

82 57 

112 26 

249 6 

246 01 

110 

383 

105 81 

143 86 

184 6 

239 27 

120 

393 

133 10 

180 96 

138 6 j 

232 00 

130 

403 

165 41 

224 89 

1051 

224 07 

140 

413 

202 52 

275 35 

80 75 

216 12 

150 

423 

243 95 

331 67 

62 46 

20613 

160 

433 

294 70 

400 67 

48 58 

198 34 

170 

443 

349 95 

475 80 

37 97 

188 25 

180 

453 

41115 

559 00 

29 73 

177 16 

.. 190 

463 

482*0 

655 33 

23 21 

165 64 

200 

473 

560 85 

762 54 

17 89 

15184 

210 

483 

649 75 

883 41 

13 43 

134 78 

220 

493 

747 9 

1016 8 

9 54 

112 53 

225 

498 

797 5 

1084 3 

7 83 

99 50 

230 

503 

8519 

1158 2 

616 

84 47 

232 

505 

875 0 

1189 7 

5 50 

77 73 

234 

507 

897 5 

1220 2 

4 82 

70 15 

236 

509 

921 0 

1252 2 

411 

6166 

238 

511 

945 5 

1285 5 

325 

50 22 

238 5 

511*5 

9517 

1294 0 

284 

44 23 


The heat of vaporisation of methyl-alcohol has been determined by Andrews, and 
by Favre and Silbekmann, at the boiling-point under ordinary pressure. The 
former found 263 7 calories, and the latter 263 86 calories. At the boiling-point our 
results give 266*7 calories; this is a satisfactory agreement. 

From the foregoing account of our experiments with methyl-alcohol it is evident 
MDCCCLXXXVII.—A. 2 U 
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that the views which we have already expressed regarding alcohol and ether are 
substantiated; there is no tendency towards the formation of complex molecules at 
low temperatures. 

This research is not so complete as the former two. We have made no attempt to 
determine the compressibility of the liquid. The cause of this omission is the very 
high pressuie exerted by the vapour of methyl - alcohol at high temperatures. 
During these experiments we lost a volume-tube and a gauge by bursting, and, as 
the labour involved in replacing them was very great, we did not choose to risk 
further breakage. 

The approximate critical pressure of methyl-alcohol is 59,700, the approximate 
temperature 240°, and the approximate volume 3 683 cub centime. It is notice¬ 
able here that the difference in temperature between the boiling-points of methyl- and 
ethyl-alcohols is by no means the same as the difference between their critical 
temperatures. 

In Plate 14 the relations between pressure, temperature, and volume for saturated 
and unsaturated vapour are shown , the orthothermic constants for the liquid are also 
given. The small diagram shows these relations between the pressures 1600 millims. 
and 60,000 millims. The critical isothermal is also given. The large diagram 
represents the higher temperatures observed; the circles are actual experimental 
points. 

Plate 15 shows the densities, compared with hydrogen, of the saturated and 
unsaturated vapour mapped against pressure It is here noticeable that the density 
of the saturated vapour becomes normal at low pressures and correspondmg low 
temperatures. 

Plate 16 shows the orthobaric densities of the liquid and vapour mapped against 
temperature, and their approach towards identity at the critical point. 

Plate 17 gives the vapour-densities of the saturated vapour, and the heats of 
vaporisation, mapped against temperature Again the rapid increase of density and 
the rapid decrease of latent heat as the critical point is approached are noticeable. 


Addendum:. 

(Added Jaly 28, 1887 ) 

The value of such work as the foregoing evidently depends on the purity of the 
substance employed; and, as it appears that our paper is deficient in this proof, we 
adduce further, evidence of the purity of the sample of methyl-alcohol employed in 
cm its thermal constants. 

The submitted are:— 

i 

"1 Constancy of healing-point. 
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2. Agreement of statical and dynamical methods of measuring vapour-pres¬ 
sures (See Regnault, 4 Mdmoii es de l’Acaddmie des Sciences/vol 26, 
p. 341.) 

3 Comparison of results with those of most careful observers. 


1. Constancy of boiling-point . (Extracts from Note-book.) 

“ Methyl-alcohol prepared from methyl oxalate by action of ammonia. dried 
with barium oxide; dried with anhydrous copper sulphate; stood for some weeks 
(see Perkin, 4 Chem. Soc Journ/ vol. 45, p. 465). Boiling-point by no means 
constant 


44 Dried with sodium. A good deal boiled constantly at 65*55° (corr.). Bar 
= 76-19 mms at 0°, and then temperature rose. 

44 Dried again with sodium. A good deal boiled constantly at 65°, temp, rose 
slowly to 65*8°. Bar same. 

44 Dried again with sodium Began at 64’9° ; most of it came over within a tenth 
Temp, rose finally to 65*3°. Bar. same. 

44 Dried again with sodium. Began at 64 85°; most of it came over within half-a- 
tenth Temp rose to 65 05°. Bar. some. 

44 Dried again with sodium. Began at 64 8° (or a trace above). Temp, rose only 
to 64'9° (rather below).” 

(All these temperatures are those of Regnatjlt’s air thermometer) 

Vapour-pressure determinations were then made by our method ( 4 Chem Soc. 
Trans./ 1885, January). 

44 Alcohol re-distilled with a little sodium; B.P. 64 95°. Bar. = 761*9 mms. (at 0°.)” 

The specific gravity was then taken. 

44 Methyl-alcohol re-distilled and fractionated; B.P. 64*7° at 760 mms (at 0°) 
Range, 0*05°.” 

Experiments at high temperatures and pressures were then made, and, after these 
were completed, 

44 Fractionated alcohol was re-distilled; B.P 64 2° at 743*2* mms. (corr. to 0°). 


The vapour-pressures were again determined in our apparatus.” 

The accompanying curve on Plate 18 shows the |yap^?-pr^sures} ^ w0 


samples of methyl-alcohol 

2. Agreement of statical and dynamical methods of measuring vapovr-pressures. 
a. At low temperatures. No special measurements were made at low temperatures 
by the statical method, but two observations were incidental during the determina¬ 
tion of the volumes of 1 gramme by means of the 44 modified Hoim Ann’s apparatus.” 
These are represented on the curve by large crossed circles. The actual numbers are ; 


* Value of dpjdt at 60°, 25 47; at 70°, 35 38 mms Sufficiently correct estimate at 65°, 30 mms. 
Add 0 55°. Corrected B P. at 760 mms., 64 75°. 


2U2 
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Calculated by formula. 

Pound by statical method 

o 

mm 

mil's 

T = 40 

260 47 

262 4 

T = 60 

625 10 

624 4 


b. The formula log p = a + ha 1 -|- cfi* is Biot’s. The constants were calculated 
from all observations by dynamical method at low temperatures, and by statical 
method at high temperatures We reproduce the numbers showing the transition 
from the one method to the other. 


Temperature 

Observed. 

Calculated 

Dj mimical 

Statical 

o 

mm 

mms 

mms 

30 

160 0 


lt.O 28 

40 

260 5 

* * 

260 47 

50 

406 0 


409 47 

60 

626 0 


625a 0 

70 

• % 


926 0 

80 


1341 

1340*3 

90 

* • 

1897 

1894*6 

100 

* * 

2621 

2622*5 

no 

* • 

3561 i 

3561 1 


As regards the value of this method of determining the purity of a substance, we 
quote Regnault — 

Jai d6j& fait voir, dans mon M6moire sur les forces 61astiques de la vapeur 
aqueuse (t. 21, p. 524), que cette coincidence est parfaite pour l’eau; les deux 
m^thodes, statique et dynamique, donnant des valeurs identiques aux m&mes 
temperatures. Je montrerai qu’il en est de m&ne pour les autres liquides vola tile , 
pourvu qu ils soient b, lAtat de puxet6 parfaite. Mais lorsqu’un liquids renferme une 
portion, m&ne extr&mement petite, d’une autre substance volatile, les deux m£tbodes 
donnent des valeurs diff4rentes pour les forces eiastiques de sa vapeur h la m&ne 
temperature; et c’est un moyen extr^mement d&icat pour juger de rhomog&n£t6 
dune substance volatile.” ('M&noires de TAcad^mie des Sciences/vol 26, p. 841.) 
Again, p. 390: “ On peut dSduire Sgalement de ces experiences sur lather que les 
forces dlastiques de la vapeur, d<$termin<§es par la nfothode statique et par la m^thode 
dynamique, coincident parfaitement lorsque la substance est bomog&ne.” 
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3 Comparison of physical properties with those found by most careful observers . 
a Boiling-point Determined by numerous observers with most discordant results 


X 

Pierre 

66 3° 

X 

Mendel^eff 

66 0° 

X 

Kopp 

64 9° 

X 

Delffs . . 

60 5° 

X 

Dumas and Peligot 

66 5° 

X 

Deville . . 

• • 

X 

Kopp (1845) 

65 0° 

X 

Kopp (1855) 

64 6-65 2' 

X 

Landolt 

66 0° 

X 

Duclaux 

66 0° 


at 759 (at 0° ?)—Sp gr reduced to 0° 
P 

at 744 ? ” 

at 748 ? „ 

at 761 P 

• • 

at 752 

at 744 . „ 

at 753 
? 


BaO Grodzki and Kramer 65 75-66 25° P (unoor) „ 

Na „ „ 65 6-66 2° at 764 8 (nncor) „ 

(Specially remarked that Na is preferable to BaO ) 
X Graham 66 0° ? 


KjCOg Linnemann 67 1° ? 


0 8207 
0 8206 
0 8180 
0 8138 
0 8155 
0 8153 
0 8147 
0 8142 
0 8137 
0 8128 
0 8130 
0 8116 

0 8105 
0 8768 


CuS0 4 Perkin 
OaO ReGNAULT 

Na Sohiff (once) . 


65 8-66° 


? 760 J*° 0,9658 

W . 0 78714 

Thermometer varied at same pressure within 

several degrees Calculated 66 78° 

at 763 


It is almost certain that every one of these observers has dried the sample of 
alcohol used over lime. Those marked with a X used either hme or gave no account 
of the method of drying, or we have not been able to verify the reference in Bristol. 

Grodzki and Krajm er specially state that sodium is preferable to ban um oxide. 
Their results are close to ours (65 G to 66*2 at 764 8 mm a , not corrected to 0° with 
the stem of their thermometer in vapour up to 30°) 

Schiff distilled once over sodium, and obtained a number practically identical with 
ours (64’8 at 763 mms ). 

The other results are all higher, that of Delffs is probably a misprint (Perhaps 
not. see Kopp.) 

b. Specific gravity. As Dr. Perkin has recently determined the specific gravity of 
methyl-alcohol, taking all precautions, and as the same method has been followed by 
ourselves, it is striking that the agreement is absolute. . 

Perkin . . .... 2 2 4 o — =- 0*78908 (calculated). 

Ramsay and Young ... „ = 0 78900 

Such a close coincidence, however, must be regarded as accidental 

It is specially to be noticed that Regnault did not obtain coincident results by the 
statical and dynamical methods. He says (vol, 26, p. 461). “La courbe graphique 
que j’ai trac^e sur la planche Y, d’aprbs les Aments de cette Table, represente 
parfaitement les observations de la Sdrie 1, et cedes de la Sene 3, qui d£passent 100". 
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Mais toutes lea experiences par ebullition, qui correspondent h. des temperatures 
inferieures h, 100°, donnent des points qui sont trbs-infdrieurs h, la courbe, comme si la 
vapeur du liquid© bouillant avec soubresauts etait surdchauffi^e. Je n’ai pas juge 
utile de calculer une second© formule pour laquelle les temperatures seraient prises 
sur le thennombtre sL air ” He evidently did not consider his results very trust¬ 
worthy , and this is borne out by the fact that he did not determine the specific heat 
of the liquid, or its heat of vaporisation. 

In conclusion, we append a Table of comparative results, including recent deter¬ 
minations by Dittmar, as well as those by Perkin, Regnault, Schiee, and Ramsay 
and Young. 


Boiling-point 


Regnault 
Perkin . . 
Schife 
Dittmar . 

Ramsay and Young . 


(calculated) 66 78 
(observed) 65 8-66 0 
(observed) 64 8 
(calculated) 64 97 
(calculated) 64 90 


"V APOUR-PRESSURES. 


Temperature 

Regnault. 

Dittmak. 

Ramsat and Young 

o 

mm 

mins 

rams 

0 

2b 82 

29 7 

29 60 

10 

5013 

53 8 

54 22 

20 

88 67 

94 0 

95 10 

30 

149 99 

158 9 

160 28 

40 

1 243 57 

260 0 

260-47 

50 

381 68 

409 4 

409 47 

60 

579 93 

624 3 

625 10 

65 

707 33 

761-0 

763 15 


Regnault’s and Dittmar’s results were obtained by the statical method; ours by 

the dynamical method, (See also our observations at 40° and 60° by statical method, 
p. 332.) 


Specific gravity at 22*94°. (Water at 4° = 1 00000.) 

Dittmar . (calculated) *78897. 

Perkin . , , . . , (calculated) *78908 

Ramsay and Young . . . * . (observed) 78909 

Spegieto gravity at 64 * 8 ° 

Dittmar . . . . (calculated) *74795 

.... . . (observed) 7476 
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XII. Some Anomalies in the Winds of Northern India , and their Relation to the 

Distribution of Barometric Pressure. 

By S. A. Hill, B.Sc., Meteorological Reporter to Government , North-Western 

Provinces and Oudh. 

Communicated by H. F. Blanford, F.R S , Meteorological Reporter to the 

Government of India. 

Received January 3,—Read January 20, 1887. 


[Plates 19-21 ] 

1st the 13 years which have elapsed since Mr. Blanford published his paper 
on the Winds of Northern India,^ very great additions have been made to our 
knowledge of the meteorology of the country. The carefully orgamsed system of 
observations, commenced in Bengal and the North-Western Provinces, has been 
extended to include the whole of India, and placed under the direction of 
Mr. Blanford himself, aided by local officers in all the larger provinces. Yenfied 
instruments have been supplied to all the stations, and the elevations of these above 
sea-level have been determined by connecting them with the lines of spirit-levelling, 
carried inland from the coast, in various directions, by the officers of the Great 
Trigonometrical Survey; or, where this was impracticable, by spirit-levelling to some 
of the trigonometrical stations of the Survey. In this way, trustworthy and inter¬ 
comparable series of barometric observations, extending over ten years or more, have 
been obtained for all the more important stations. At the same time, the diurnal 
variations of the barometer at certain selected stations have been determmed by long- 
contmued series of hourly observations, with the object of enabling us to reduce the 
readings made in the ordinary way (usually at 10 AM. and 4 p,m.) to true daily 
means. Simultaneously with the collection of this immense quantity of accurate 
and reliable barometric data, observations have been made of temperature, humidity, 
cloud, wind, and rain. Latterly also barometric and wind charts of the Bay of 
Bengal have been prepared from observations made on board ships navigating those 
waters. 

During these 13 years, the winds prevailing oyer the Indian continent and the 
Bay of Bengal, and their relations to the distribution of pressure at sea-level, have 

♦ « The Winds of Northern India,” by Henry F Blanford, F.GhS , ‘ Phil. Trans.,’ vol 164, 1874, 
Part II 


16 11.87 
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been discussed from time to time, both m their normal aspects for each month or 
season and in their abnormal or disturbed conditions during the passage of storms. 
The latter conditions in particular have been very fully described by Mr. Eliot in his 
numerous reports on cyclones in the JBay of Bengal, while the former have been 
noticed in the annual reports on the meteorology of India, in occasional papers 
appearing in the ‘ Indian Meteorological Memoirs/ * and latterly in a broad and 
general review in Mr. Blanford’s great monograph on the Bainfall of India.! 

There still remain several points, however, in connection with the winds of 
Northern and Central India, with regard to which our knowledge is very far from 
complete,—points in which the relation of wind direction and intensity to the 
distribution of pressure, as given by observation, is more or less directly opposed to 
what we should expect from theory, and the object of this paper is to try to find a 
key to the solution of such anomalies. 

The chief anomalies to which I refer are the following :— 

(1) 'The direction of the wind in the hot season, on the plains of Northern India, 
has often no relation to the baric gradient ; instances not infrequently occurring in 
which the wind appears to blow directly in opposition to the gradient, i.e , from a 
place of low pressure to one where the barometer stands higher. 

(2) Over the plains of Northern India, the average velocity of the wind has little 
or no apparent relation to the pressure gradient, but a very obvious one to the 
temperature; being, on the whole, greatest when the temperature is highest, while, at 
this season, the local pressure gradients are extremely small. 

(3) Mr. Blanford has shown J that it is highly probable there is some connection 
of the nature of cause and effect between copious and late snowfall (producing low 
temperature) on the Himalayan ranges and the subsequent prevalence of dry winds 
from the north-west over northern and western India. On the strength of this 
relation he has for several years based forecasts of the character of the coming rainy 
monsoon, which have on the whole been amply veiified. The anomaly here is that 
a low temperature to the north of India, producing high pressure, at sea-level, under 
the sub-Himalayan stations, gives rise to unusually strong westerly winds, whereas, 
according to the law usually quoted as “Buys Ballot’s,” which has been clearly deduced 
from the hydrodynamical principles by Eerrel, Colding-, and others, such high 
pressure should give rise to easterly winds ; the rule being that the highest pressure 
lies in the northern hemisphere to the right of a person travelling with the wind. 

These three anomalous relations will be here discussed in the order mentioned. 


* On the Winds o£ Calcutta,” "by H. F Blanford, ' Indian Meteorological Memoirs,’ vol. 1, 
page 1 ; “ The Winds of Kurrachee,” hy Frbd. Csambers, ibid , page 249, “ The Meteorology of the 
Hnn&aya,’’ by S. A. Hill, ibid., page 377. 
n!i 4 Meteorological Memoirs,’ vol. 3 

.Memoirs,’ yob 3, Part II,, and ‘ Proceedings of the Royal Society,’ vol 37, 
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Part I.—The Wind Direction Anomaly. 

The hot winds of the Indian plains have been often described, by travellers and 
writers on Meteorology, but the existence of such a condition as that mentioned 
above, viz., their blowing directly against the baric gradient, has been doubted by 
competent authorities, or at all events suspected to be only an erroneous deduction 
from a comparison of monthly mean pressures with the resultant wind directions. 
The daily weather telegraphic reports of the last few years, however, leave no room 
to doubt that, almost every year, there are several days in April, May, or June when 
this primd facie impossible condition obtains over a large extent of country at 10 A.M., 
while, from the known character of the diurnal variations of pressure and wind 
direction, we may safely infer that the condition is much more frequent and more 
distinctly marked in the early hours of the afternoon, the diurnal fall of the barometer 
increasing slightly as we advance inland from Bengal, and the wind direction being 
steadiest from the north-west about 2 pm.* 

The following examples, selected from the 10 am. telegraphic reports, will prove 
the existence of this paradoxical condition of atmospheric circulation. The stations 
are enumerated m order from west to east, the general direction of the lines joining 
them being about W.N.W. to E.S E. The pressures are reduced to sear-level. 

Table I.—Instances of Wind blowing in opposition to Baric Gradient. 

May 17, 1882. 


Station. 

Barometric pressure 

Wind direction. 

Meerut . 

Inches 

29 753 

NW 

Bareilly 

29 758 

NW 

Lucknow 

29 759 

W 

Gorakhpur . . . 

29 785 

WNW. 


May 9, 1883. 


Station. 

Barometric pressure 

Wind direction. 


Inches. 


Meerut ... . . 

29 581 

NW. 

Bareilly . . . 

29 597 

NW. 

Lucknow. .... 

29 631 

WNW. 


* 4 Indian Meteorological Memoirs,’ vol. 1, page 853, and Plate XXX 
MDCcoLxxxyn. —a. 2 x 
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May 15, 1884. 


Station. 

Barometric pressure. 

Wind direction. 

Roorkee 

Inches 

29 511 

NW 

Meerut 

29 545 

NW 

Bareilly 

29*561 

NW 

Lucknow 

29 560 

SW. 

Allahabad . .... 

I 

29 577 

NW, 


May 29, 1884. 


, Station. 

Barometric pressure 

Wind direction. 

Roorkee . . . 

Inches 

29 466 

Oalm 

Meerut . . . 

29*485 

NW. 

Bareilly 

29 484 

SW 

' Lucknow , . 

29 497 

W. 

Allahabad , 

29 520 

NW. 


May 24, 1885. 


Station. 


Barometric pressure. 

Wind direction. 

Bareilly 

k 

Inches. 

29 825 

NNW 

Lucknow 

V 

29'845 

NW. 

Allahabad . 

« « 

29 842 

NW. 


May 27, 1885. 


Station. 

Barometric pressure. 

Wind direction 

Bareilly. 

Inches. 

29 766 

NW 

Lucknow. . . , , 

29 793 

NW. 

Allahabad . ... 

29*805 

NW. 


May 20, 1886. 



Station 

Barometric pressure 

Wind direction. 


* 5? ■+■ f F <W It 

Inches, 

29 802 

SW. 


* * * * k 

29 829 

WNW. 

V \ , , 

29*833 

Oalm. 

Ptjj 

.-1" .t. .... 
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These instances abundantly prove the frequent occurrence of the condition described 
—the wind blowing from a place of low pressure to one where the pressure is slightly 
higher; but it may be objected that the places enumerated probably happen to lie 
nearly on an isobaric line, while the wind blows almost parallel to it, so that, if the 
slight disturbances of the true wind dmection due to local causes were eliminated, 
there would be no anomaly to explain. The answer to this is that, at the season under 
consideration, the stations enumerated lie near the middle of a very large area of 
uniform low pressure (see Plate 19), while the winds are the strongest and steadiest of 
the year. It may be added, also, that near the equator the wind does not blow 
parallel to the isobars, even over the sea, but makes an angle of two or three points 
with them; whilst at inland stations, where the friction coefficient is greater, the 
angle must be still greater, as Ferrel has pointed out in his works on the movements 
of the atmosphere. The charts prepared from the daily telegraphic weather reports 
for India show an average angle of something like 45° between the wind directions and 
the isobars. The characteristic winds of the hot season, therefore, do really blow 
sometimes in opposition to the pressure gradient, and the cause which sets them 
in motion must be sought somewhere else than in differences of pressure at sea-level, 
or rather at the level of the plain over which they blow. 

Since, in these winds, the air-particles are not urged from west to east by any 
considerable difference of pressure at the ground-level, whilst they are retarded by 
friction, and sometimes even by an increasing pressure, as they go eastwards, their 
velocity must be gradually diminished as they approach the Bay of Bengal. This fact 
is familiarly known to residents on the plains of the Ganges. The “ hot winds,” which 
are excessively dry as well as hot—and which, therefore, serve very effectually to 
refrigerate the interiors of dwelling-houses by blowing through wet tatties , or screens 
of fragrant grass, placed in the door and window openings on the windward side— 
seldom extend as far eastwards as Monghyr, in Behar,* and them extinction takes 
place very gradually. It is a matter of extreme difficulty to obtain truly comparable 
observations of wind velocity, owing in part to slight differences in the anemometers, 
but chiefly to the impossibility of ensuring uniform conditions of exposure; but the 
following sets of stations, where the surroundings are as nearly alike as possible, show 
clearly a gradually diminishing velocity as we go eastwards during the hot weather, 
while, at other seasons there is, in some cases, a tendency for the velocity to increase 
as we approach the sea. The figures are taken from the Beport on the Meteorology 
of India for 1884. They represent the averages of many years. 


* Eor a short time at the hottest hours of the day westerly winds are felt m Bengal, and even in 
Assam, but they do not possess the dryness and gusty character of the winds under discussion, thongh 
when they blow thry are" probably due to similar causes. 


2x2 



340 ME S i HILL ON THE WINDS OP NORTHERN INDIA., AND THEIR 


Table II.—Comparison of Mean Wind Velocities at Places on Lines running 

WNW toES.E. 


Station 

Wind velocity m miles per diem 

January 

May 

July 

October 

Jeypore 

92 

181 

154 

92 

Agra 

82 

144 

121 

72 

Benares . , 

68 

119 

111 

61 

Patna 

50 

113 

87 

47 

Neemuch 

168 

298 

284 

175 

Sutna 

94 

194 

223 

103 

Hazaribagh 

114 

208 

204 

120 

Malegaon 

96 

257 

286 

111 

Akola . 

81 

206 ; 

200 

78 

Raipur 

58 

171 | 

275 

87 


The only instance in the Table, •where the velocity during May increases in going 
eastwards, is between Sutna and Hazaribagh. The latter station is, however, the 
higher by nearly 1000 feet, but, being situated on a broad plateau, not an isolated 
peak, this would probably not make much difference. At Hazaribagh, however, we 
are on the border of the region over which these hot westerly winds prevail, the excess 
of observations in the direction of the westerly resultant being, in May, only 15 per 
cent., and the increase of velocity at that station is probably the effect of the frequent 
incursion of sea winds from the south-east. 

A suggestion regarding the origin of these hot winds may be derived from their 
excessive dryness, above referred to ; in fact, it was from this circumstance that I was 
first led to think of the key to their explanation, which I believe will be found in the 
following pages. This dryness is such that the relative humidity of the air over the 
Bnndelkhand plateau, south of the Ganges, frequently falls in the middle of the 
afternoon to 5 per cent, or less. Indeed, the humidity deduced by the usual Tables, 
^<^nded on. AsrGWrA formula with Begnatjlt’s constants) is occasionally zero or 
.apparently negative. * On the Gangetic plain it never falls quite so low, but in all 


* B must to recollected that th© formula is founded on the convection theory of the psychrometer. 
V'Hhc quantity to te deducted from the tabular pressure of saturated vapour, at the temperature of the 

l to got the vapour-pressure actually present, is fiff Onf! The true value of the 

i of air dividedby relative density of vapour, is about "88, hut, to Buit the formula 
-i n^nearly srtill air, Rbcwitjlt empirically increased it to *48. Hence, during a 
* W *(**»$% to he deducted is too great when Rbgwa.um?’s formula is employed, and if the 
* to vfery low the result may come out negative. 
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the drier months of the year there is a decided diminution of vapour pressure at the 
hottest hours of the day, when west winds, similar to, or identical with, the “hot 
winds,’ are blowing The following hourly values of the pressure of vapour at 
Allahabad will illustrate this. They are taken, with some corrections derived from 
subsequent observations, from a paper on the “ Results of Meteorological Observations 
at Allahabad,” published in 1881 in the first volume of the e Indian Meteorological 
Memoirs.’ 


Table III. — Diurnal Variation of the Pressure of Vapour at Allahabad. 


Month 

Mid¬ 

night 

D 

B 

6 h 

8 h 

10 h 

12 h 

14 h 

16 h 

18 h. 

20 h 

22 h 

January 

May 

July 

October 

i 

342 

580 

928 

656 

334 

585 

925 

•650 

. 

ft 

325 

588 

923 

•648 

_ 1 

it 

313 

617 

919 

655 

" 

326 

621 

943 

683 

it 

355 
590 
955 i 
672 1 

369 

557 

958 

652 

366 
527 
964 
646 ; 

ft 

372 

515 

956 

654 

384 

534 

949 

671 


it 

352 

575 

935 

662 


It will be seen that, whereas, in the month of July, the quantity of vapour in 
the air increases, with slight irregularities, as the temperature rises from 6 A.M up to 
2 P.M., and diminishes again steadily as the temperature falls after 2 p.m:., this 
regular march is interrupted m the other months by a fall in the middle of the day. 
The fall is very slight in January, but considerable m October, making the afternoon 
minimum in that month slightly lower than that of the early morning. In May, 
however, and in the other dry hot months, the afternoon fall so completely masks the 
variation due to the diurnal changes of temperature, as seen in July, that the morning 
mmimum is altogether obliterated. 

Whence comes this excessive dryness in the afternoons, which is not merely a 
decrease of relative humidity, due to rise of temperature, but a diminution of the 
absolute quantity of vapour in the air near the ground, from an average pressure of 
621 inch m May, at 8 o’clock in the morning, to *515 inch at 4 in the afternoon? It 
may be caused by the wind coming from drier regions to the north-westward, but 
this can hardly be the true cause, for in May there is very little decrease m the mean 
pressure of vapour as we go north-westwards over the Grangetic plain, and there 
is still less in April. Eor example, we have for three selected stations on the plain 
of the Ganges, arranged in order from SE. to NW., the following values for the 
mean pressure of vapour. 


l 

Allahabad. 

Lucknow 

Bareilly 

- 

it 

ft 

it 

April ... 

May . • 

414 

'431 

421 

553 

565 

549 
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On tlie plateau to the south-west of the Jumna, where the hot winds are even 
stronger and more persistent than over the great plain, there is a positive increase of 
vapour m the westward dir ection in the air stratum with which our observations deal. 
Thus we have the following mean values for May — 


Sutna. 

Jlianai 

Jeypore 

367" 

448" 

459" 


The dryness characteristic of the hot winds cannot, therefore, be due to the eastward 
transference of air near the ground surface from the arid region of the Rajputana 
desert ; for, if this were the cause, we should find a gradual decrease of moisture on 
going north-westwards, instead of which we find an increase 

Taking the variation of humidity in the lower atmospheric strata in conjunction 
with the diurnal variation of cloud, which, as I have shown in the paper last quoted, 
attains its maximum about the time of highest temperature, as it does in most parts 
of the world, the idea of an interchange between the upper and lower strata by local 
convection currents is at once suggested. The westerly winds of the hot weather are 
so dry, perhaps because they descend from regions where the proportion of water 
vapour in the air is normally much less than at sea-level. The diurnal interchange 
between the lower atmospheric strata and those lying considerably higher was first 
suggested by Dr. Koppen,* to explain the daily inequalities of wind direction and 
velocity—inequalities which are opposite in phase over plains and on high mountain 
peaks. In the sequel it will be shown that it probably suffices to clear up all the 
anomalies observed m the wind system of India. The explanation of the dryness of 
these winds by the descent of air from a higher stratum was previously suggested by 
Mtjhky, in a passage! quoted by Blanfokd at p. 614 of his paper on the “ Winds of 
Northern India” ; but this was under the mistaken notion of an aerial cascade pouring 
over the edge of the Himalaya from the elevated plains of Thibet, a notion which is 
quite inconsistent with the fhcts of observation. 

& gentetai idea of the -average relations of pressure and wind direction over the 
Indian-&rea WiH be obtained from Plate 19, on which have been charted the mean 


C likes and the resultant ‘wind directions at the more important observing 
stations, for the months of January, May, July, and October, typical respectively of 
the cold, the hot, and the rainy season, and the autumn transition period. The 
Used in ’drawing the charts are the means for ten years, published in the 

J^dia for 1884.. They have been reduced to sea-level 

GbsoHsobaft fur Meteorology,’ vol. 14,1879, p. 338. KOppen’s 
by $sword (loo, o&u) to accotmt for the liot winds, and he adduoes 

rAfc believing io be the trim explanation 

nnd dai allgSmeine Geographiaehe System der Wmde,' p. 99. 
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and to the value of gravity at latitude 45°. The isobars have been extended across the 
Bay of Bengal by means of observations extracted from ships’ logs, recently reduced 
and tabulated in the Bengal Meteorological Office. The charts given in Plate 19 are, 
therefore, identical with those for the same months attached to Mr. Blanfokd’s paper 
on the Rainfall of India,* except that the observations of one or two stations which 
seemed to me of doubtful validity have been rejected. 

On the chart for January, the resultant wind directions, on the whole, conform to 
the distribution of pressure in accordance with Buys Ballot’s law, but there are some 
exceptions For example, at Neemuch, in Southern Rajputana, south-westerly winds 
prevai] where the law would indicate an excess of easterly components. The chief 
exception is in Northern Bengal, where the wmds should be easterly or south-easterly 
according to the law, whereas there is a decided prevalence of north-westerly winds 
as far as Chittagong. 

Elsewhere, except on the west coast, where the sea-hreezes prevent observations, 
made only m the day time,t from giving the true resultant direction, the prevailing 
wind agrees closely with that given by the law; when it is borne in mind that, near 
the Equator, the angle between the wind direction and the isobars is larger than in 
higher latitudes. 

In May, while there is close conformity to the law in Southern India, and near the 
coast generally, there is no apparent relation whatever between pressure distribution 
and wind direction over the very large area north of the parallel of 20° and west 
of the meridian of 86°. The greater portion of this area is enclosed by the very 
peculiarly curved isobar of 2 9’ 60", within which are two distinct areas where 
the pressure is below 29 55". One of these occupies the upper valley of the Maha- 
nadi, in the eastern part of the Central Provinces, and the other and larger is in 
Upper Sindh and the Bikanir desert. Over these areas bounded by closed curves, and 
across the axis of low pressure connecting them, as well as across the isobar of 29*60" 
which runs along the southern face of the Himalaya, the westerly winds blow without 
in terruption as far as Behar and Chutia Nagpur, and, at a higher level, as far as 
Darjiling; whilst the easterly winds, which should prevail, according to the law, at all 
stations north of the low pressure axis, are only felt along the base of the Himalaya 
up to Gorakhpur. These west winds have a southerly component in the Indus Valley 
and Western Raj put ana, as well as at most of the Himalayan stations of 6000 or 
7000 feet elevation, whilst, over the rest of the region, they have usually a northerly 
component; but a glance at the chart for May will show that they are probably all 
stream lines of one continuous atmospheric flow. 

The chart for July shows that the pressure gradients over the whole of I ndia and 
the Bay are much steeper than in the other months, while the usual relation between 
the direction of the wind and the isobars holds good over nearly every part of the 

♦ ‘ Indian Meteorological Memoirs,’ vol. 3 

t At most stations the observations are made only at 10 aju. and 4 EM, 
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country, the most important exceptions being at Agra, Jeypore, and Multan, where 
the winds have a northerly component, whereas a southerly one is indicated by the 
distribution of pressure. At the Himalayan stations on the outermost range, as at 
Darjiling ~NT a.ini Tal, and Mussoorie, there is usually an easterly component in the 
resultant wind ; while at others, more in the interior, as at Ranikhet, Chakrata, Murree, 
and Leh, the resultant is westerly. 

Tn October the pressure differences are very small, and tbe winds as a rule are light 
and irregular. The resultant directions, however, conform in most places to Buys 
Ballot’s law, but the anticyclonic circulation of the air over South-eastern Rajputana 
and Central India States is apparently more regular and uniform than might be 
expected from the irregularly-shaped isobar of 29‘85". 

Over Bengal also, from the Himalayas to the head of the Bay, the wind blows 
almost exactly at right angles to the isobars, instead of more or less inclined to them* 

From the charts on Plate 19 it will, therefore, be seen that, when the air iB moist, 
the sky cloudy, and the diurnal range of temperature small, the usual relation obtains 
between the distribution of pressure and the resultant direction of the wind. These 
conditions obtain over most parts of the country in July, and at many of the coast 
stations in the other months. 

In January there are exceptions to the rule, the most important being in Bengal, 
which, at that Beason, is a region of moderately high temperature, clear skies, and a 
large daily range of the thermometer. 

This will he evident from the following Table, in which certain meteorological con¬ 
ditions for January and July at several Bengal stations are contrasted:— 


Table TV.— Contrast of Bengal Climates in January and July. 




tflglbh We Usually almost cloudless in January, and the daily range 
Mhnd dO degrees; while in July the average cloud pro- 
- * > - - r ^ thermometer only about 10 degrees. The 

equilibrium by the daily transit of 'the Sun must, therefore, 
ad -great in January as in July, and if the distribu- 
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tion of pressure, at high levels, be different from that observed near the ground surface, 
we may, on Koppen’s theory, expect to find m January a greater departure of the 
actual wind direction, from that given by the usual law, than we find in July. 

On the Upper Gangetic plains, and m the Punjab, the range of temperature in 
January is quite as high as in Bengal, though the skies are somewhat more cloudy. 
We do not there, however, find departures from Buys Ballot’s law to occur so 
frequently m this month, probably because the disturbances of thermal equilibrium, 
causing convection currents, are less intense. For this there are two reasons. In the 
first place, whilst the diurnal range of the thermometer is but little greater on the 
plains than it is m Bengal, the range at the nearest hill stations is considerably 
greater than at Darjiling, so that the difference between high and low stations, at the 
hottest hour of the day, is not so considerable in North-western India as it is for the 
same difference of altitude in Bengal. Again, the temperature probably diminishes 
less rapidly with height at the North-western stations during January than it does in 
Bengal. Putting these two causes together, the effect is that the rate of upward 
decrease of temperature in the North-west is not by any means so rapid at the hottest 
time of the day as it is in Bengal. In the following Table, three pairs of stations 
are compared, so as to show the diurnal variation of the rate of temperature decrement 
with height during the month of January. 


Table Y.—Temperature Decrements at different times of the day during January. 



Dtujihng—Goalpara * 
6656 Feet 

Ob akrata—Roorkee. 
6165 Feet. 

Ifnrree—Rawal Pmdee 
4692 Feet. 

Difference of Means 

21-5 

13 4 

84 

Rate per 1000 feet 

33 

* 

22 

18 

Difference of Maxima 

20 5 

19’2 

15 2 

Rate per 1000 feet 

4'5 

3 1 

32 

Difference of Minima 

13 5 

7’6 

1 6 

Rate per 1000 feet 

2 0 

12 

04 


The vertical decrement of temperature in North Bengal at the hottest time of the 
day is, therefore, 43 per cent, more rapid than at north-western stations, namely, 
4*5° F. per 1000 feet, instead of 3 1° or 3 2°, according to the Table, These rates of 
decrement are not those which actually obtain m the free atmosphere, since they 
include a certain variation with latitude; and, moreover, there is reason to believe 
that, on mountain slopes, the decrease is considerably less rapid than that given by 
balloon ascents. The ratio between the rates for the two regions compared is, how- 


* This column is derived from. Blaneoed’s ‘ Indian Meteorologist’s Vade Mecum,’ page 57 The others 
are from my paper on the Temperature of North-Western India, ‘ Indian. Meteorological Memoirs,’ voL 2. 
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ever, probably nearly correct, since the disturbing circumstances are similar; and this 
ratio shows that the diurnal convection currents, which tend to mix together 
atmospheric strata belonging to different altitudes, must be more active during the 
month of January in North Bengal than they are in the upper parts of the great 
plain—a relation which it is necessary to prove in order that the observed deviations 
of the resultant winds from their theoretical directions, in the two regions compared, 

may be explicable by Kqfpen’s hypothesis 

The following considerations will enable us to discuss this point a little more fully. 
At page 236 of his valuable work on the Meteorology of the Bombay Presidency, 
Mr C Chambers, F.R.S., has shown that rapid convective movements of the atmo¬ 
sphere, of the kind he calls " topsy-turvy,” probably extend in the day time up to the 
level at which the temperature is the same as that given by the law of convective 
eq uilib rium, which may be proved from thermodynamical principles to be, for dry air, a 
decrease of 1° F. in 183 feet. There is no reason, however, to believe that all inter¬ 
change between successive layers ceases at this level, for the molecular theory oi gases 
indicates that the ultimate distribution of temperature would he uniform in a vertical 
column of the atmosphere free from all disturbing causes. 

It is difficult to estimate, with any exactitude, the height to which such rapid 
convective movements here extend, for we do not know the rate of temperature 
decrement in the open air over the plains of India; all our observations at high levels 
having been made at mountain stations, where the temperature, at least in the day 
time, is higher than it would be in the free atmosphere. The results of Glatsher’s 
balloon observations may help us, however, to obtain some idea of this height. 
When slightly smoothed, they may be thrown into the form of Table VI,, which gives 
a rapid decrement of temperature in the first 2000 feet, especially with clear sky. 


Table VI.—Rates of Temperature Decrement from Glaisher’s Observations :— 
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according to the principles above discussed, the topsy-turvy movements extend, when 
the sky is clear, to an average height (m summer in England) of about 2100 feet, 
whilst in cloudy weather they can hardly take place at all. In India there is, in all 
probability, a still more rapid decrement of temperature near the ground, when the 
sky is free from cloud From four years’ observations made at Alipore, near Calcutta,* 
I find that at the hottest time of the day, about 2 pm. during the months of greatest 
serenity, the temperature decreases 1*4° F. between 4 and 40 feet above the ground, 
or at the rate of 38 9° per 1000 feet. This we may take to be the most piobable 
initial rate of decrease for clear weather. In the cloudy weather of July the rate is 
only 2 7 8° per 1000 feet, or 1*0° between 4 and 40 feet. Both these are very much 
greater than the initial rates given by Glajsher’s obseivations for England, which, 
by drawing tangents at the starting point of the curves on Plate 21, or differentiating 
the formulae representing them, are found to be 77° and 5 2° per 1000 feet respec¬ 
tively ; and we may infer that convective action is consequently much more energetic 
in India Whilst observations made at mountain stations thus give rates of decre¬ 
ment which are probably different from those obtaining in the free atmosphere, at all 
events for the layers of the atmosphere nearest the ground, we may still, however, 
get an idea of the relative intensities of diurnal convection currents over different 
parts of the Indian plain by a comparison like that made in Table V. 

On the Central Indian plateau, and in South Bajputana and Sindh, where there is 
usually but little cloud in January, and the range of temperature is very great, such 
convection movements doubtless take place much more frequently, and extend to a 
greater height than they do in the Punjab and North-Western Provinces. To the 
interchange thus effected may probably be attributed the anomalous wind direction 
observed at Neemuch. 

During the hot weather, vertical convection currents are extremely active over 
Northern and Central India, as testified by the constant occurrence of dust-whirls, 
familiarly known as “ devils,” as well as by the frequent piling up of cumulus clouds 
in the afternoons and the occasional occurrence of thunderstorms,. Another evidence 
of such action is the gradual charging of the air with dust up to a height of 8000 feet 
or more; so that, just before the rains set in, it may be likened in appearance to muddy 
water or pea-soup At this season, the mean temperature of the 24 hours decreases 
rapidly on asc ending , the mean rates on mountain slopes, when variations in latitude 
and longitude are eliminated, being the following t in the month of May . 


# * Indian Meteorological Memoirs,’ vol. 2, page 450 et seq. 
t See 1 T-nrlm n Meteorological Memoirs,’ vol. 2, pages 132 to 136. 
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North-Western 

Central India 


Himalaya 

and Hajputana 

Sea-level to 1000 feet 

411 

2 84 

1000 „ 2000 „ . 

3 96 

3 25 

2000 „ 3000 „ 

3 79 

3 66 

8000 „ 4000 „ 

3 61 

4 06 


When allowance is made for the decrease of diurnal range on ascending, these 
rates become, for the maxima— 



North-Western 

Central India 


Himalaya 

and Raj pu tuna 

Sea-level to 1000 feet . 

O 

6 5 

6 2 

1000 „ 2000 „ 

5 0 

bl 

2000 „ 3000 „ 

40 

CO 

3000 „ 4000 „ 

3 5 

58 


Such very rapid rates for Central India are partly confirmed by observations made 
during the present year (1886) in a tower at Allahabad, which for April and May 
give initial rates of decrement of 40° and 37‘5° per thousand feet respectively at the 
time of diurnal maximum. 

According to the law of decrement deduced from the last Table, the topsy-turvy 
movements described by Chambers would, at the hottest time of the day, ascend the 
slopes of the North-Western Himalaya to an elevation of some 2600 feet; while, over 
the mountain tops of Central India and Hajputana, they would rise to above 11,000 
feet, if the same law of temperature decrement held good * 

The heights thus computed, of course, have no pretension to exactness; m fact, the 
former is undoubtedly too low, for the temperature decreases much less rapidly on a 
broad mountain zone heated by the sun than it does in the free atmosphere They 
suffice, however, to show that about midday, in the hot season, convective currents are 
very active up to an altitude of several thousand feet over the drier part of Northern 
and Cental India* It is probable, therefore, that the wind direction anomalies, which 
are so striking at this season, may be explained by the descent, from a considerable 
height, of atmospheric strata which retain, for a time, the velocity acquired by them 
under the pressure differences prevailing at the level from which they descend. 


temperature of the H imal a y an slope may be represented by the formula t = T — 7*5 h 
wh3e according to the ultimate law of coaveotion t = T — 5 46 A; T being the sea- 

t of feet. Equating these, we get h = 2560 feet, 
rfh# f&rhrnta be£t expressing the results in the Table is t = T — 6‘S h 
t Where the temperature wonld be the same as that given by the 
feet. 
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In Northern Bengal and Assam, at this season, the decrease of maximum tempera¬ 
ture with height is so slow in the first three or four thousand feet, -that no rapid 
convective action during sunshine can take place. The observations at Goaipara, 
286 feet, and Darbhanga, 166 feet; at Shillong, 4794 feet, and Kathmandu, 4388 feet; 
and at Darjiling, 7421 feet,* give a combination from which variations in latitude 
and longitude are almost completely eliminated, and from the maximum temperatures 


of these places in May we get the following 

rates of decrement 

Sea-level to 1000 feet 

o 

30 

1000 „ 2000 „ 

33 

2000 „ 3000 „ 

36 

3000 „ 4000 „ 

39 

4000 „ 5000 „ 

42 

5000 „ 6000 „ 

45 


These are so much slower than those for North-Western and Central India, that 
there is, comparatively speaking, no disturbance of the kind above discussed, and 
accordingly we find that the anomalous hot winds do not usually penetrate into 
Bengal, or become greatly modified in character by mixing with the lower atmospheric 
strata, if they do. 

During the earlier part of October, south-west monsoon conditions prevail over 
Bengal, and the wind directions are those given by the local pressure gradients, but, 
towards the end of the month, convection currents, induced by the high range of 
temperature, become active, the day winds at the same time hacking from east to 
north and north-west, thus causing the resultant for the month to be almost due 
north. In Central and North-Western India, where this month is characterised by 
clear skies and a large temperature range, there is probably a good deal of convective 
action, as may also be inferred from the afternoon fall of vapour-pressure in this 
month (see Table III.). 

In this region, the mean temperature in October decreases with height above sea- 
level at the following rates .— 

o 

Sea-level to 1000 feet . . 3'91 

1000 „ 2000 „ 3 69 

2000 „ 3000 „ .3 47 

3000 „ 4000 „ . 3*25 

When these are corrected for the diminution of daily range, which is extremely 
rapid—the decrease, for example, between 1500 feet (the Bajputana plain) and 
4000 feet (Mount Abu) being from about 30° to 15°—the figures become for the daily 
maxima:— 

♦ Formerly 6941 feet, but the observatory was removed to a new site in 1882. 
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0 


Sea-level to 1000 feet 

. . 69 

1000 „ 2000 „ 

. . 6 6 

2000 „ 3000 „ 

. 63 

3000 „ 4000 „ 

. . 60 


In this region, therefore, we should expect the convective action to be even more 
energetic after the close of the rainy season than in the dry hot weather, though the 
rate of decrement falls off so rapidly that probably the action does not extend to so 
great a height. 

If, theiefore, we find, as we do, that the wind directions in October conform more 
closely than in May to the normal directions inferred from the distribution of pressure 
at sea-level, it is probably because there is less difference in the distribution of pressure 
at low and high levels in October than m May.* This will be investigated in the 
next section. 


Part II.—The Velocity Anomaly . 


In no part of the world is the diurnal variation of the wind velocity better marked 
than on the plains of Northern India. In the rainy season there is more or less wind 
both night and day, though the velocity at night is, as a rule, considerably less than in 
the day time *, but during the dry season, from October to May, the nights are almost 
always perfectly calm, the only occasions when there is any wind at night occurring 
during the showery weather sometimes observed in January or February, and m 
occasional evening dust storms towards the end of the dry hot weather. At night, as 
the observations made at Alipore prove, the temperature increases for some distance 
with height above the ground, and under ordinary circumstances, therefore, there can 
be no convective interchange between upper and lower atmospheric strata. The 
diagrams on Plate 29 of the second volume of the e Indian Meteorological Memoirs * 
show that from about 6.30 p.m. to 8.15 A.M., on the average of the year, the temperature 
increases with height. Between these hours, therefore, the wind movement is that due 
to the local pressure gradients at sea-level, whilst in the day-time, when convection 
takes place, the velocity is greater, owing to the descent of air from regions where the 
retardation by friction is much less than near the ground. This diurnal variation may 
be illustrated by the results of the Calcutta anemograms published at p. 23 of the 
first volume of the c Indian Meteorological Memoirs/ and by three-hourly readings of a 
eopomon anemometer made at Agra on four days each month for eight years, both of 
•Are given in Table VII. For the last few years, valuable anemographic traces 

of temperature in October obtains only during a short 
rises and fell s so rapidly that, as ■will he shotra in the 
the six hours from 10 a.M. to 4 P.M. is only about half as 
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have been obtained from three stations in Upper India—Jeypore, Roorkee, and 
Lucknow—but they have not been discussed yet. 


Table YII — Diurnal Variation - op Wind Velocity. 



Hours. 


Calcutta. 

Agra 

Midnight to 3 tours 

Miles per hour 

3 28 

Miles per hour 

2 87 

3 

„ 6 

35 

2 96 

3 83 

6 

„ 9 

39 

4 51 

4 25 

9 

„ 12 

9 ) 

6-12 

5 71 

12 

„ 35 

95 

6 55 

6*82 

15 

„ 18 

95 

5 65 

5 19 

18 

„ 21 

95 

4*36 

3 49 

21 

„ 24 

55 

3 87 

2 95 


Mean . 


4 69 

4 33 


The figures in the Table represent annual means. They prove that the velocity 
attains its maximum about the hottest time of the day, and its minimum about 
midnight at Agra and 4 am at Calcutta: the exact instants of the turning points, 
found by taking differences, being 3 h. 31 m and 12 h. 58 m. at Calcutta, and 
0 h. 2 7 m. and 13 h. 13 m at Agra. The anemograms for several years at Kaiacbi 
have been discussed by Mr, F. Chambers and published in vol. 1, of the ‘ Meteoro¬ 
logical Memoirs/ but, as this station is on the sea-coast, where there is little 
frictional retardation, the hourly means do not exhibit anything like such a large 
variation in proportion to the mean velocity, which, at that station, is nearly 
L7 miles per hour The extreme hourly distances traversed are 14 4 miles between 
h. and 6-J h., and 20’9 miles between 14-J h. and 15j h. 

At all the stations in North India, for which the hourly variations of the wind 
resultants have been computed* a double diurnal oscillation, related to that of 
barometric pressure, has been more or less distinctly observed, but the amplitude of 
this double oscillation, which may be taken to depend on the diurnal variation of 
pressure differences near sea-level, is extremely small in comparison with that of the 
single oscillation due to diurnal heating of the ground and consequent convective 
action. We have already seen that, in the month of May, the pressure differences over 
the upper Gangetic plains are often evanescent; and it will be shown below that, in 
this region, the differences of the mean pressures are very small at all times of the year. 
It must frequently happen, therefor©, that any east and west pressure gradient, which 
may exist, is due solely to the difference in phase of the diurnal variation owing to 
difference of longitude; the epochs of maximum and minimum, and the range of this 
variation being very nearly constant through many degrees of longitude. Thus, taking 
two points 15 degrees apart on the parallel of Allahabad, we should find tb@ 

* 6 Indian Meteorological Memoirs/ vol 1 (Papers 1, 9, and 10) 
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following pressure differences on days in May when the mean pressures at sea-level 
are alike:— 

Table VIII.—Pressure Differences in May dependent on Diurnal Variation only. 


Hour 

Difference m 
15 deg 

Hour 

Difference m 
15 deg 

Oto 1 

+ 0112 

6 to 7 

- 0153 

1 „ 2 

+ 0069 

7 „ 8 

- 0103 

2 „ 3 

- 0030 

8 „ 9 

- 0051 

3 „ 4 

- 0130 

9 „ 10 

+ 0009 

4 „ 5 

- oiyo 

10 „ 11 

+ 0088 

5 „ 6 

- 0190 

11 „ 12 

+ 0173 


Hour 

i 

Difference in 1 
15 deg. | 

Honr 

Difference m 
15 deg 

12 to 13 

+ 0246 

18 to 19 

- 0133 

13 „ 14 

+ 0275 

19 „ 20 

- 0193 

14 „ 15 

+ 0248 

20 „ 21 

- 0191 

15 „ 16 

+ 0176 

21 „ 22 

- 0127 

16 „ 17 

4- 0074 

22 „ 23 

- 0020 

17 „ 18 

- 0036 

23 „ 24 

f 0077 


These differences, which are taken from the ‘Indian Meteorological Memoirs/vol. 1, 
page 326, would produce N.W. winds, indicated by the positive sign, from about 
3 h. 21 m to 17 h. 7 m., and again from 22 h. 42 m. to 2 h. 12 m, the remaining hours 
having gradients for S.E winds, indicated by the negative sign. Now, from the paper 
last referred to, we learn that, in the hot season, the resultant wind at Allahabad blows 
at all hours from points between S. 73°W. and N. 5°W., the double oscillation 
suggested by the Table being combined with and masked by a prevalent N.W. 
direction, though it is plainly indicated in the diagram formed by joining the ends of 
the lines representing the resultants for the several hours. The differences in the 
Table, in fact, are so small, not exceeding *027 5-inch in about 813 geogiaphioal miles, 
or '002-mch. per degree of the earth’s surface, that near the ground, where the friction 
coefficient is large, the winds due to them would be so light as to be almost imper¬ 
ceptible , and, accordingly, we find that the double gyration of the wmd vane, which 
would be produced by this cause, is almost entirely hidden by the influence of the 
more powerful currents of the higher atmosphere which descend in the middle of the 
day. The N.W. winds due to the diurnal inequality of pressure are, however, 
probably more than twice as strong in the afternoons as m the early mornings, the 
maximum pressure differences being in the ratio of 275 to 112, so that this cause 
Hwit& ‘Convective interchange between the lower and higher strata to make 
j? ^beukthe hottest time of the day. 

pressures for each month at several stations on the Upper 
fifangetic plants, WO shall find, as has been stated in the introductory paragraphs, that 
their differences have no apparent relation to the mean wind velocity; but the latter 
has, in the annual as in the diurnal period, a very distinct relation to the temperature. 
In the North-Western Provinces and Oudh there are four stations, for which we 
possess registers extending, with few interruptions, over nearly 18 years. When 
mean pressures of these are reduced to sea-level and the value of gravity 
W# ! - get the figures given in Table IX., the differences of which from 

place 




Jt'r Tr 
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Table IX. —Mean Pressures at Places in the North-Western Provinces and Oudh, 

reduced to Sea-level and Latitude 45°. 


Month. 

Roorkee 
17-18 Years 

Agra 

16-18 Years 

Lucknow 
16-18 Years. 

Benares 
18-18 Yeara 

Jhansi 

16-18 Years 

January . 
February 

March 

April 

May 

June 

July . 

August 
September 
October 
November 
December . . 

30 030 

29 949 

29 842 

29 707 

29 577 

29 440 

29 465 

29 527 

29 639 

29 824 

29 976 

30 042 

30 032 

29 957 

29 842 

29 704 

29 578 

29 450 

29 464 

29 531 

29 637 

29 822 

29 976 

30 042 

30 030 

29 949 

29 835 

29 693 

29 593 

29 465 

29 475 

29 541 | 

29 638 

29 823 

29 972 

30 044 

30 016 

29 943 

29 826 

29 690 

29 587 

29 463 

29 467 

29 537 

29 633 

29 814 

29 954 

30 027 

30 023 

29 951 

29 844 

29 709 

29 586 

29 460 

29 470 

29 540 

29 633 

29 821 

29 <>56 

30 026 

Tear . 

29 750 

29 753 

29 755 

29 746 

29 754 

** 







If we take the central station of the group—Lucknow—and measure the gradient 
from it towards each of the others without reference to the duection of the slope, we 
get the mean and extreme gradients per CO geographical miles, which are compared m 
Table X. with the mean wind velocity at the same four stations, and with the mean 
temperature and the diurnal temperature range. 


Table X. _Wind Velocity in the North-Western Provinces compared with Pressure 

Gradient and Temperature. 


Month. 

Mean 

Gradient 

Maximum 

Gradient 

January 

0020 

0029 

February 

0012 

0032 

March 

0027 

0036 

April 

•0021 

0038 

May 

0037 

•0038 

June 

0031 

0060 

July 

0028 

0044 

August 

0024 

0034 

September 

0010 

0020 

October . 

0011 

0036 

November 

0035 

•0072 

December . 

0033 

0068 


Wmd Velocity 
per Diem 

Mean 

Temperature 

Mites 

o 

58 2 

59 2 

73 7 

04 9 

87 2 

74 6 

98 0 

85 4 

1144 

911 

120 3 

915 

95 8 

85 0 

79 6 

83 7 

75 0 

83 0 

52 6 

77 5 

40 6 

67 7 

456 

60 0 


Diurnal 

Range. 


27 5 
274 
30 0 
30 7 
271 
213 
13 9 
131 
16 0 
25 3 
30 7 
28*9 


This Table fully justifies the statement above made as far as the monthly means axe 
concerned. The smallest values of the gradient, both mean and extreme, are found 
in September, when the wind velocity does not differ much from the average. The 
mean gradient is steepest in May and November, the one month having a high wind 
velocity, and the other the lowest of the year, while the maximum value ot the steepest 
gradient is also in November, the month of least wind movement. The suggestion, 

MDCCCLXXXVTI .—A 2 Z 
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however, arises that the pressure differences of any two months may have the same 
small mean value, while m one month the barometer stood at a uniform height all over 
the country, and in the other there may have been a series of more or less violent 
disturbances causing strong winds, that, in short, it is useless to compare mean values 
instead of actual observations. In North India, however, no feature of the meteorology 
is more re mar kable than the simultaneity of barometric movements over a large extent 
of country; all the usual fluctuations, which are very numerous, though of small 
range, even in the most settled weather, occurring with the most absolute uniformity 
over an extent of country often larger than France, Germany, and Austria. Small 
disturbances, of the nature of cyclonic storms, do occur occasionally, more especially 
during the rainy season and in the cold weather, during the month of January or about 
the end of December; but, while they, doubtless, make the mean wind velocity, for the 
months mentioned, somewhat greater than it would otherwise be, they do not per¬ 
ceptibly interfere with the regular march of its annual variation 

Table X. also shows, contrary to what might be expected from the preceding part 
of this Paper, that the velocity is much more distinctly related to the actual tempera¬ 
ture of each month than to the daily range of the thermometer. The explanation of 
this probably is that in the interior of Northern India the daily range at all seasons 
is sufficient to set up convection currents, while the velocity, of the winds which 
descend from a considerable elevation over the plains is dependent upon the pressure 
gradients prevailing at high levels. Now these gradients are doubtless subject to a 
distinct annual range, depending on the temperature; for, if the plains be heated 
more than usual relatively to the Himalayan slope, the result will be to raise the 
planes of equal pressure and make them incline towards the mountains, thus giving 
rise to westerly upper currents, the velocity of which will, cceiens paribus , be 
proportional to the temperature difference between plains and mountains. 

Now, if we compare the mean temperature for stations on the plains of the North- 
Western Provinces and Oudh, given in Table X., with that of the mountain slope at 
a height of about 5700 feet, as computed from the observations of Chakrata, Ramkhet, 
Pithoragarh, and Kathmandu, we find the following differences, which are subject to 
a very distinct annual variation, nearly coincident in phase with that of wind velocity 
- on the plains 


% 

Month:— 

January, 

February* 

.. 

March 

April 

May 

June 


C 

o 

0 

O 

o 

O 

Temperature difference . , . 

13 4 

171 

18*1 

22*1 

242 

213 

Month*— 

July 

August. 

September 


November 

December 


O 

o 

m 

0 

0 

O 

Temperature difference 

161 

15 3 

mm 

15 3 

WM 

10*0 
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A similar relation obtains to the greatest elevation at which observations have been 
made on the mountains The temperature difference, between Leh (11,503 feet) and 
the Punjab plains, is greatest m May and June and least in November, so that, if we 
may assume the temperature decrement in the free atmosphere over the plains to be 
less variable than on the mountain slope, as seems & pnon probable, there must be a 
greater pressure gradient for westerly wmds at high levels in May and June than in 
November. 

The proper way to verify this and various other deductions, which have been made 
from the hypothesis that convective interchange is the cause of the observed wind 
anomalies, is to find the distribution of pressure over India at a considerable height in 
the atmosphere, say 10,000 feet. For this purpose I have selected some 40 stations 
out of the large number m India and Ceylon for which 10-year averages of pressure 
are published in the Meteorological Report for 1884, and have tried to reduce their 
mean pressures for January, May, July, and October to the proposed elevation. The 
majority of stations selected are those on mountain tops or high plateaux, but, in order 
to complete the maps on Plate 20, fourteen stations situated at levels below 1500 feet 
have had to be added. 

Table XI. gives the stations, with their elevations and the mean pressures of the 
months selected. Two of the stations mentioned, Dodabetta and Shillong, are not now 
on the lis t of meteorological observatories, but their pressures and temperatiues have 
been taken from old reports. In the case of Dodabetta, the published barometric 
heights bad first of all to be corrected for the temperature of the mercury. The 
elevations given have been found by levelling to Great Trigonometrical Survey stations, 
or other datum levels, in every case except Pithoragarh and Shillong. The elevation 
of the last-mentioned has been found by comparing barometric observations at the 
station with those made simultaneously at Daijiling and Silchar, which places are on 
opposite sides of Shillong, and are respectively considerably higher and lower than that 
station. The error in the determination cannot amount to more than two or three feet 
The elevation of Pithoragarh has been computed by comparing, month by month, the 
barometric observations of four years at that station with those of Ranikhet and 
Kathmandu, and taking the mean of the results. The error of this mean must be 
very small 

The pressure observations of two stations in Southern India, Wellington and 
Mercara, have had to be rejected, as, when reduced to a co mm on level, they did not 
agree with those of neighbouring stations, such as Coimbatore, Dodafbetta, and 
Bangalore, while the latter agreed very fairly with one another. The assigned 
elevation of Wellington appears to be about 200 feet too high, and that of Mercara 
135 feet too low. These elevations have been deduced trigonometrically or by spirit¬ 
levelling from points fixed in the early days of the Survey, when the uncertainties ot 
terrestrial refraction were not sufficiently allowed for. 

The observations made at Simla have also been rejected, as there is some uncertainty 

about the true elevation of the barometer. 

9 7 9 
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Tabuj XT. — Observed Pressures used in constructing Table XIV. 


Station 

Elevation 
m feet 

Pressure (corrected for temperature, <tc ) 

January 

May 

July 

October. 

Newara Ehva 

6,240 

24 010 

23 994 

23 984 

23 996 

V 

Kandy 

1,696 

28-226 

28137 

28 165 

28 187 

Coimbatore 

1,348 

28 609 

28 451 

28 466 

28 523 

Dodabetta 

8,644 

22 045 

22 018 

21 946 

22 019 

Bangalore 

2,981 

27 013 

26 863 

26 857 

26 931 

Bellary 

1,456 

28 505 

28 285 

28 295 

28 400 

Belffaum 

2,550 

27 437 

27 285 

27 255 

27 362 

Secunderabad 

1,787 

28192 

27 959 

27 914 

28 080 

Poona 

1,849 

28 131 

27 939 

27*872 

28 046 

Chikalda 

3,656 

26 433 

26 217 

26 109 

26 345 

Paehmarhi 

3,528 

26 533 

26 319 

26 193 

26-461 

Raipur 

960 

29-043 

28 679 

28 601 

28 897 

Indore 

1,823 

28168 

27 896 

27 791 

28 074 

Hazaribagh . 

2,007 

27 98-4 

26 683 

27 568 

27 869 

Sntna . . 

1,040 

28 977 

28 593 

28 484 

28 823 

Nimacb . . 

1,639 

28 3b7 

28 054 

27 937 

28 258 

Mount Abu 

3,945 

26 146 

25-961 

25-818 

26 092 

Aimere . 

1,611 

28 412 

28 075 

27 954 

28 294 

o 

' Quetta , , . * 

5,501 

24 684 

24 546 

24 397 

24 688 

Peshawar . . . 

[ 1,110 

28 955 

28 547 

28 366 

28 783 

Leh .... .' 

11,503 

19 646 

19 689 

19-604 

19 727 

Murree 

6,344 

28 882 

23 789 

23 701 

23 918 

Chakrata .... 

7,052 

23 263 

2.3 196 

23 108 

23 302 

Ranikhet 

6,069 

24113 

24013 

23 928 

24 113 

Pithoragarh 

5,363 

24 758 

24 624 

24 534 

24 729 

Kathmandu 

4,388 

25 714 

25 492 

25 383 

25 633 

Darjiling 

7,421 

22 964 

22 915 

22 859 

23 018 

Shillong 

4,794 

25 272 

25118 

25 058 

25 255 

Sibsagar 

333 

29 739 

29 430 

29 281 

29 570 

Dacca ... 

35 

30 015 

29 698 

29 571 

29 845 

Akyab . . . 

20 

30 005 

29 763 

29 666 

29 856 

Diamond Island 

41 

29 972 

29-772 

29 727 

29 845 

Palse Point 

21 

30 031 

29 684 

29 558 

29 848 

Vizagapatam 

31 

30 005 

29 688 

29 596 

29 824 

Madras 

22 

30 000 

29 733 

29 728 

29 850 

Bhnj 

395 

29 639 

29 311 

29 162 

29 491 

Karachi 

49 

30 016 

29 646 

29 490 

29 862 

Multan 

420 

29 639 

29 189 

29*030 

29 444 

, Delhi * . . . . 

718 

29 316 

28 904 

28 780 

29 143 

Lucknow. . 

369 

’ 29 674 

29-264 

29152 

29-498 


In the formula connecting barometric pressure with height above sea-level, the most 
important variable is the temperature of the air. The chief object of this paper being 
to find out the cause of the anomalous day winds, the temperature of the air, in the 
day time when these winds blow, is that which should be adopted in the reduction to 
a height of 10,600 feet, which is now attempted For the several observing stations 
this is obtained with sufficient accuracy by combining the maximum temperature with 
that of the usual hours of observation, 10 a. it. and 4 P.M., or where observations have 
not been made at these hours, as at the Ceylon stations, by applying to the daily 
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mean a correction derived from some similarly situated station which is not too far off, 
this correction being made proportional to the daily range. These day temperatures 
are given in the 2nd, 3rd, 4th, and 5th columns of Table XII. 


Table XII.—Temperatures used in constructing Table XXV. 


Station 

Temperature at Station 

Temperature at 10,000 Beet 

January 

May 

July 

October 

January 

May 

July 

October, 

Newara Eliya . 

4 

65°6 

68 8 

63 6 

o 

65 2 

0 

58 2 

O 

614 

56°2 

57°8 

Kandy 


79 9 

85 L 

813 

813 

55 8 

610 

57 2 

57 2 

Coimbatore 

4 

821 

881 

82 3 

82 5 

561 

62 6 

56 8 

57 0 

Dodabetta* . 


57 5 

62 9 

55 6 

57 4 

54 3 

59 9 

52 6 

54 4 

Bangalore 


75 5 

86 6 

77 7 

77 9 

56 3 

67 4 

58 3 

58 5 

Bellary 

• 

82 8 

97 3 

87 1 

85 1 

57 5 

72 0 

62 3 

60 3 

Belgaum 

. 

79 5 

87 2 

73 2 

79 0 

58 5 

66 2 

52 2 

58 0 

Secunderabad 

• • 

78 7 

97 5 

819 

81 8 

54 7 

73 5 

58 2 

581 

Poona 


79 9 

94 6 

78 5 

82 8 

56 2 

70 9 

55 0 

591 

Chikalda 


69 9 

88 7 

72 3 

74 9 

52 9 

717 

55-1 

57 9 

Pachmarbi . . 


67 9 

90 1 

73 4 

74 3 

50 4 

72 6 

55 7 

56 8 

Raipur 

• 

77 7 

105 0 

831 

84 3 

49 8 

771 

56 2 

56 4 

Hazanbagh 

a « 

70 3 

94 2 

82 2 

80 7 

47 3 

71 2 

59 3 

57 8 

Sutna 

• 

710 

100 5 

86 4 

861 

43 3 

72 8 

59 7 

58 4 

Indore 

• 

76 3 

96 9 

810 

85 6 

52 6 

73 2 

57 4 

619 

Nimach . 

* 

72 2 

981 

83 4 

874 

47 9 

73 8 

59 3 

631 

Mount Abn . . 


65-1 

851 

74 9 

75 7 

49 0 

69 0 

58 6 

59 6 

Aj mere . 


69 3 

98 2 

87 5 

89 7 

4G1 

75 0 

645 

64 3 

Quetta 

• 

47 2 

78 4 

87 3 

713 

35 8 

66 3 

75 2 

59 2 

Peshawar. 

* 

601 

918 

96 2 

82 0 

33 8 

64 5 

68 9 

547 

Leh 


25 7 

581 

70 0 

50 7 

31 8 

60 5 

709 

549 

Murree 

• 

45 0 

718 

73 9 

66 7 

36 0 

62 6 

64 9 

57 5 

Chakrata 


47 7 

70 7 

67 5 

63‘4 

40 3 

63 3 

604 

56 0 

Ranikhet 

• • 

51 5 

73 5 

711 

66 9 

41 5 

63 5 

613 

56 9 

Pithoragarh 

• 

55 3 

75 5 

74 9 

706 

43 3 

63 5 

62 9 

58 6 

Kathmandu 

* ft 

581 

75 0 

78 5 

743 

43 4 

601 

63 6 

59 6 

Darjiling 


42 6 

59 9 

64 5 

58-5 

36-5 

53 8 

58*4 

52 4 

Shillong 

* * • 

56 5 

72 4 

731 

67 9 

43 0 

58 8 

595 

544 

Sibsagar . 


68 0 

819 

875 

82 4 

38 3 

52 2 

57 8 

52 7 

Dacca 

* « 

74 6 

88 2 

86 7 

85 7 

40 9 

571 

53 6 

52 0 

Akyab 

# 

76 2 

874 

82*1 

85 2 

42-5 

56'3 

51’0 

515 

False Point 

ft • 

75 5 

90 2 

87 2 

88 4 

42 8 

56 5 

561 

547 

Yizagapatam . 


819 

93 5 

89 6 

88 8 

482 

59 8 

58 5 

551 

Madras 

• 

819 

93 9 

90 7 

85 7 

48 2 

60 2 

59 6 

54 6 

Diamond Island 

• 

79 8 

87 0 

83 0 

844 

461 

55*9 

519 

53 3 

Bhuj . . . 

« ft 

75 6 

96 0 

87 8 

901 

44-2 

64 6 

584 

60 7 

Karachi . , 

• 

718 

89 0 

87 6 

87 6 

38 2 

58 0 

56 6 

540 

Multan 

« • 

64 0 

99-5 

98 7 

884 

32 6 

681 

67 3 

57 0 

Delhi 

• 

65 4 

984 

90 2 

86 9 

35 8 

68 8 

622 

573 

Lucknow 

• 

68 3 

1001 

90 3 

87 8 

i 

369 

68 7 

60 9 

564 


* The temperature of this station appears to he about 3° too low in comparison with Coimbatore, 
near which it lies. Coimbatore, is, however, in the dry region to the lee of the mount ains , and when 
Dodabetta is compared with the west coast stations it appears warm m comparison. Thus the mean 
day temperatures of Oochm and Mangalore when reduced to 10,000 feet are: 

January. May. July October. 

514° 5t>'6° 498® 51*6° 
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Th© pressures given in Table XX. do not need any special correction fbi daily range, 
because in every part of India the mean height of the barometer between 10 and 16 
hours does not differ by more than a few thousandths of an inch from the mean of the 
twenty-four hours, and it will be seen immediately that, with the unavoidable uncer¬ 
tainty there is as to temperature, it is unnecessary to take such small differences 
into account. 

It hflPt already been pointed out, in discussing the probable height to which con¬ 
vection currents extend at the hottest time of the day, that nothing accurate is 
known regarding the decrease of the day temperatures with height above the sea in 
the free atmosphere. But, by taking the differences between the day temperatures 
given in Table XII for stations in North- Western and Central India and the sea- 
level values of the mean temperatures of the same places, published m vol. 2 of the 
‘Indian Meteorological Memoirs,’ pages 137—141, and combining the results into 
groups for stations below 2000 feet, between 2000 and 5000 feet, between 5000 
and 8000 feet, and above 8000 feet, we can construct a set of curves giving the 
variations of temperature on mountain slopes, unaffected by changes of latitude or 
longitude. By graphic interpolation we can, then, get from these the rates of decre¬ 
ment. The results for the four months in the Table are shown in Table XIII. They 
exhibit a considerable diversity of character, and a tendency in the summer to an 
increase of temperature with height at the greatest elevations, owing to the greater 
diurnal range of the thermometer at Leh than at the stations on the outer ranges 
about 7000 feet elevation, whilst it is practically certain that there is no such 
tendency in the free atmosphere. 

Table XIII.— Y ertical Decrement of Day Temperature on the Mountains of Central 

and North-Western India. 


Height, 

January 

May 

July 

October 


O 

O 

O 

O 

0 to 1,000 feet . . . 

44 

73 

60 

4 6 

1,000 „ 2,000 „ 

3’4 

61 

53 

41 

ISjOOQ n S,000 * t 

27 

51 

46 

38 

3,000 „ 4,000 „ . 

22 

41 

40 

28 

4,000 „ 5,000 „ 

1'8 

32 

34 

24 

5,000 „ 6,000 „ . . 

16 

23 

28 


6,000 „ 7,000 „ , . 

16 

1*5 

23 


7,000 „ 8,000 „ 

^^E3K§if 

08 

19 

14 

8,000 „ 9,000 „ ... 

19 

01 

1-5 

15 

9,000 „ 10,000 „ 

21 

0’5 

11 

16 

0 to 10,000 feet , . 

234 

3Q‘Q 

32 f 9 

25 4 


The total decrement between sea-level and 10,000 feet is less in ©very month than 
that found by Claishek in the free atmosphere over Fngland and France, as was to 
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be^expectecL The difference is not very great in the summer months, but amounts to 
10 or more in January. At this season, however, the decrement m Bengal is, as we 
have seen, much more rapid, and such appears also to be the case in Southern India, 
when we compaie the temperature of Dodabetta with that of Coimbatore and the 
nearest stations on the west coast, 

For the whole country, therefore, after due consideration, I have decided to adopt 
the rates of decrement found by Glaisher, and given above m Table VI. These 
include an allowance for diminishing diurnal range, since the observations were 
made in the day time only. Though considerably more rapid for some months fha.-n 
those in the last Table, they are, perhaps, too slow on the whole, the decr em ent in 
India being probably greater near the ground than in England, where insolation is 
not so powerful. The last four columns of Table XT I give the probable temperatures 
at 10,000 feet, deduced by means of Table VI., the rate for cloudy skies being used 
when the average cloud proportion for the month amounts to half the expanse or 
more, and the rate for clear skies in the other months. 

•The formula adopted for the barometric reductions is the simple one 


log p = log P — 


h 


60,360 ^1 + 


T + t- 64\ 
986 > 


With the values of T and t in Table XII., and the mean value of p, about 21 inches, 
it can be shown, by differentiating, that for a difference of elevation of 10,000 feet, an 
error of 1° in estimating t would give an error in the resulting value of p lying 
between ‘008 and *010 inch. As the margin of possible error in many of the values 
of t may amount to several degrees, there is evidently nothing to be gained by using 
a more complicated formula, in which the variations of gravity and of density, owing 
to the presence of more or less water vapour, are taken into account. 

The computed results, which have been reduced to the standard value of gravity, 
are given in Table XIV. Considering the uncertainty of the adopted rates of 
decrease of temperature, and the widely different altitudes of the base stations, these 
results are remarkably consistent. Even apparent exceptions to this consistency, 
such as the low pressure over Dodabetta compared with the neighbouring station 
Coimbatore, or of Chikalda compared to Poona, or Mount Abu to Neemuch, serve to 
confirm the probable correctness of the rates of temperature decrement adopted; for 
these are instances of the mid-day distribution of pressure which gives rise to the 
diurnal mountain winds, observed in all the warmer regions of the world. 
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Table XIV.—Mid-day Pressures at 10,000 Peet (corrected to Gravity of 

Latitude 45°). 


Station* 

Pressure 

January 

May 

July 

October 

Newara Ehya 

il 

20 922 

20*924 

20*888 

20 

*906 

Kandy 

20 953 

20 950 

20 882 

20 

947 

Coimbatore 

20 996 

20 958 

20 901 

20 

945 

Dodabetta 

20 934 

20 919 

20 836 

20 

909 

Bangalore 

20 979 

20 969 

20 901 

20 

•959 

Bellavy 

21 014 

21 021 

20 886 

20 

966 

Belganm 

21017 

20 978 

20 809 

20 

955 

Secunderabad . 

20 992 

21 031 

20 825 

20 

949 

Poona 

21 039 

21 035 

20 806 

20 

977 

Chikalda . . 

20 997 

20 988 

20 757 

20 

972 

Pacbmarhi 

20 959 

20 993 

20 740 

20 

962 

Raipur . . 

20 947 

21-037 

20 719 

20 

946 

Hazanbagh. , 

20-925 

20-958 

20 746 

20 

956 

Sutna 

20 894 

20 982 

20 740 

20 

981 

Indore 

20-985 

21 012 

20 755 

21 

018 

Neemuch 

20 941 

21 009 

20*758 

21 

067 

Mount Abu. 

20 951 

20-964 

20 764 

20 

-099 

A] mere ... 

20 925 

21 013 

20-805 

21 

070 

Quetta 

20 837 

20-919 

20 844 

20 

993 

Peshawar ... 

20 815 

20 914 

20 835 

20 

970 

Leh . . 

20 792 

20-767 

20 654 

20 

820 

Murree 

20 800 

20 863 

20 799 

20 

950 

Cbakrata 

20 818 

20 858 

20 766 

20 

922 

Rauikhet 

20 816 

20 856 

20 768 

20 

906 

Pithoragarh . 

20 839 

20 863 

20 784 

20 

920 

Kathmandu 

20 889 

20 846 

20 784 

20 

958 

Darjiling 

20 811 

20 835 

20 801 

20 

923 

Shillong 

20 832 

20 822 

20-779 

20 

902 

bibsagav * * 

20 847 

1 20 825 

20 773 

20 

931 

Dacca 

20 882 

20 865 

20 741 

20 

920 

Akyab 

20 880 

20 888 

20 743 

20 

904 

False Point 

20-892 

20 854 

20 737 

20 

941 

Vizagapatam 

20 965 

20 902 

20 803 

20 

936 

Madras . . 

20 940 

20 929 

20 899 

20 

950 

Diamond Island . 

20 923 

20 903 

20 815 

20 

919 

Bhuj. 

20 917 

20 973 

20*754 

21 

022 

Karachi... 

20 842 

20 852 

20 722 

20 

970 

Multan . .... 

20 794 

20-955 

20 828 

20 

985 

Delhi. . 

20-811 

20-947 

20 764 

20 

975 

Lucknow , . . 

20 822 

20 964 

20 767 

20 

967 


Tlie pressures given in this Table are charted on Plate 20, which is headed " Mid-day 
Pressures at 10,000 Peet.” These charts deserve some study in detail, 

In January, the region of lowest pressure, hounded by the isobar of 20 80 ruches, 
covers a considerable part of Afghanistan and the Punjab, and extends through 
Kashmir is«> Ladakh and Thibet. The north-east corner of the Punjab and the 
region of the Hindu Kush have probably a slightly higher pressure. The isobar of 
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20 80 inches sends a long loop down the valley of the Ganges to the north of Delhi. 
The next two isobars are very similarly curved, but they extend further to the east 
over known regions, and are seen to curve southward again over Bengal and the head 
of the Bay. The others probably form closed curves of a roughly tr iang ular form, 
round a centre lying in the western Deccan near the town of Sholapur. 

The system of winds, pertaining to this distribution of pressure at a height where 
the friction coefficient is very small, would be S.W. over the Bombay coast, Sindh, 
and Bajputana, S. or S.W. at most of the Himalayan stations, N. or N.E at Murree, 
S E along the foot of the Central Himalaya, N W in Bengal, W. over Central India 
and the Gangetic plains, N E. over nearly the whole of the Madras Presidency, and 
E. or S E in Travancore and Cochin. Now in almost every instance where the 
observed prevailing wind direction for this month is inconsistent with the distribution of 
pressure at sea-level it is in accordance with this upper system of wind currents. 

A possible solution of another question of great interest is suggested by the chart. 
The cause of the disturbances which produce the winter rainfall of the Punjab, North- 
Western Provinces, and Bajputana, and the snows of the North-west Himalaya, is not 
yet fully understood. Mr. E. Chambers has suggested that these precipitations may 
be due to disturbances of the same nature as the winter storms of high latitudes 
entering India from the west,* while Mr Blaneord attributes their origin to the 
disturbance of atmospheric equilibrium by the upward diffusion and condensation of 
water vapour formed locally f It is difficult to understand how a cyclonic storm, if it 
be of the same nature as those formed in the Bay of Bengal at the turn of the seasons, 
can cross a mountainous country like Afghanistan ; but that whirling storms do cross 
the Bocky Mountain region is a common experience in America. 

Without presuming to dogmatise, therefore, about a subject which I have not 
sufficiently studied, I would suggest that it is possible such storms may be formed in 
more than one way, and that some of them at least may travel for long distances if 
they do not originate in a region of relatively low pressure in some upper stratum of 
the atmosphere. Such whirling storms, crossing the Indus m the month of January, 
might travel along the axis of lowest pressure directly into Kashmir, or they might 
pass along the V-shaped depression in the Valley of the Ganges as far as Behar; but, 
owing to the higher pressure in West Bengal and Nepal, they could seldom penetrate 
to Assam, except by the roundabout way of Thibet, in which case their chance of 
survival after twice crossing the Himalayas would be infinitesimal. Now these possible 
paths suggested by the form of the isobars are precisely those most frequently taken 
by the disturbances which bring the winter rains. 

The chart for May show's that the distribution of pressure at 10,000 feet elevation 
during this month is extremely simple if we leave out of consideration local minima 

* ‘ Nature,’ vol 23, page 400. 

f ‘Journal of the Asiatic Society of Bengal,’ vol. 52, Part 2, and ‘ Indian Meteorological Memoirs,’ 
vol 3, page 93 

MDCCCLXXXYII.—A. 3 A 
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in the Nilgiris and Satpuras, such as cause the diurnal mountain winds above referred 
to. The high pressure region in the Deccan is much enlarged, and the centre shifted 
northwards to Berar. Round this the isobars curve in a nearly triangular form, 
following closely the outline of the country as bounded by the sea, the H&la and 
Suleiman ranges and the Himalayas; the most important exception to this rule being 
a recurvation of the lines of equal pressure round a low-pressure area extending 
obliquely across Bengal from Balasore to Assam. The wind system, induced by this 
distribution of pressure, would be S or S.W. in the valley of the Indus and Rajputana, 
W. or N.W. over the rest of Northern India, as far east as Lower Bengal and 
as far south as Berar, S.W. in Eastern Bengal and Burma, N.E along the eastern side 
of the Peninsula from Orissa to Negapatam, and S E. or S on the Malabar coast. 
That is to say, over the interior of Northern and Central India the upper currents in 
this month have exactly the same direction as the anomalous hot winds which we have 
reason to suppose may be caused by their descent under the convective action set up 
by the daily passage of the sun. 

The steepest gradient on the map is that to the west of the Orissa coast. Distur¬ 
bances originating at the head of the Bay would therefore, according to the usual 
experience that the line of least resistance is that of lowest pressure, experience mu ch 
difficulty in proceeding westwards, but would meet with less resistance in the north¬ 
ward direction over Bengal. As a matter of fact, the majority of such storms as are 
formed in this region during May do proceed northwards,* and those which turn 
westwards across the plain of Orissa do not survive to reach the Central Provinces. 
Mr. Eliot attributes their rapid break-up to the comparatively small height to which 
they extend in the atmosphere, and the resistance they experience from the hills west 
of Orissa, hut, while this may be one reason for their disappearance, the rapidly 

increasing pressure in a westward direction at moderately great elevations is doubtless 
another. 


The low-pressure area extending obliquely across Bengal and Assam is the scene of 
frequent local storms, known as « Nori-Westers/’ m the hot season, and the area of 
maxhxmm “ spring storm rainfall ” on Mr. Blanford’s charts! coincides very closely 
At pagq 105 of the work cited, Mr Branford gives a clear and interesting 
$q^ls and their origin! which he attributes to the mixing, by 
convective tfetifn,, of, the Southerly sea winds with the north-west winds, which blow 
over the Chutia Nagpur plateau, and probably continue their course eastwards over 
riie low plains of Bengal at nearly the same level. The line of maximum rainfall in 
May, according to Mr. Blanford’s Table, passes through or near the following 

places, the rainfall gradually increasing as the distance from the sea increases and the 
Jtinasia mils are appi cached i— 


% 4116 Bar of ^ i8?? ^ 
I a rwjlufaE qff India,*’ 4 Indian Meteorological Memoirs,’ voL 3. 
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Balasore 

. 4 78 inches 

Midnapore 

5 08 

33 

Krishnaghar 

6 62 

33 

Jessore 

7 56 

33 

Fandpur 

8 33 

33 

Dacca 

9 26 

3 ) 

Mymensmgh 

11 74 

33 

Sylhet 

2164 

3 ) 

Cherra Ptuaji 

. 5146 

33 


The line joining these places coincides almost exactly with the axis of lowest 
pressure at 10,000 feet on the chart for May. 

In July the triangular area of high pressure in the Deccan has retreated to the 
extreme south-east of the Peninsula, and occupies those parts of the Carnatic where 
the rainfall at this time of the year is very light. 

Along the foot of the Himalayas there is a zone of relatively high pressure, 20'80 
inches, or slightly less, which widens out in the west, so as to include the western 
Punjab and Afghanistan. Parallel to this, and south of it, from the head of the Bay 
of Bengal to Sindh, extends a region of lower pressure, below 20*75 inches; which is, 
however, interrupted along the line of the Aravalis by a belt of higher pressure, 
exceeding 20*80 inches in the vicinity of Ajmere. 

As regards the country south of the parallel of 24°, there can, therefore, he but 
little diff erence in direction between the winds prevailing at high and low levels, and, 
except for the dimin ution of frictional retardation on ascending, the upper currents 
have probably no greater velocity than those at the ground surface, since the 
gradients of 10,000 feet are no steeper than those at sea-leveL In Bengal the winds 
at this elevation should be easterly or north-easterly, while those deduced fiom the 
distribution of pressure at sea-level by Buys Ballot’s Law would be southerly The 
prevailing winds are south-easterly, or in Cachar north-easterly, the average angle 
between the wind and the isobars being about 60°, an effect which is possibly due in 
part to convective interchange; though, as we have already seen, the activity of Buch 
interchange at this season is not great. The northerly winds at Multan, Jeypore, and 
Agra, to which attention was direoted in the first part of this Paper, are evidently the 
effects of the high pressure in the upper strata over Afghanistan and the Aravaii 
region respectively, these stations being all in the drier part of North western India, 
where clear skies and a high temperature range, with their accompaniment of active 

convection currents, are not infrequent even in July. ^ 

The extensive belt of low pressure, at high altitudes, stretching across the Central 
Provinces and the head of the Bay, is doubtless connected with the fact, brought 
prominently to notice in Mr. Eliot’s paper last referred to, that cyclonic storms 
formed during the prevalence of the S.W. monsoon usually pass “ across the 
Orissa coast, meeting with little obstruction from the ranges of low hills they have to 
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surmount,* and often passing right across India to Sindh, the Hajputana desert, or 
the western Punjab , while those formed at the spring and autumn transition periods, 
which either do not extend to so great a height or meet with increasing pressures at 
moderate elevations as they go westwards, very seldom succeed in crossing from 
Orissa to the Central Provinces. 

From the charts attached to Mr. Eliot’s paper it appears that, during the five years 
1877-1881, inclusive, 30 cyclonic storms crossed the coast near the head of the Bay 
m the months of June, July, August, and September. Of these, 23 proceeded west¬ 
wards at first, and the remaining seven went northward into Bengal. Only five storms 
occurred in the month of July, all of which crossed the Orissa coast in the westward 
direction. The majority of such storms either proceed almost due west towards 
G-ujerat and Sindh, or turn off northwards to the valley of the Ganges, doubtless owing 
to the obstruction presented by the high-pressure region in Eastern Rajputana Of 
the 23 above enumerated, 9 turned off towards the Ganges Valley, 2 succeeded in 
crossing the Aravali range near Ajmere and ultimately reached the Indus Valley, and 
the remainder either proceeded vid the Narbada Valley to Gujerat and Sindh, or died 
out during the trans-continental passage. To the frequent passage of such storms over 
the Central Provinces and Malwa is doubtless to be attributed the fact of these 
regions having a heavier and less variable rainfall than any other part of the interior 
of the Indian Peninsula. 

In October, the highest pressure is over Rajputana and Malwa, and the lowest in 
Arakan and Upper Burma, and in the Trans-Himalayan regions of Ladakh and Thibet. 
The general appearance of the isobars is that of a system of more or less wavy loops 
surrounding the high-pressure centre in Rajputana, and extending to an unknown 
distance westwards over the Arabian Sea. The system of winds due to this distri¬ 
bution of pressure must be E. or S E. m the extreme south of the Peninsula, S.W. in 
the Indus Valley as well as in Lower Burma and Tenasserim, W. in the Punjab, N,W. 
in the Ganges Valley, N, over the Bengal delta, and N.E. over the rest of the country. 
Except in Bengal and on the western side of the Indus Valley, this is not diHaimi1n.r 
to the system due to the pressure distribution at sea-level, and accordingly, we find it 
is only in these parts of the country that there are any marked anomalies in the 
direction of the wind observed on the plains. 

In confirmation of the general direction of the circulation of the atmosphere at 
10,000 feet elevation, we have the evidence of the winds at the hill-stations in 
the Himalayas and in Southern India. On the whole, though these stations, with 
the exception of Leh, are only at elevations between 6,000 and 7,000 feet, the 
accordance of the actual wind directions with those given by the distribution of 


f ^ tnsta&ctes have leeCfi known. tb Occur in which such, storms, after crossing the Onssa coast, gave 

oi thejtf $&3ste$tdS*b£i the chartB of sea-level isobars, hut after a day or two 
, § 4 ^^^ MtlheNaabada vaRey. * This teems to -prove that, unlike the cylones of October, they are 
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pressure at 10,000 feet is very fairly exact, as may be seen by comparing the wind 
directions on Plate 19 with the isobars on Plate 20. Por greater elevations I have 
only the evidence of the Allahabad nephescope, by means of which the directio ns of 
movement of the cirrus clouds has been observed for eight years. These observations 
were recorded and originally tabulated to 16 points, but in giving them here I have 
reduced the number of points to 8. The total number of observations, during the 
eight years 1878—1885, inclusive, with the resultants computed by Lambert’s 
formula, are given in Table XY. 

Table XY.—Observed Movements of Cirrus Clouds at Allahabad during the years 

1878-85. 


Month 

F 

FE 

E. 

SE 

s 

Sf 

w 

NW 

Resultant 

Direction 

Percentage 

January . . 

1 




• * 

27 

JUL 

uro 

20 

S 87° W 

84 

February . , 

2 


1 


3 

18 

55 

9 

S 85° W 

83 

March 

1 


2 

8 

3 

28 

58 

8 

S 77° W 

79 

April 

2 



1 

1 

10 

31 

15 

N 86° W 

80 

May 

■ « 





8 

22 

7 

S 89° W 

88 

June . 


6 

6 

4 

2 

15 

24 

7 

S 77° W 

43 

July 


4 

10 

3 

4 

6 

8 

3 

S 6° E 

14 

August , 

2 

6 

10 

2 

1 

7 

9 

4 

N 33° W 

5 

September 

2 

4 

11 

5 

3 

6 

9 

3 

S 28° E 

8 

October . , 


I 

1 

1 


7 

5 

1 

S 63° W 

58 

November. 

1 


• 


1 

4 

6 

2 

S 82° W 

73 

December . . 



* 


1 

21 

17 

3 

S 68° W 

88 


The resultants for January, May, and October are consistent with the distribution 
of pressure at 10,000 feet, but that for July has too large a southerly component. 
The very small percentages of steadiness for the three rainy months of July, August, 
and September, however, indicate that the pressure gradients of the rainy monsoon 
are evanescent at the level of the cirrus clouds. 

As regards the country north of the parallel of 24° and west of the meridian of 
86° E. longitude, the distribution of pressure in October is strikingly similar to that 
which obtains in May, but the gradients are much less steep. Therefore, although on 
account of the large diurnal range of temperature, convective interchange may be 
quite as active in October as in May, the winds which blow in the afternoons are not 
nearly so strong. In Table XYL, the maximum gradient through Lucknow, at 10,000 
feet above sea-level, is compared with the gradient at sea-level and with the mean 
wind velocity at North-Western Provinces stations, for each of the four months under 
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Table XYI. —Comparison of Wind Velocities with Pressure Gradients over the 

Gangetic Plains. 


Month 

Velocity in 
miles per diem 

Maximum gradient for 60 
geographical miles 

At sea-level 

At 10,000 feet 


Miles 

Inch 

Inch 

January . 

58 2 

0029 

028 

May . 

1144 

0038 

035 

July . . 

95*8 

'0044 

012 

October 

52 6 

0036 

*019 


It seems probable from this Table that the high velocity for July may be attributed, 
partly at least, to the higher pressure gradient at sea-level in that month than in any 
of the others, and that the lower velocity in October than in May is the result of the 
lower gradient prevailing at high levels. The relation between the wind velocity and 
the gradients at high and low levels may be investigated as follows ;— 

If v be the velocity of the wind near sea-level in miles per hour, and v that 
prevaihng in a higher stratum where the gradients are the same as at 10,000 feet in 
the Table, and if x be the number of hours during which the wind from this high 
level descends to the earth’s surface, then the total distance traversed daily will be 
v'x -f- v (24 — x). Should the wind not descend from a level where the gradients are 
so high as those given in Table XVI., x will not represent the true time during which 
the upper current descends, but will be longer or shorter in inverse proportion to the 
gradient. 

Prom Ferrel’s formula for the relation between the wind velocity and barometric 
gradient, given in his work on the Movements of the Atmosphere, we get, on reducing 
to English measure, and taking the unit of distance to be one degree of the earth’s 
surface, aB= *00607 ( 525 sin <j> + u) v; or, taking <f> equal to the mean latitude of 
the Gangetic plain (about 26°), and neglecting the angular velocity u, we get 
v = 714 aB. In arriving at this result, however, frictional retardation has been 
neglected ", but, if the ratio between the actual and the theoretical velocity for a given 
gradient'be called / we may put for the actual velocity v = 714/ aB. Substituting 
for v and t?' in the previous formula their values thus expressed in terms of the 
barometric gradients for each of the four typical months, and assuming the probable 
values/= *4 and/' = *7 since the equations are indeterminate, we get the following 
results:— 

' Month. ~ X. 

.January » J . . . . 2*9 hours. 

] i ■ Ifety 5*4 „ 

...... 13*9 „ 

v October.3*3 „ 


i } 
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These results, for the three dry months, are consistent with the variations of the 
length of the day, and the probable rates of decrease of temperature near the ground; 
but the result for July is much too large, and implies either that the convective 
action does not extend to so great a height as in the other months, or that, owing to 
the frequency of small cyclonic disturbances in July, the mean of the gradients 
actually obtaining from day to day is considerably steeper than that deduced from 
the chart of monthly mean pressures. Both reasons, doubtless, concur in producing 
the result just found. 

The hypothesis of diurnal interchange between atmospheric strata lying at low and 
high levels, brought about by convection currents during the hours when the sun is 
shining, having thus been shown to account for the observed anomalies of the winds 
of Northern and Central India, both in direction and velocity, I shall now proceed 
to enquire whether the same hypothesis will suffice to explain the effect of unusual 
snowfall on the Himalaya in producing extraordinarily powerful and persistent N W. 
winds over the Indian plains. 

Part III.—The Anomalous Effect of Heavy Snow in the Himalayan Region ,. 

In the year 1877, remarkable for the almost total failure of the summer rains, I 
pointed out, in a letter to the Government of the North-Western Provinces, the 
probability of a rule that when the winter rams of Northern India are light those of 
the summer are heavy, and vice versd. About the same time Mr. E. D Archibald 
arrived independently at the same empirical lair. The investigation which led up to 
this law was continued and extended, and two years afterwards I published a paper on 
the subject in the ‘ Indian Meteorological Memoirs/ vol. 1. At page 209 of that volume 
it is shown that out of a total number of 34 years of which the rainfall statistics are 
discussed 25 tell in favour of the rule that, in the North-Western Provinces, the 
winter rainfall and that of the succeeding summer vary in inverse directions, and 
only nine are against it. Mr. Blanford has since investigated the subject further, 
and shown that if, instead of the rainfall during the winter and spring months over 
the plains, we take the precipitation on the North-West Himalaya (which usually, 
but not always, varies, pan passu , with the rainfall on the plains), and compare it 
with the rainfall of the succeeding summer monsoon, the unfavourable instances, with 
one or two exceptions, due to special temporary causes, all disappear. 

The way, m which unusually heavy and late snowfall on the mountains exercises a 
retarding and weakening influence on the summer monsoon, is doubtless by keeping 
down the temperature of those regions, which constitute one of the goals towards 
which the monsoon winds blow. In such dry years, the westerly winds, which usually 
prevail over northern and western India during April and May, are strongly reinforced, 
and continue to blow far into June or July; or even, as in 1868 and 1877, right on 
through the months of the summer monsoon until September or October. In his 
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earliest writings on this subject Mr. Blantobd seemed to incline to the notion that 
these north-west winds were a nearly direct effect of the cold to the north of India, 
their immediate cause being the (apparent) high pressure of the mountain region when 
the actual pressures observed were reduced to sea-level. It has been pointed out in 
the introductory paragraph, however, that the result of such a distribution of actual 
pressure would be to cause easterly instead of westerly winds, in accordance with the 
usual deflecting influence of the earths rotation In his last paper (‘ Proceedings of 
the Boyal Society/ vol. 37, 1884) this idea that the north-west winds are a direct 
effect of Himalayan cold has been dropped, as will be seen from the following 
quotation, and he anticipates the explanation on the hypothesis of convective inter¬ 
change, which I now attempt to give. At page 18 he says. “The question then 
presents itself, ‘ What is the origin of the dry westerly cui rentThe supposition 
that the indraught from the south-west furnishes more than a small portion of the 
stream is at once negatived by the fact that, even at Karachi and Bhuj, southerly winds 
do not preponderate over northerly until May, and even then almost inappreciably—at 
Rajkot not before June , and the very fact of the great dryness of the west and north¬ 
west winds militates against the idea that any considerable portion of their air-mass 
oan be drawn from the sea. Neither is it derived to any considerable extent from the 
valleys and lower slopes of the surrounding hills. There is no permanent drainage of 
air from these hill-slopes, and strong winds blowing outwards from the larger valleys, 
like the dadu of Hurdwar, are local and exceptional phenomena, restricted to certain 
hours of the day. At all the hill-stations of the outer North-West Himalaya, as far as 
the existing registers show, southerly winds preponderate over northerly all through 
the year, and, although this is probably due m some measure to the fact that the night 
winds have not hitherto been registered, it suffices to show that, up to a level of 7000 
feet, there is no steady outflow of air from the hills to the plains 

“ There remains then only the supposition, that these winds afe fed by the descent 
of air from an upper stratum, viz., from a current moving at a considerable elevation 
from west to east. And that this is their true explanation several facts seem to testify. 
In the first place, they are characteristically winds of the day time, their movement 
being at a minimum (almost or quite a calm) in the morning hours, and indeed up to 
9 or- l9 o%look in the forenoon—then increasing with temperature, and falling again 
towards evening; and, secondly, such observations as have been made on the decrease 
of temperature with elevation show that, in the dry weather, the vertical decrement 
is such as is incompatible with the vertical equilibrium of an air column, being con- 
sjdo^ably more than 1° in 183 feet. The diurnal variation of the movement is then 




to be accounted for on Koppen’s hypothesis, viz., the interchange of the 
lower sir strata, by convective movements which do not affect the existing 

h^bet atmosphere; so that the air of the latter, after its 
eastward motion. The hypothesis of con- 
^farther suOnort from tb« nhaiMurf-ei* nf +La 
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variation curve of vapour-tension in a dry atmosphere near the earth’s surface, which 
is the same in all parts of India. This shows a rapid fall of the absolute humidity of 
the air after 8 or 9 o’clock in the forenoon, reaching its minimum about the time of 
greatest heat, and a more or less sudden rise before sunset, which it is difficult to 
account for on any other supposition than that it coincides with the cessation of the 
convective movement.” Having given thus clearly and concisely the evidence that the 
explanation of the diurnal hot winds is probably to be found in Koppen’s hypothesis, 
Mr. Blanford does not go on to explain how the abundance or paucity of the 
snowfall on the mountains will affect their intensity. From what has gone before, 
however, it will be evident that their intensity is likely to be affected only by two 
causes (1) the intensity of the convective action which brings about an interchange 
between the higher and lower atmospheric strata; and (2) the pressure gradients and 
consequent intensity of the winds prevailing at high levels. The former, which 
depends on the rate of variation of temperature with elevation, is doubtless affected 
by rainfall over the plains m what is ordinarily the dry season; for such rainfall 
invariably lowers the temperature at the ground surface, though, from theoretical 
reasons, it would appear to raise it by the liberation of latent heat at the level where 
precipitation occurs, the double effect being a decrease in the rate of vertical decre¬ 
ment. The cooling effect of occasional showers over the plains is, however, a transient 
phenomenon, compared with that of the snows on the mountain slopes, hence it is 
probably by an increase of the baric gradient at high levels, owing to the sinking of 
the plaues of equal pressure over the cold mountain zone, that the westerly winds are 
intensified to the extent observed in dry years. 

A thorough investigation of this part of the subject would demand the preparation 
of charts of the distribution of pressure at a high level for each of a considerable 
number of years, a comparison of the gradients on which, month by month, with the 
rainfall and the prevailing wind directions over the plains, would enable us to com¬ 
pletely verify or disprove the hypothesis. It is to be hoped that, in future, such high- 
level* charts may be prepared for the monthly mean pressures, as regularly as the 
charts at sea-level now published in the Annual Reports on the Meteorology of India. 
Such charts could not fail to be instructive. The labour of preparing such a series 
would, however, be very great, and all that can be attempted now is to ascertain as 
nearly as possible what were the high-level gradients prevailing over the Gangetic 
valley in the typical months of a few years of marked characteristics as regards 
rainfall. 

During the last eight years for which the Meteorological Reports have been pub¬ 
lished, the rainfall of the Punjab, Rajputana, Central India, the North-West Provinces, 

* The elevation, 10,000 feet, adopted in the charts attached to this paper, has been chosen only 
because it is expressed by a convenient xound number, and because it lies above all the mountains m 
India except the snowy ranges. It may he fonnd m practice more convenient to adopt some other 
level 
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and Oudb—a region comprising between one-third and one-half of the plains of 
India—has varied from the average as follows — 


Tear — 

i87r 

1878 

187A 

1880 

1881. 

1882. 

1888. 

1884 

Rainfall variation per cent 

-35 

-2 

+ 5 

-20 

+ 2 

+ 4 

-17 

+ 16 


These are the variations computed on the total rainfall of the year, which averages 
31*26 inches. Owing to the opposition in sign of the variations for the winter and 
summer months, the summer rainfall alone would give larger departures from the 
average, the defect in 1877,* for example, being 55 instead of 35 per cent. The totals 
for the separate seasons are not given in the summaries')* from which the above figures 
are taken; but, as those of the summer nearly always vary in the same direction as 
the annual totals, the latter will suffice for our purpose, which for the present has 
reference only to direction and not to extent of variation. 

Leaving out of acco unt the two years 1878 and 1881, for which the variations He 
within the limit s of possible error, and also 1882, the barometric data for which at one 
of the stations given below are incomplete, there remain five years of distinctly marked 
positive or negative variations in the rainfall. Table XVII. gives the observed 
pressures and day temperatures, for the four typical months of these years, at three 
statio ns on the outer Himala yas, and three others in a nearly parallel Hne on the 
plateau to the south of the G ang es valley ; and in Table XVIII. are given the com¬ 
puted pressures at an elevation of 10,000 feet. In making the computations for this 
Table, the same rates of temperature decrement have been assumed as in constructing 
the Table of normal values, though there is reason to beheve, as above stated, that 
these rates may be different for dry and showery months of the winter and spring; 
but, then, we have at present no means of estimating exactly what the variations from 
month to month of this element of our calculations may he. Some of the apparently 
anomalous results worked out below would, doubtless, disappear if the true rates of 
decrement were known and used. 


* Owing to the Heavy rainfall of the winter and spring months of 1877, the total rainfall of the 

Over the average 

of th^tfe|tge>pre£^ of eaioh Annual Report on the Meteorology of India. 
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Ta ble XVII.—Pressures and Temperatures at North. Indian Stations m 

Certain Years. 


Tear 

Station. 

Eleva¬ 
tion 
m feet 

Observed, mean pressure 

Day temperature. 

January 

May 

July 

October 

January 

May. 

July 

October 

1877 

Ajmere 

1632 

28444 

28111 

27 992 

28 305 

69 9 

974 

94 9 

89 0 


Sutna 

1040 

29 022 

28 654 

28 523 

28 857 

69 0 

981 

91-4 

86-2 


Hazanbagb 

2010 

28 042 

27 737 

27 606 

27 942 

68 0 

912 

845 

817 


Cbakrata . . 

7052 

23 305 

23 221 

23 117 

23 334 

44 4 

70-3 

68 8 

61 6 


Ramkbet , 

6069 

24167 

24 035 

23 926 

24-153 

47 2 

712 

72 7 

64 5 


Darjiling 

6912 

23 503 

23 361 

23 291 

23*506 

46 8 


66 9 

615 

1879 

Ajmere . . 

1632 

28 366 

28 013 

27 931 

28 252 

74 6 


91 6 

88 9 


Sutna . . 


28 951 

28 546 

28 506 

28 806 

744 

104 4 

831 

830 


Hazanbagb 


27 970 

27 648 

27 600 

27 851 

72 4 

98 5 

82 1 

79 0 


Cbakrata. . 

7052 

23 261 

23119 

23 088 

23 292 

49 7 

75 2 

65 9 

63 3 


Ramkbet 


24116 

24 006 

23 905 

24108 

53 3 

79 7 

63 6 

65 2 


Darjiling . . 

6912 

23 426 

23 349 

23 288 

23 460 

47 8 

65 4 

66 5 

63 8 

1880 

, Ajmere . . . 

1611 

28 373 

28 069 

27 969 

28-301 

734 

97 7 

85 5 

88 8 


Sutna 

BUZiM 

28 916 

28 584 

28 501 

28 837 

72 9 

1016 

846 

88 8 


Hazanbagb . . 


27 920 

27 674 

27 576 

27 889 

711 

90 6 

82 2 

813 


Cbakrata 


23’245 

23196 

23 090 

23 321 

517 

68 0 

65 3 

641 


Ramkbet, . 


24 077 

24 000 

23 912 

24-130 

540 

714 

69 6 

67 0 


Darjiling . . 

6912 

23 389 

23 345 

23 301 

23 475 

47 9 

62 6 

65 3 

60 4 

1883 

Ajmere 

1611 

28 382 

28 058 

27 961 

28 334 

68 8 

96 7 

85 3 

871 


Sutna 

1040 

28 975 

28 561 

28 477 

28 869 

69 9 

103 2 

851 

841 


Hazanbagb 


27 987 

27 633 

27 588 

27 911 

67 9 

984 

810 

82 2 


Cbakrata . 

7052 

23 226 

23115 

23 088 

23 322 

43 9 

731 

67 7 

63 8 


Ramkbet. 


24 089 

23 975 

23 908 

24-134 

48-5 

743 

71-7 

66 8 


Darjiling . . 

7421 

22 974 

22 895 

22 860 

23 048 

40 9 

611 

65*4 

581 

1884 

Ajmere . . 

1611 

28 462 

28 084 

27 953 

28 338 

712 

99 7 

89 3 

84*0 


Sutna . 


29 015 

28 589 

28 493 

28 878 

718 

103 0 

83 7 

818 


Hazanbagh . 

2007 

1 28-014 

27 660 

27 559 

27-902 

69 8 

96 0 

813 

73*8 


Cbakrata . 

7052 

23 290 

23175 

23-100 

23-311 

45 6 

73 9 

67 3 

601 


Ramkbet . . 

6069 

24 238 

23 997 

23 928 

24134 

52 5 

75 4 

71*1 

631 


Darjiling 



22 903 

22 869 

23 057 

45*1 

58 8 

64 6 

57 2 
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Table XVIII—Mid-day Pressures for certain Years, reduced to 10,000 feet 

and Gravity of lat 45°. 


Station. 

i87r 

1870. 

January 

May 

July 

October 

January 

May 

July 

October 

Ajmere . . 
Sutna 
Hazaribagli 
Chakrata . 
Ramkhet . 
Darjiling 

20 977 

20 900 

20 939 

20 840 

20 836 

20 918 

21077 

21003 

20 974 

20 878 

20 861 

20 865 

20 933 
20-829 

20 799 

20 780 

20 777 

20 820 

21105 

21 006 

21 019 

20 944 

20 927 

20 988 

20 964 

20 921 

20 938 

20 825 

20 831 

20 852 

21 058 

20 994 

20 981 

2u 879 

20 935 

20 865 

20 848 

20 719 
20*767 
20-742 

20 734 

20 815 

21059 

20 932 

20 974 

20 913 

20 891 

20 956 

Station 

1830 

1883. 

January 

May. 

July 

October 

January 

May 

July 

October 

Ajmere . 
Sntna . . 
Hazarjbagh 
Chakrata . 
Ranikheb 
Darjiling . 

20 951 

20 876 
20881 
20-820 
20-800 - 
20 821 

21003 

20 993 
20-914 

20 847 
20-833 
20 848 

20 793 

20 728 

20 747 

20 739 

20 746 

20 820 

21075 

21 022 

20 977 

20 943 
20-921 

20 956 

20 899 

20 880 

20 895 
20-713 

20 777 
20 814 

20 938 

20 994 

20 968 
20*795 

20 828 
20-820 

20-789 

20-716 

20 745 
20-748 

20 756 

20 805 

21084 

20 983 

20 999 

20 942 

20 925 

20 948 


1884 


nta’ion 

January, 

May 

July 

October. 

Ajmere . 

20 989 

21 039 

20 829 

21 052 

Sntna 

20-935 

21 009 

20 709 

20 964 

Hazaribagh. . 

20 939 

20 962 

20 728 

20 902 

Chakrata 

20 833 

20 851 

20 759 

20-965 

Ramkhet 

20 844 

20 855 

20 768 

20 902 

Darjiling . . 

20 877 

20 820 

20 810 

20-953 


% 


Tkese Tables suffice to prove that, even at a height of 10,000 feet, the pressure is 
subject to very considerable variations from year to year, both on the mountains and 
over the plains. The actual pressures observed were most variable at Ajmere, 
(allowance being made for the change in the elevation of the barometer), whilpt on 
the mountains, as a rule, the variations were less than on the plains \ but •jhe great 
Vaadations at Ajmere, especially in January, are partly discounted by reduction to 
!pj*%fe&t; high pressure at low levels being usually accompanied by, 4 011 t>tless 
It low temperature. Accordingly, we find that the greatest range of the 
^ rt dahuary, is shown by Chakrata, and the next greatest by 

v that if^ as we have seen good reason to believe, the 
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direction of the wind is powerfully influenced by the distribution of pressure at high 
levels, it is more important, as far as the weather of the winter months is concerned, 
to know the variations of pressure from the normal at the highest hill-stations than at 
any place on the plains. In May there are considerable fluctuations over both regions, 
the greatest range being shown by Ajmere and the next greatest by Ranikhet; but 
in July the variations over the mountains, which are always more or less moist 
and equable in temperature at this season, are very small, the ranges not exceeding 
*043 inch in the five years compared, while at Ajmere and Sutna they amount to 
•144 and ‘120 inch. In October, as we should expect from the fact of the mean 
temperature of the month being about the average of the year, and the normal 
distribution of pressure very uniform at all levels, the range of the yariation is less 
than in any of the other three, and is greatest at Hazanbagh, which, during the first 
half of the month, is on the border of the region where the rains still penetrate after 
they have ceased in Upper India, while it also lies near the track of some of the 
October cyclones. 

The great variability of pressure at 10,000 feet over Central India and Rajputana 
during the rainy season, which depends chiefly upon the still greater variability of 
temperature in the same region, is a good instance of the general tendency for any 
established set of meteorological conditions to persist by the interaction of cause and 
effect. An unusually high pressure in the upper atmosphere over this region in the 
months of May and June probably produces, as we have seen, westerly and north¬ 
westerly winds; these, being dry winds, neither cool the earth's surface by precipitation 
and subsequent evaporation, nor, by the interposition of a screen of clouds, prevent its 
temperature from rising high m the day-time; then, in consequence of the high day 
temperature in this region as compared with the Himalayas, which are more or less 
cloudy and moist, the pressure at 10,000 feet or other high levels remains relatively 
excessive; and again, in consequence of the high baric gradient thus conserved, the 
westerly winds continue to blow on, until some disturbance originating at a distance 
supervenes, or, as in 1877, until after the autumnal equinox, when the night begins 
to exceed the day in length, and the loss of heat by radiation to the clear sky over¬ 
balances the gain. 

The mean gradients or pressure differences, measured more or less directly across 
the Gangetic plain, m each of the months compared in Table XVIII., are given^ in 
Table XIX., the figures representing thousandths of an inch, and the positive sign 
indicating a gradient for westerly winds, i.e., meaning that the higher pressures 
belong to the southern stations, such being the most frequent condition. 
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Table XIX.—Pressure Differences over the Gangetic Valley in Thousandths of an 

Inch. 


Tear 


Ajmera— 

Chakra ta 


Sutna—Ramkbet 










January. 

May. 

July 

October 

January 

May. 

July. 

October. 

1877 

+ 137 

+199 

+153 

+ 61 

+ 64 

+142 

+ 52 

+ 79 

1879 . 

+ 149 

+ 179 

+ 106 

+ 146 

+ 90 

+ 59 

-25 

31 

1880 

+ 131 

+ 156 

+ 54 

+ 132 

+ 76 

+ 160 

-18 

+ 101 

1883 . 

+186 

+143 

+ 41 

+ 142 

+ 103 

+ 166 

-40 

+ 58 

1884 . . 

+ 156 

+188 

+ 70 

+ 87 

+ 91 

+ 144 

-59 

+ 62 

Tear 

Hazanbagh- 

—Darjiling. 


Mean of the three Pairs of Stations. 

- - - 









January 

May. 

July. 

October 

January 

May. 

Ju}y. 

October. 

1877 

+ 21 

+ 109 

-21 

+31 

+ 74 

+150 

’ 

+ 61 

+57 

1879 . . 

+ 86 

+ 116 

-48 

+ 18 

+ 109 

+ 118 

+n 

+65 

1880 . 

+ 60 

+ 66 

-73 

+ 21 

+ 89 

+ 127 

+12 

+85 

1883 . . 

+ 81 

+ 148 

-60 

+51 

+ 123 

+ 152 

—20 

+84 

1884 . 

i i 

+162 

+142 

-88 

-51 

+ 136 

+ 158 

-26 

+33 


On comparing this Table with the figures given above for the variations of rainfall, 
it will be seen that, in the worst years, 1877 and 1880, the mean gradients for 
January were least, indicating the probable existence, for a considerable number of 
days in the month, of moist south-easterly currents, bringing the snowfall, which, 
according to Mr Bla^eokd’s theory, was the cause of the subsequent drought. 
These moist winds were observed in January, 1877, on the plains; but in 1880, as 
Mr. Blaneord has pointed out in the paper above quoted, they were confined chiefly 
tp the higher valleys and slopes of the Himalaya. In May, the variations of the 
pressure differences" are less evidently connected by any rule, and in July there 
apparently is in the mean of the three pairs of stations a nearly uniform decrease in 
the gradients for westerly winds or an increase in those for easterly ones during the 
£Jght year$, £:otn 1877 to 1884, 

It floes pot spem right, however, to group the Hazaribagh-IJarjiling pair with the 
.others, as the character of the rainfall of any season in Bengal is usually different 
and efben opposite to that which obtains in Upper India. Thus, in 1883, in 
which the gradients over West Bengal appeared rather favourable for rainy winds, 
the'defect of rainfall in that province was only 4 per cent., as against 17 per cent. 

provinces, and this small defect may possibly he explicable by other 

hi 1$S0> during which the gradient between Hazaribaerh fl-nri Dar- 

" * r ** v * *" * * $ 7 j. ® 

V V I lit y 

bnnudity of tie aip, owing to tie temperature being below 
Ivdaa in 1883 was 0;4@° below tie average, nnrj tie 
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still more favourable for easterly winds, there was an actual excess of rain¬ 
fall oyer the Bengal provinces, amounting to 10 per cent., against a defect of 20 per 
cent, in Upper India. 

The character of the Ajmere observations for accuracy, moreover, is not nearly so 
high as that of the work of the Sutna observer, and the barometer at Ajmere has 
been several times changed, while there has also been a change in its position during 
the years compared Hence, though every care has been taken to correct the obser¬ 
vations for such changes, it is possible that there may be some residual errors 
undetected, which, though negligible, or nearly so, in the mean of a long term of years, 
many of which were anterior to the changes mentioned, may introduce some confusion 
in comparing the observations of single years. For these reasons, it is probable that 
the best criterion of the pressure gradients, prevailing over Bundelkhand, Bajputana, 
and the North-West Provinces, will be a comparison of the observations of Sutna and 
Banikhet. 

Thus estimated, the gradient for westerly winds was relatively high in May, July, 
and October, 1877. It was low in May and October, 1879, and in July there was 
a considerable gradient for easterly winds. In 1880, the gradient for westerly winds 
was high in May and October, and there was a small gradient for easterly ones in 
July ; thus, on the whole, the upper winds were such as to make the ra infall less than 
usual. In the dry year, 1883, the gradients for westerly winds were greater, or for 
easterly ones less, than in the wet year 1884, both in May and July; but in 
July, 1883, there was nevertheless a rather high gradient for easterly winds, contrary 
to what might be expected. It was in August, 1883, however, not in July, that the 
principal deficiency of ram occurred. 

The verification of theory by means of the deductions from observations embodied 
in Table XIX being thus less definite than is desirable, it will be worth while to 
work out the pressure gradients between Sutna and Banikhet for the other months 
of the rainy season in each of the years compared. Table XX. gives the pressures 
at 10,000 feet for the months of June, August, and September. 

Table XX.—Pressures at 10,000 feet for the other Months of the Bainy Season 

in certain Years 


Tear. 

Sutna. 

1 

Banikhet 

Jane. 

August 

September 

Jane 

Aaga6t. 

September. 

II 

U 

it 

ji 

it 

It 

// 

1877 


20 836 

20 968 

20 832 

20 810 

20 892 

1879 . 


20 730 

20 824 

20*772 

20 718 

20-829 

1880 . . 

20 881 

20 811 

20 911 

20-76 b 

20 781 

20 842 

1883 . . . 

20-875 

20 801 

20 858 

20 782 

20*785 

20 840 

1884 


20 752 

20 828 

20 793 

20 779 

20 851 
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Combining the differences of these figures with those for the same pair of stations 
in Table XIX., we get the following results for the whole summer half-year, that is 
to say, for the six months May to October inclusive, during which almost the whole 
rain of the year falls on the Gangetic plain. 


Table XXI.—Pressure Differences between Sutna and Panikhet for the Summer 

Half-Year. 


Year 

May 

June 

July 

AugUBt 

September 

October 

Mean. 

1877 . * 

+ 142 

+ 75 

+ 52 

+ 26 

+ 76 

+ 79 

+ 75 

1879 

+ 59 

+ 85 

-25 

+ 12 

- 5 

+ 31 

+26 

1880 

+ 160 

+116 

-18 

+ 30 

+ 69 

+ 101 

+ 76 

1883 

+ 166 

+ 93 

-40 

+ 16 

+ 18 

+ 58 

+ 52 

1884 . 

+ 144 

+ 110 

-59 

-27 

-23 

+ 62 

+34 


In Table XXT. the relation between the pressure differences and the rainfall 
variation becomes quite clear. The driest years, 1877 and 1880, had the largest 
gradients for westerly winds, that is to say, in those years, easterly winds at high levels 
over the plains of Northern India were probably infrequent, or restricted to an un¬ 
usually narrow belt along the Himalayas ; on the other hand, the wet years, 1884 and 
1879, had the smallest gradients, or in those years the easterly upper currents were 
steadiest, and reached their widest extension; while in the moderately dry year, 
1883, there was a considerable gradient for westerly winds, but nothing like so great 
as in 1877 and 1880. If the month of May be left out in striking the mean for the 
season, the relation indicated becomes still more distinct; thus— 


Year 

1877 

1879 

1880 

1883 

1884. 

Mean gradient; for 5 months . 

+ 62 

+ 20 

+ 60 

+ 29 

+ 13 

Rainfall Yariation per cent . 

-35 

+ 5 

-20 

-17 

i 

+16 


It appears* therefore, from this analysis of the observations, that the theoretical 
deductions from KoPPEsfs convection hypothesis axe fairly substantiated by experience; 
that in years of unusually heavy snowfall, and consequent cold, over the North-West 
Himalaya the pressure gradients producing westerly winds in the upper atmosphere 
are intensified, and that in consequence of this the easterly winds, which prevail as 
fax south as the Ganges up to the level of the lower cirrus clouds in the rainy season 
years, are greatly restricted m horizontal extent, and doubtless also in 
? time, the result being a diminution of the rainfall, sometimes to 





^ kihstahtiated by the average of the observations of 
completely home out by those of any single month, 
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except September, and from Table XXI. it would appear impossible to predict in May or 
June what will be the prevailing piessure difference later on in the year. The 
irregularities m the pressure differences deduced from the observations of single 
months may, however, as already pointed out, be due in great part to the uncertainty 
of the assumed rate of decrease of temperature, which, while probably nearly true, or 
at all events giving consistent results when applied to the average of many years’ 
observations for any calendar month, or even to the mean for five or riv consecutive 
months of a single year, may be very considerably in error when applied to the 
observations of one month standing by itself. 

On making a retrospective survey of all the evidence put forward in the preceding 
pages, it will, I think, be generally admitted that the hot winds of Northern and 
Central India cannot be satisfactorily explained by the distribution of pressure at the 
earth’s suiface, and that Koppen’s hypothesis of convective interchange between the 
upper and lower strata is probably the true explanation of them, (I) because the 
vertical distribution of temperature is such that convective action must take place; 
(2) because the diurnal variation of the intensity of these winds and their characteristic 
dryness suggest such an origin for them , and (3) because the distribution of pressure at 
10,000 feet above sea-level m May is such as to produce winds of the observed direction. 

The distribution of the upper currents as suggested by the charts also elucidates 
many other obscure points in the wind system of India, and the same hypothesis of 
the origin of the westerly winds gives a rational explanation of the law worked out by 
Mr Blanford connecting the spring snowfall of the North-west Himalaya with the 
rainfall over the plains during the succeeding summer monsoon. 

If these conclusions have not been all completely established, as I am by no means 
desirous of asserting, they have, I think, been shown to be sufficiently probable to 
warrant a more complete examination in detail by the determination, if possible, of 
more trustworthy rates of temperature decrement with height than those assumed in 
this paper, and by the systematic preparation of high-level pressure charts for the 
whole of India, month by month. 

Description of the Plates. 

Plate 19 shows the isobars or lines of equal pressure at sea-level over India and the 
Bay of Bengal for the months of January, May, July, and October; typical respectively 
of the cold, the hot, and the rainy season, and the autumn transition period. The 
pressure, indicated by each line, is represented by the figures attached to it, those for 
successive lines differing by *05 inch. The pressures have all been corrected for 
variations of gravity with latitude. The charts also give the prevalent wind directions 
at the more im portant stations, these “ resultaut ” directions having been computed by 
means of Lambert's formula from the observations of many years. 

Plate 20 gives the isobars for a stratum of the atmosphere 10,000 feet above sea-level. 

MDCCCLXXXVn —a. 3 c 
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The pressures represented are not, however, mean pressures, but those prevailing in the 
middle of the day, between 10 am and 4 pm. They have been computed from the 
observations made at 40 stations (including nearly all those above 1500 feet) by 
assuming the temperature to decrease at the rates represented on Plate 21, and applying 
a Table computed'by Major Allan Cunningham, RE., on the basis of Professor 
Rankine’s modification of Laplace’s formula 

Plate 21 shows the probable rate of decrease of temperature, on ascending, in the 
day time, through the atmosphere over a plain; the form of the curves, which are 
slightly different for clear and cloudy skies, being deduced from Mr. Glaisher’s 
observations made during balloon ascents. The straight line shows the theoretical 
rate of temperature decrement in a mass of air carried upwards without gain or loss 
of heat. 
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XIII. On Figures of Equilibrium of Rotating Masses of Fluid. 

By G. H. Darwin, M.A , LL D., F R.S , Fellow of Trinity College , and Plwnian 

Professor in the University of Cambridge. 


Received April 28,—Read June 16, 1887 

[Plates 22 , 23 ] 

In a previous paper* I remarked that there might be reason, to suppose that the 
earliest form of a satellite might not be annular Whether or not the present inves¬ 
tigation does actually help us to understand the working of the nebular hypothesis, 
the idea there alluded to was the existence of a dumb-bell shaped figure of equili¬ 
brium, such as is shown in the figures at the end of this paper. These figures were 
already drawn when a paper by M. PoiNCAEi appeared, in which, amongst other 
things, a similar conclusion was arrived at. My paper was accordingly kept back in 
order that an attempt might be made to apply the important principles enounced by 
him to this mode of treatment of the problem. The results of that attempt are, for 
reasons explained below, given in the Appendix. 

The subject of figures of equilibrium of rotating masses of fluid is here considered 
from a point of view so wholly different from that of M. Poincar^i that, notwith¬ 
standing his priority and the greater completeness of his work, it still appears worth 
while to present this paper. 

The method of treatment here employed is simple of conception; but it is unfor¬ 
tunate that, to cany out the idea, a very formidable array of analysis is necessary. 

In the last section a summary will be found of the principal conclusions, in which 
analysis is avoided. 

§ 1. Formula of Spherical Harmonic Analysis. 

9 

Let there be two sets of rectangular axes, as shown in fig. 1; and let z be 
measured from o to 0 , whilst Z is measured from 0 to o ; let r® = x* + y 2 + 2 ®, 
i2® = X® + X® + Z z , and let c = oO. 

Then 

x -f- X = 0, y Y ~ 0, z -f- Z = c . . . . . (l) 

Let w t , W„ denote the solid zonal harmonics of degree i of the coordinates x , y } z, 
and X, Y, Z, respectively. 

Now we shall require to express the solid zonal and certain tessera! harmonics of 


21 . 13 .ST. 


* ‘ Phil Trans.,’ Part II, 1881, p. 534 
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negative degrees with respect to the origin 0 as solid zonal and tesseral harmonics of 
positive degrees with respect to the origin o, and vice versd; moreover, the results 
will have to be applied to a sphere of radius a with centre o, and to a sphere of 
radius A with centre 0. This last clause is introduced in order to explain the intro¬ 
duction of the symbols a, A, in this place. 

Fig: l. 



The formulae required will be called “ transference formulae,” because they are to be 
used in shifting the origin from one point to the other. 

The obvious symmetry of our axes is such that every transference formula from 
O to o has its exact counterpart for transference from o to 0; thus a second 
symmetrical formula with capital and small letters interchanged will generally he left 
unwritten. When necessary, Q, <j>, will he written for co-latitude and longitude with 
regard to x, y, a; and <B>, <E>, for the same with respect to X, Y, Z. 

Then, since 

R 2 = r 2 4- e 3 — 2re cos $ } 


we have the usual expansion in zonal harmonics 


e 1 ~ 00 M’t 



The usual formula for the derivation of the zonal harmonic of negative degree 
i -j~ 1 from l/JR, is 

(-)« i w x 

il dZ'R~~K~^' .. 


( 3 ) 


Hence, on differentiating (2) % times with respect to Z> or, which is the same thing, 
with respect to — a, we have, from (3), 


But 



( W x _1 * * 1 * d* 


i. 

da 1 


= h(fc — l)... (k — i -|- 1) = 




J2 31 * 1 c*r<s til -C ' 
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In interpreting this formula, it will be noted that, if i is less than k, the term 
vanishes hence the summation runs from h — oo to k = i, it is therefore better to 
write k + i for h, and we thus obtain 


&W t 1 1 ~“ h + la ,\ A ui 

-R 2t+1 G ]c = Q %\ k\ \o) a k 



This is the first transference formula by which the solid zonal harmonic of degree 
— % — 1 with respect to 0 is expressed as a senes of sohd harmonics of positive 
degree with respect to o The formula (4) includes (2) as the particular case where 
i—O. The right-hand side of (4) is convergent for r less than a A similar formula, 
convergent for r greater than a, is easily obtainable, but with this we shall not 
concern ourselves 

It remains to find the transference formula for certain tessera! harmonics. 

If we put 

P = i (a 3 + y% . . . .... (5) 

f 

the general expression for the zonal harmonic is 




&. 


hv i-m 


/yt — 2k -A 

* P » 


( 6 ) 


where the summation extends from k = 0 to Jc — \i or [i — l) 
From (6) we have 

clvji 


dp 


s(-y 


_„i-i 

kf.%- 2A'“ P 


Now, since r 3 = -f- ip, we have 

,dw t ^^ — (fc+1) 


r 3 




+ 




Also 


dp J \_k + li 3 i-2Jc-2\ 1 k» *■ 

_ v / U,;» (fe + 1) —■ — 2 Je) (i <— 2fc — I)] at * 

9/01’4. 1)m — 2 ( —y ■■ ?■(— + -^ ^ + 11 ■ z *-2i p * 

2 (A + 1) W t — 2, t ) ll ^ + y jj.,8 { _2k\ P ' 


Subtracting (9) from (8), and simplifying the difference, we have 


ijiS 


dp 


9 /Ofl _L 1 \ «« _ V ( _U + l O' + 1) + 2) ^ ~«-2£ 

2(2t+ 1)^, — 1) W.l-W P 


— 1_-(& + lW +3 “ 3 *-V +1 “ 1 

— ^ ' k+l?.i + 2-'2h~2' { ^ ' P 


d_ 

dp 


(?) 


. . . ( 8 ) 


. (9) 




(10) 
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the last transformation being derived from (7) with 2 in place of i, and & + 1 
in place of k. 

Differentiate (10) with respect to p, and notice that dt^/dp = 4, and we have 


a d s w t _ /n -v dw t d*w l+3 

r v ( ^ 


Then, with i + 2 in place of 


r»' 


*+a 


dUi+2 __ ^t+t 


-2(* + 8)=*»- 


ip» " l " ' ip ip» 


(U) 


Now 


d w, 




i 


»+a 


r 2,+s dp 


by (10). 


Differentiating again, 


A ? w* 


=^^- 2 ^ +8 )1f} 


dp 2 r 2 * +1 


1 d* 


s io , + 4 by (11), 


or 




1 ^ 2 W t + 3 _ Wt-8 . 

^Si+l £?p3 ~ rfp3 r 2i-8 * 


. ( 12 ) 


Bnt since p = £(as s + y 2 ), it follows that, in operating on a function involving x and y 
only in the form as 3 + V % > 


£=*»£• - d *1-4=^-^- 


C&5 


o?p 


Also 


so that 


Now let ns put 
Then 


M~~*dp^^ dp" df~*dp^ ty dp* 


& _— i /q-s _ v s\ , 

^'dp* 




and therefore (12) may be written 


( 13 ) 


Ad . 


estt 


Wi-S 
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These expressions in (14) are obviously solid tessera! harmonics. 

The transference formula required is for — • 

JlC* 

By the formula (4) we have 

c*~ 2 B 7 ,-a _ 1 k + i — 2! w t 

i£ 2 ‘ -3 c i = o i — 2' d ’ 

operating on both sides by S 3 , and applying (14), we have 

M 2t+1 ° ,+3 “ Cfc r 0 * — 21 Jfei c* ■ 

Now the general formula (6) for the zonal harmonic shows us that dPw&jdp 2 is zero 
when k = 0, 1, 2, 3, and hence 8 2 w* vanishes for the same values of k Thus the 
summation in (15) is from k = oo to & = 4, or, if we write & -J- 2 for k, from oo to 2. 
Hence (15) gives 

. - gsrar _ 1 1 V° A± Jl_ 

This is the second transference formula required 
We observe that the transference of a negative zonal harmonic gives us positive 
zonals, and that tesseral harmonics of the type S 2 W l+3 /i2 2 * +1 give us harmonics of the 
type 8V* +a . 


fCL\^ 8"‘JC,t + g 


a* 


■ (16) 



§ 2 The Mutual Influence of two Spheres of Fluid without Rotation. 

Imagine two approximately spherical masses of fluid of unit density, with their 
centres at the origins 0 and 0 respectively, and with mean radii a and A respectively. 

We shall find that each exercises on the other certain forces, one part of which has 
a solid zonal harmonic of the first degree as potential This part of the force must 
remain essentially unbalanced in the supposed system, but we shall see hereafter that 
it is balanced by the rotation to be afterwards imposed on the system. 

Meanwhile it will be supposed that it is annulled m some way, and we shall content 
ourselves with finding the mutual influence of the spheroids, and the outstanding 
term of the first degree of harmonics. 

Let us assume that the equations, referred to our two origins, of the surfaces of the 
two spheroids, when they mutually perturb one another, are 



'AV 2^+1 

^a) fe 2 2i — 2 



h t r~ l w x 


n 

A 


= 1 + 


/a\ 8i ^“ + 1 /dV +1 

\A) 2i — 2 \ c J 






The h’s and Ms are unknown coefficients, to be determined. 
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We have now to find the potential at any point in space 
The mass of the spheroid o is ■§7rc& 8 , and its potential is 

The potential due to the departure from sphericity, represented by the term in h t in 


the first of (17), is 


4 t tA 3 3 h { /a\* /a\ t+1 u\ , 
3c"" 2^ —2 \c/ \r) r* 



This is written in a form convenient for passing to the case of r = a It may also 
b*e written in the form 

2i — 2 1 * * * ’ l 1J / 




when it is in a suitable form for application of the transference formula (4). 
We shall now introduce two new symbols, namely, 


y— 


r = 


u\* 


« * 


i • i 


Then (19) may be written 


#7T^ 8 I “Y ^ ,fy> 1 
^ \c) 2t-2j **+» 5 


( 20 ) 


and, of course, the similar potential with the other origin is 


3 MV gggl 1 tEi 

3 W 2»-2 K** 1 


• (21) 


The whole potential at any point of space consists of the potentials of the two 
spheres and of the inequalities on each. The potential of the inequalities of the Bphere 
o may be written in the form (18), and of sphere 0 m the form (21). 

Thus the whole potential is 


w.- + 


4rr.4 3 x = °° 

3c k — % 2A> 2 \ c 


3 hi fa\ k /a\*+ 1 wy 
l r) r* 


t 4m-A 3 ± 4?m 8 /A\ 5 i = “ S-S^r^ 1 c % W y 
" 1 ~ Za ’ 3 \o) 24-2 M*' +1 


. . (22-i) 

(22-ii) 


The first line ©f >{22) refers to origin o, the second to origin 0, and to this latter 
half the transference formula (4) must be applied. 

Now apply (2) to the first term of the second line, and (4) to one term of the series 
in the second term, and we have 

4&rA s 4vrA 3 ® /ay w* 

3c M 3c jfc=«o a* s 

'igt MV tEi — 4^* /®V 3JSf,r*- 1 h %* k+u /ay w t 

.3 ?c \c/ IT^T ,7 0 HIT \c) a* * 


and * 
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Thus the second line of (22) when transferred is 

4tt-^ 8 P“* faV v _ /a\s »-* l = “ & + 1 P" 1 rr W «>*“] 
3c Lio W a* + ^\c) x-o *'•' t-l Ht \c) a*]' 


(22-ii.) 


Then (22-i.) and (22-ii.) together constitute the potential now entirely referred to 
origin o 

We want to choose the tie and H’a so that each spheroid may be a level surface, 
save as to the outstanding term of the first degree 

In order that (17) may be a level surface, when we substitute for r its value (17) in 
(22), the whole potential must be constant. In effecting this substitution, we may put 
r — a in. the small terms, but in f ircP/r we must give it the full value (17). 

The constancy of the potential is secured by making the coefficient of each harmonic 
term vanish separately—excepting the first harmonic, which remains outstanding by 
supposition. 

We may consider each harmonic term by itself. 

As far as concerns the term involving w k) we have, from (22-i) and (22-ii.), as the 
value of the potential. 


a 


4 irtt 3 - ~\ - ; 


47rA 3 


3c 



i+i 


V) k 


21c-2 


?+U 


aywi 


a* 


+ 


„ /a\ 3 /aV iv k * “ “ k + i 1 U- 1 rr 
* \c ) \c) 13 s k • t! % — 1 *_ 


and the value of r which must make this constant is 



but in the small terms inside [ ] we may put r = a simply. 

Make, therefore, the substitution, and equate the coefficient of w k to zero. On 

dividing that coefficient by —• (~) , we find 


2 h + 1 ^ , 37&* 


2k 


Therefore 




. a /o\8*»-A + *« r 1 - 1 yt _ fS 

a\ s, ;.“ i + »i T 1 - 1 


and, by symmetry, 




4 — 


k \% 1 i — 1 

^\3 1 = 00 r -f. ^ ! ry* -1 


5i, 


r! il * — 1 


h t . 


1 = 2 


(28) 


(24) 


Multiplying both sides of (24) by the coefficient of H r in (23), we have 

faVk + rlJy- 1 . /AV'Zrr + i'r + kl*/' 1 I*- 1 


a /a\ 8 k + r 1 p-- 1 rr _ 8 M 3 rr "-- 4 . (A) 

JlrTr— l^- f W *irrr-l + W 

MDOOOLXXXVTr.—A. 3 D 
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cj 4=2 r U 1 Jfel rl lr — 1 
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r = oo 


Performing 2 on both sides, and substituting from (28), 


r = 2 


fa\* r z* a3 k + r! P -1 

\Cj r - 


«• -1 = *(-) . 5 , TT7Trri + ® [7 [7 ,1 , 5 * Vmi.“ 4 —< 25 > 


Now let 


r = qo Zi J- I TV-1 

ft r) = % ttt^ 

v ' r = 2 & 1 r 1 r — 1 

ri ; rl _ ’ 5 " Liilz+i! I!l) 

’ } ^ fo3 ptiiiir 1 j* — 1 


And (25) may be written 


(26) 


&\°/-r — \ . /a \n / \® 1 p/. / nl 7" 


i + *(=) ft r) + (!)» - 



4-1 


c) A CUr] <ri**- ■ ■ ( 27 > 


By imparting to k all integral values from 2 upwards, we get a system of linear 
equations for the determination of the tis, and it will appear below that as many of 
them may be found numerically as may be desired. 

We now have to consider the series (26). 

Let 

7 « r 


P 


and denote the operations 


1-V 


B 


i~r’ 


l & v i & _ , rx 

0r X-ldP 1 ^ ^ * 


Consider the function y^E\ y log (1 -f 0). 
Now 


r = a> ryT-1 


log (1 -f 0) = — log (1 — y) = 2 r _ x 


Therefore 


Thus 


r = 2 


* y log (1 + /9) = i £T ^ = ’T^' . 

6 7 ft ! <iy*, =a r —• 1 r - 2 ft!rl r — 1 

(A y) = ~ylog (i. -f 0), ft r) = j-^.rlog(i + 5). . . (28) 


Next consider the function y^A^.ylog (1 + 0). 

As before, 

tf.ylog(l + 0) = T^-£. 

* r—Z %i T l V — 

and 

— JL ^ r ^°° 1 + r j 7 t+, ‘ 


+ 2 IXZirz., 

r &\ ~rw ]oifyk r * 2 ilrir-1 




EQUILIBRIUM OP ROTATING MASSES OP FLUID. 


387 


Hence 

[*. = l &E. y log (1 + p), [Jc, i, r] = i EE. T log (1 + B). 

We must now develop the symbolical sums of the series in (28) and (29). 

The following theorems are obvious .— 


d n pi 

—y p = — 




$ — n\ 


i/p-n 


^o S (l + P) = 


n — 11 
(1 - 7 )» * 


■^■(1 -y)- f = LtlZ 1 J 

drf ' •' Jp — 11 


(1 _ 


Then, by their aid, we have from Leibnitz’s theorem— 





t=i 


^r* +1 log(i + f» = log (i +0. 


$ = 

= % 


Is 1 k + 11 Jc — t — 11 7 * 


-«+i 


tZot'fs — tl Jc — t + 1 ! (1 — 7 )*“* 


in which we interpret (— 1) 1/(1 — y)° as log (1 + /3) 

Thus 

with /3°/0 ^ l°g (1 + A* 

Again 

1 jk ± 1 1 k - £ - 11 # t*** - ** 1 , 

“ % ! ( ? 0 <! * - * 1 h - * + 1' dr/ (1 - 7)* -< ’ 

_ r=t & + 1 1 fc — £ — 1U + & — £ + lU + & — r — £ — 1 1 

= y f J 0r J 0 *Iyfc-*l t + life-* — 1U + * —r —^ + 

Hence 


( 30 ) 






ft i y] 

_«=*r=<_1__ & + lU + &- * + l> p+*-r-t 

'"i-or5o(‘ + *—»*- < + 1 )(» + *" r “0 le-t + 1' tlk-tlr' i-r\ ' 


In (30) and (31) the infinite series are replaced by finite series. 

From the form of the series it is obvious that the result must be symmetrical with 
respect to h and i, so that ft i, y] = [i, h, y], but this is not obvious on the face of 
the formula (31). 

We shall find, therefore, the symmetrical form of (31) for the first few terms. 

If t =r h, i r we obviously have 

Mrst term = (Jc + 1) (i + 1) log (1 + ft). 

The second term arises from t — Tc, r = i — 1, and t = Jc—l, r = i. The two 
corresponding values of (31) will be found to add together, and we get 

Second term = J (k + 1) (i + 1) [2 (* -+ &) + &] A 

3 d 2 
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The third term arises from t = k, r= i — 2 ; t=k — 1, ?• = «,— 1; t~h — 2, 
r = i, and we find — 

Third term = (k -f I) (i + 1) j———— 

ih (i ±_2 )(k + 2) , gjMj + 1) 1 m 

' 2>3! + 2 ! 3 J^‘ 

A symmetrical form for further terms may be obtained by writing (31) first with 
i before h and then with k before i, and taking half the sum of the two results. In 
computing these coefficients it is a useful check to compute from both unsymmetrica! 
forms, when the identity of results verifies the computation. 

The following Tables have been computed from (30) and (31). The numbers are the 
coefficients of the quantities at the heads of the columns for the values of k and i 
written in the first column. The Beries {k, y) is terminable with y8*, and the series 
[k } i, y] is terminable with /3 i+ \ 

In [k } i, y] the coefficients have only been computed as far as yS 6 , so that the last 
which is given completely is [2, 4, y]; however, with such values of /3 as we require, 
the series are carried far enough to give numerical results with sufficient accuracy. 


Table of (k, y). 



Log (1 + jS) 

+ /3 

+ p 

+ y9» 

+ j8 4 

+ j8« 

fc = 2 

k 

3 

3 

1 

2 



• • 

CO 

II 

4 

6 

2 

* 

• 

« • 

ii 

5 

10 

6 

H 

i 

• 0 

1C 

ii 

rS3 

6 

15 

10 

5 

i* 

£ 


Table of [k, i, y]. 
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W6 must now go back and determine the value of the outstanding potential of the 
first degree of harmonics, which will be annulled when rotation is imposed on the 
system. The potential is given in (22-i.) and (22—ii); (22-i.) contributes nothing, and 
(22—ii.) gives us, for h — 1, 

4ttA 8 fa , R = “ i + 1! T*- 1 „■ 

3c [T^W .iluT.Ti® 


a 

a 


Thus, if we call u 1} JJ Y the outstanding potential of the first degree, when referred to 
the two origins respectively, we have 


= —5— x+f- S - T 

L \° J 2^-1 J 6 A J 


(32) 


§ 3. The Potential due to Rotation. 

Intermediate between the two origins 0 and 0 take a third Q, and take the axes of 
£and 7 } parallel to those of x and y, and that of £ identical with that of z. Let Qo = d, 
QO — D. 

Then suppose that the system of the two spheroids is in uniform rotation about the 
axes of £ with an angular velocity co. 

The potential U of the centrifugal forces is given by 


But 


Hence 


& 

= Jo> a (i? a 4- £*)• 

m * • • 

. . . (33) 

+ 

II 

Z=D-l d + D = c r 


• • • ( 34 ) 

y = v 

r=- v 

>■ * * 

£ — x 

z=-i J 




= £*>*[— £(a; a - y z ) + £(^~ — W) + 4(«* + y % + **) — + d2 l 


Then, remembering that 
and if we put 
we have 


= 2 s — — by*> ^1 = *> 

= 05 s — 2 A %=x s — r 3 , 

12 = — + £<y a % — ai % dw 1 + -j- fao 2 d 2 . .... (35) 

Similarly the rotation potential, when developed with reference to the other 
il = - ^Q % + Jo> a TF fl - MW 1 + £<»W + i^lP. . . . (36) 


origin 0, is 
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The last terms of (35) and (36) are constants, and the term in r z , and that in JR? 
are symmetrical about each origin, and so the corresponding forces can produce no 
departure from sphericity in either mass; thus these terms may be dropped. Next 
we have in (35) and (36) the outstanding potentials — and — ofiD Wi, which 
will be annulled by other similar terms, and so need not be considered now. We are 
left, therefore, with the terms in and w z , or in and W % . The is a sectorial 
harmonic, the w % a zonal, and it will be convenient to treat them separately. We 
shall begin with the zonal term. 


§ 4. Disturbance due to the Zonal Harmonic Rotational Term. 


The potential whose effects we are to consider is $(a 2 w z or %a> 2 according to the 
origin which we are considering. 

If an isolated spheroid of fluid of unit density be rotating with angular velocity a>, 
the ellipticity of the spheroid is 15<y 2 /l6ir; therefore we put 


15<» s 

167T 


(37) 


Let us assume, for the equations to the two spheroids, 

gj 


T 

a 


*=>+i.5+fiyTs±iCT* , 4»’ i 




\AJ * = 2 2-i — 2 


R 


• * * 


(38) 


where l u L % , are unknown coefficients which are to be determined. We now hav e to 
determine the potentials at any point of the inequalities (38) on the two spheroids. 
The potential o£ the inequality -Je w^/r 2 in the first of (38) is 


, W- <**. £<3 _ ^ a * rsy =* 




■ (39) 


The similar inequality in the second of (38) gives ns 




(f)’ ; 


& 


(40) 


e term in li in the first of (38) gives us, as in § 2, 
1 , 4$rA % Zlj, 


. < ' h f : 

«* i * 


, s 3(3 \C 



* * > i 


(41) 
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The term in L t in the second of (38) gives us, as in § 2, 

4 & {Ay2Z t T i - 1 c*W, 

«ra 5SI- 


(42) 


The potential due to rotation is ia) z w 2 or being the second term of (35) or 

(36) ; this term we find it convenient to write 


^■<u 2 a s 


(?\* . 

\aj r 3 


(43) 


The sums of the several terms (39), (40), (41), (42), and (43) are to be regarded as 
the potential of perturbing forces by which the spheroid a or the spheroid A is dis¬ 
turbed, and the arbitrary constants l and L are to be so chosen that each may be a 
figure of equilibrium, 

We may consider the spheroid a by itself, and the solution for it will afford us the 
solution for the spheroid A by symmetry. In order to find the disturbance, the formulae 
(40) and (42) must be transferred. 

Now by (4), with i = 2, 


4ttA s , /AV 

— ie (v) 


c 3 W 2 _4ttA 8 ^ & + 2' /a\ l 

J2 5 3c 56 \c/ i = o 2! ft! \cj at 


And again, by (4), 

M (AWLiT 1 - 1 c { Wi 4t rA s s fa \ 3i = “ h + *1 P" 1 faVvn 

3c \o) 2i-2 J R Sl+1 3c 2 [oj t 1 * 1 ^-l A \cj at 


(400 


(420 


Then (39), (40'), the sum of (41) from h — 00 to h = 2, the sum of (42') from i — 00 
to i — 2, and (43) together constitute the disturbing potential, all now referred to the 
origin 0 . 

In order to find the disturbance of the spheroid a, we add the perturbing potential 
to |- 7 ra 8 /r, give r its value (38) in this term, put r = a in the perturbing potential, and 
make the whole potential constant by equating to zero the coefficient of each 
harmonic term. 

We will begin by putting r/a= 1 + w 2 /r 3 , and considering only the perturbing 

potentials (39) and (43). We have then, for the coefficient of wJt 3 , 

■— -§ 7 ra a . -jj-e -f- -^atot -J- ^-ct tot, 

Now, with the value of e in (37), 

— fyrra?. £e = — and- *“_A + i + i = 0* 

Hence the coefficient of %/r a vanishes, and the term in € in (38) has been properly 
chosen to satisfy the perturbing potentials (39) and (43). 
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Following the similar process with the remaining terms of (38), and equating to 
zero the coefficient of W&, we have from (4O'), (41), and (42'), 


2k + 1, , Sh , r fA^k + 21 , a A + tl P" 1 r A 

h + sz — n+h t -thw + Kt) 2 ttw- ;—tA = 0; 


2&-2 


27c — 2 


«/ ife* 2* ~ 3 \c/ i= 2 *l*t i-1 


whence 


*I=Wt 


A\*k + 2\ 


6 W k\ 21 


, a (cw^k + ii r *- 1 r 7 ..v 

+ 2 w *! *1 i - 1 L% .( 44 ) 


By symmetry, the condition that the spheroid A may be a level surface is 


r i fa\2r + 2i 

TiHT 


/Ai \ 8 i — °o rti J- rt { “* 1 

+ !(-) t ’-±i! 3—1, .(45) 

\fl/ rl i! % — 1 ' ' 


r =» oo 


Multiply both sides of (45) by | , and perform X on the whole, and 

substitute from (44); and we have 


, , (A\H + 2\ 

h ~ i€ 7 Till 


+ 


/a\ a o /a\ 8r = <0 r + 2! r 

W 2 W "UTiT 


±k! P" 1 
! &I r — l 


7ay/A\ 8 * r + i 1 r Hh ft 1 y 1 p-* , 

w W »b 2 t = * rlilflil i—1 p*-1 ** 


. . . . (46) 


Introducing the notation (26) for the series involved in (46), we have 

=h (f) {i (ft + 1) (ft+ 2) + 1 (I)* g) s [k, 2, r]} 


i /S\9 AA S f4.\ Zi Z a n • ,,n T*" 1 •, 

+ (l) W W 


• • (47) 


f Efdh value of k gives a similar equation, and there is a similar series of equations 
with small and large letters interchanged. 

How put 


fJ\*. 


and (47) becomes 


h = A>e(ft+l)(fc+2)X* 
25 At 6 (^j (^ + !)(& + 2) A* 


J • 


. . . . (48) 


.^*i + (;) ft ^ 

kyw»rrea4±a B i f-> 

w w \ *) <ii & +1) (*+2) L j *• r J^zi K> - 


• (») 
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We attribute to Jo in (49) all values from oo to 2 , and thus find a series of equations 
for the Vs. A similar series of equations holds for the A's. 

We must now find the outstanding potential of the first degree of harmonics. No 
such term exists in (39), (41), (43), but it arises entirely out of (40') and (42'). If we 
write v 1 for the outstanding potential, we have clearly 


whence 


_ 4ttA 3 f, /Ay 31 a _w 1 3 M 3 j+JL! 11,-1 r . 

1 3c l 5 ' \c) 21 lie a + 2 W *ia t'Ht-l 'c a J * 

= 6 (£f+ T (t + 1)3( * + 2) F -1 A, !-• —> 

1 oc u \cj l \a j i - 2 t — l Jc a 


and, by symmetry, 


(50) 



i = CD 


+ X 

t=2 


(i + l) 3 (» + 2) -| ^ y, 

t - 1 Y ’] c A 


(51) 


5 . Disturbance due to the Sectorial Harmonic Rotational Term. 


In (35) and (36) we have found this term to be — i<y 2 # s or — Jcc s Q 2 . 

d? cP 

We have already observed that, if the operation ^ — or 8 3 be performed on w„ 

the result vanishes when i — 1, 2, 3. 

Now, by (6), 


^4 — ,J Q ( —SJfel* 4 ^ 


41 


j 4! a . 41 0 

= + 2!30i^* 


1132 !' 


Hence ^d^wjdp 2, = 3, and, since 8 3 w ? 4 = ^ (a ? 3 — y 3 ) d^wjdp 2 , it follows that 

q % = a ; 3 — i / 3 = and Qs = -P 3 W 4 . .... (52) 

Hence the sectorial rotational term is — iV oc 3 S 2 ip 4 or — 3 ^- <u 3 8 2 ; this potential 

is of the second order of sectorial harmonics. 

Now, with £ as defined in ( 37 ), let us assume as the equations to the two surfaces, 


- 

Ctt 

M 
A 1 


1 

1 


o e 7 .a 

&W 4 
6 J& 


24 + 1/aV + i 8%, 


+ 9 


7* 


:Aj »— 2\ 0 / ‘ # 


(53) 


We have now to determine the potentials of the inequalities on the two spheroids 
expressed by (53). 

MDOCGLXXXVn.—A. 3 E 
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The potential of the inequality — 8 *wj<r* in the first of (53) is 





| 8 ^*4 . 

I 



The potential of the similar inequality in the second of (53) is 


4ttu4 8 
3 c 



c?8*W 4 

J& 


The term in m* in the first of (53) gives us 

4? rA s 3mi /a\ l fa\* +1 &w k + 3 ^ 
3c 2k — 2 \c) \r) 7 s 


The term in M t in the second of (53) gives us 

_4xJ*(a\* 3Hf, ' 

3c \c) 2i- 2 22* i+1 



• • • 



(57) 


Lastly, the sectorial term itself is 


— T^aiW 




The sums of the several terms (54), (55), (56), (57), and (58) are to be regarded as 
the potential of perturbing forces by which the spheroid a, or the spheroid A, is 
disturbed, and the arbitrary constants m, M, are to he so chosen that they may each 
he figures of equilibrium, We may consider the spheroid a hy itself, and the solution 
for it will afford the solution for the spheroid A hy symmetry. In order to find the 
disturbance, the formulae (55) and (57) must he transferred. For this purpose we 
require the second transference formulae. 

By (16), with i = 2, we have for (55) 


T 




4ttA 3 
T, 3 p 

1 ' i » 



4tt^4 3 i (A\»“ k + 21 /a\* B 2 Wj +i 
3c * \c/ 2 0! k *4* 2! \^c/ of 


(55') 


And by (1$) we have fot (57) 

M s m -pn_i *9W % + % 

3c \c/ 2% - 2 1 

,• . - . . ^a (*)*'"«" i + jl r* -1 m (*¥***• 

Sc \oj *ss^ i — 2\k + 2\ h ~~ X *\c/ of 



i | ^ , A _ 

the sum of (56) from k — oo to k = 2, the sum of (57 ; ) from 

the disturbing potential, ah now referred 

tothe<ty&^’* 
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In order to find the disturbance of the spheroid a, we add the perturbing potential 
to $ 7 ra?/r, give r its value (53) in this term, put r = a in the perturbing potential, 
and make the whole potential constant by equating to zero the coefficients of each 
harmonic term. 

We will begin by putting r/a = 1 — -J-e and considering only the perturbing 

potentials (54) and (58). We have then, for the coefficient of B 2 wJ f )r s, > 

jpra? . •§■€ — -g-o cPa? — 

Now, with the value of e in (37), 

fira 8 . -J-e == / 4 -oW, and ^ | — tV = 0. 

Hence the coefficient of vanishes, and the term e in (53) has been properly 

chosen to satisfy the perturbing potentials (54) and (58). Following the similar 
process with the remaining terms of (53), and equating to zero the coefficient of 
we have, from (55'), (56), (57'), 


2k + 


2k 


1 3 m , (Ay a M 8 < = * 


k + % 1 


r*-i 


21 k -4* 21 % - 1 


M,= 0 , 


or 


m =** (f) +1 (|) j i 4 _2^ + 2i rrr Mt . (59) 


By symmetry the condition that the spheroid A may be a level surface is 


nr 1 f a \* . s r + l 

*— 2 J7. 




! 


+ 21 i-l 




(60) 


k + r 1 


Multiply both sides of (60) by l(j) — aii + 2 , r 
whole, and substitute from (59), and we have 


JV-1 r = co 

—-, and perform % on the 

— 1 rsS 


, /Ay , h H 

It) = * e w* w 


h + r ! 


JV-1 


& + 2I r — 1 


/~\8 /i\8r = ® i=® 



' ’n~_ y + i\k + r\ _ I*" 1 7* 1 / fi1 \ 

, =2 — 2! y + 2J r — 2J£ + 2* r — 1 4 — 1 ^ ' 


Now let us write 


r s= oo 


-i 


» r *= * 


y + i\ k + rl 


r » 2 
r = co 


FTr — £- “'..--i—-jv 

2-hi-l ~ r r 2 « - 1! y + 2! y -1! * + 2! 


l 


( 62 ) 


so that (61) may be -written 

m t = *«(f) + AsgJlgJV.r} + (!) s (7) 8 (7) 8 ‘|"ETr]y-%.. (68) 


3 e 2 
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"Next put 


and (63) "becomes 


m h = 10 * (j) Pli Mi= yg-e (~\ M* , 


(64) 


Pi = 1 + 




, " ,1 fh • • • (65) 


We attribute to h in (65) all values from oo to 2, and thus find a series of equations 
for the pa. A similar series of equations holds for the M’s. 

We now have to sum the series (62). 

Consider the function 


j^K W’-i]=~[(i - y)- M - i]=sf,Pir r + 


1 He + 2 h + 2 . h •+■ 3 
f2L It y_l 2! 

r * + r! 




Hence 


Next 


_J_ r i“ * + yl v -i _ r T _i+r!_y-i 

* + 2 r r s 4 + l'r — 11' ~ 4+ 2tr-ll' ’ 




( 66 ) 


- 1 __ —J:— iL_l Iv+iffl 4 . P \*+2 — ll l = - ■ — 3 1 / ^ + - v < 

(fc + 2)7® ^ — II £&/~ 3 *-V W Pj J; ryS.-t — l! dy-s r f , g /c + 21- li y 


*J r “ oo 

= 4 2 7 


h + t\ i + r ! 


7 8 rE=2 i — l!/fc + 2!r — lIr + 2 


jy r+a 


Hence 


IMxl = ^’ +1 c 0 + w +a -1] }■ 


• (6?) 


The differential in (67) must now be evaluated. We have, by Leibnitz’s theorem, 


t ni " ' “ & 2 *4.! , * 2 i — 2! d'V* 1 d { “ 

W w : ~ 11 } - = ~ + *. m-,-* 5F 

_ ill! j i ^jr * i±li » + &-*■-11 7 1- 

31 ' , =ft rU~i* — 2U-i* 4- 1' & 4- 1 r n 


# -2 +1 . *■“*-* * — 21 d r y +1 d i “» , ‘- 3 , 

+ fK-f-8! dV" r ~ B ^ 


-vY"*-* 


HrV+ 


* * ' * « i 


m fli-f-2U-}« + l l fc + JLi (l—iy)*+** 

rvS „ r = i — 2 

— 1 ——- V /5»-r-> 2 

(1 - 7) i+J ,to P 




. i fl L r A- 


* 

g in (67)^we have 






*** r T 2 3f - i — %\i + "k — t — IV 
t=o f!*-f — 2U~r--f it* t- 
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The following Tables, computed from (66) and (68), give the values of {k, y] and 
| k, t, y | as far as k — 5, and k— 5, i = 5 


Table of {k, y}. 

{ 2 . 7 ) = *[ ( 1 + «*-!] 
{ 3 . 7 } = *[(1 + «•-!] 
{4,7} = -i[(l + /9)»-I] 
{6,7} = l-[(l + ^-l] 


* = 2,i = 2, H(l+i8)‘-l] 

* = 2,4 = 8, i[(l + /9)‘-l] 

* = 2,4 = 4, *[(1+jS)*-1] 

* = 2,4 = 5; J[(l + /S)l-1] 


Table of \k,i,y 


* = 4,4 = 2; i[(l+««-l] 

A- = 4,* = 3; i[(l + /S)»(l + f«-l] 

i=4,»=4, fca+^a+ajs+w^-i] 

£=4,4 = 6, i [(1 + p)l(l + y3 + W)~1] 


* = 8,» = 2, i[(l + /3)‘-l] 

* = 3,4 = 8, f[(l+>3) 6 (l+^)-l] 
*=3,4=4; *[(l + 0*(l + 48)-l]. 

* = 3,4 = 6; [(1 + /9) T (1 + }«-!]. 


* = 5,4 = 2 ; f [<1 + / 9)7 — 1 ] 

* = 5,4 = 3; f[(1 + /3) 7 (l + f®-I] 

i = 6,i = 4,H[(l + / 3)?(l + ^ + W)-l] 

* = 6, . = 8, f[(l + jS)»(l + V4S + W + W)-l]. 


6. Determination of ike Angular Velocity of the System. 


The angular velocity of the system must now be determined jn such a way as to 
annul the outstanding potential of the first degree of harmonics. 

Referring to origin o, we have from (35) — w 2 dw l directly from the rotation 
potential; the remaining terms are a 1 + v i> since the sectorial harmonic term does 
not contribute anything. 

Thus, taking from (32), and v 1 from (50), we get for the potential 


- o,* dWl + ^ a{i + |g) 8 T ^jp-i-a; 


+Mi 




a 


i<=2 


Equating this to zero, 
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And, by symmetry, 


3<» s c 3 

4tt 




+*•(!)'[*^ w 


Add (70) to (69), note that d + D — c, and = 3<w®/32?r, and solve for <o®, and 
we Have 


3 <» s 
4^ : 


[©■+(!)] 


1+1 


A% 8 


(a»+ <*)<*<.; »-i 


< i 0O ^(r i - 1 ^i+7 f - 1 ^) 


i-l 


[(7)‘ + (f]-*(f 


A V /a\8 * - - (i +!)»(* +2) 


» —1 


(7r*- l A i +ry- l \i) 


(n) 


How let 1 4* ^ denote the factor by wbicb ( A/c ) 8 + ( a l G ) 9 is multiplied in (71). 
Then, if the two masses were particles, K would be zero, and (71) would simply be 
the usual formula connecting masses, mean motion, and mean distance in a circular 
orbit. Hence 1 -|- jBT is an augmenting factor by which the value of the square of 
the angular velocity must be multiplied if it be derived from the law of the periodic 
time of two particles revolving about one another. K, in fact, gives the correction to 
Kepler’s law for the non-sphericity of the masses. 

This completes the solution of the problem, for we have determined the angular 
velocity in such a way as to justify the neglect of the harmonic terms of the first 
degree in §§ 2 and 4 


„ § 7. Solution of the Problem. 

We may now collect from the preceding paragraphs the complete solution of the 
problem. 

In (38) and (53) we have found that there are terms in r/a as follows;— 


1 ** 

It 1 5 4 ' * T 


, ' W * 




4« 


*’i 




T ‘ 4 


D- * l 


*s 4*1 1 
3! 


~ ^ and = 3 (as® — y 8 ); 

% — i 8*104 = »® — 2as® 4~ y® = r® — 3o>®, 






are therefore equal to eQ •— a?®/ 
that t at 15e^/I6w = and that aPfyir is the ratio generally 

of the Barth. Then, from (17), (38), (53), the 
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1 + efi 


1 + *\i 




( 72 ) 


From (27), (49), (65), we see that h^, . . . A,. . ., ^ . . , p , t . . tJ 

are to be found by solving the equations resulting from all values of k from 2 to 
infinity in the following:— 

h >- 1 =t£) 8 ft r >+© 8 (f)'£ ft * £i* 1 


Xi 1 - (* + l)(Ji + S)(e) (4) 2 ’ ^ 

+ (^TO)® 8 0 8 (7) 9 !a ft * r] (i± ^/- 1 x t 

/•*-!=♦(“) (2) {4 r}+(f) a (“) (7) 2 1*, 


(73) 


and symmetrical systems of equations for obtaining the ATs, A’s, and M’s. 

With the values found by the solution of these equations we then evaluate K by 
formula (71); and we have 

. (74) 

We are now enabled to find the V s and m’s by the formulae (48) and (64), viz., 


* = *«(»+1)(* + S)(f)\ 


pi 


(75) 


and the symmetrical forms give us the X’s and M’\ s. 

Having thus evaluated all the auxiliary constants, (72) gives the solution of the 
problem. 

It is well known that -f X 3<d 2 /47t is the eUipticity of a single homogeneous mass of 
fluid rotating with angular velocity a. Hence the first terms of (72) simply denote 
the ellipticity due to rotation in each of the masses, as if the other did not exist. 
How the rigorous solution for the form of equilibrium of a rotating mass of fluid is an 
ellipsoid of revolution with eccentricity sing, the value of g being given by the 
solution of 

= cot 3 g [(3 + tan 2 g) g —■ 3 tan g].* ..(76) 


^ Sec, for example, Thomson and Tait’s ‘Natural Philosophy* (3), § 771, with / = tang. 
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Hence it will undoubtedly be more correct to construct the surface, of which the 
equation is (72), by regarding the part of r under the symbol % as the correction to 
the radius-vector of an ellipsoid of revolution with eccentricity determined by (76), 
where «o a /27r is found from (74). 


§ 8. Examples of the Solution. 


The principal object of the preceding investigation is to trace the forms of the two 
masses when they approach to close proximity, we shall thus be able to determine 
the forms when they are on the point of coalescing into a single mass, and shall 
finally obtain at least an approximate figure of the single mass. For this purpose we 
require to push the approximation by spherical harmonic analysis as far as it will bear. 
We shall below endeavour to estimate the degree of departure from correctness 
involved by the use of this analysis. The results will, therefore, be worked out 
numerically for such values of c/a as bring the two masses close together, and it will 
appear that the largest value of c/a assumed for numerical solution is such that the 
surfaces cross; in this case the reality will be a single mass of a shape which it will 
be possible to draw with tolerable accuracy. 

The computations are facilitated if, instead of assuming c to be an exact multiple of 
a, we take c s a multiple of a 2 ; that is to say, we shall take 1/y as an integer, and 
therefore 1//3 also an integer. 

We shall in the first instance suppose the two masses to be equal. In the following 
examples, then, we have A = a, r = y, B = yS, and the two masses assume the same 
shape. 


The computations will be carried through in detail in two cases, viz., when 
and when /3 = -J-. The results will also be given for ft = -J-. 

When y = c]a = 2*8284, and when = y = h o/a = 2*449. Thus 

the distances of the centres apart are 2^ and 2|- of the mean radius respectively. 
The numerical details of the two computations may be stated pa/n pass'd, and the 

1 9 i will be distinguished by being printed in small type. 

Ce — --- .1. "L 1. - / rv _ H a V t "I ■ 1 rt i 


^ h&y© y =; oja = 2 # 6458; but only the final result is 


com|pu|;e t^e Values ofr the several series by means of the Tables 
in J| 2 & ' < , * , * 

*- jT ' k r- » I- > , * 

uhe^numerical results are as* follows. 

1 J V f 
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Table of (Jc, y). 




P “ i 

1 = 2 

839 

1167 

1 = 3 

1433 

2 012 

1 = 4 

2 204 

3125 

1 = 5 

3163 

4 536 


Table of [&, i, y\ 




P=i 

1 = 2, i- 2 

5 460 

7 847 

7c = 2, i=3 

9 494 

13 895 

Jo 2, % — 4 

14 875 

22 201 

7c = 2, 4 = 5 

21 780 

33 190 

h = 3, 4 = 2 

9 494 

13 895 

h = 3, % — 3 

16 667 

24 969 

7c = 3, i — 4 

26 384* 

40 517 

7c- 3, 4=5 

39 047 

61 574 

7c = 4, % = 2 

14 875 

22 201 

Tc — 4, i=3 

26 384 

40 517 

7c = 4, i=4 

42 214 

66 840 

1 = 4, i=5 

63183 

103372 

7c- 5, i=2 

21 780 

33 190 

5^ 

II 

Oc 

c* 

II 

00 

39 047 

61 574 

7c = 5, i = 4 

63183 

103 372 

Tc — 5, i = 5 

95 690 

162 831 


Table of [k, y}. 




P — b 

1 = 2 

177 

•268 

7c = 3 

190 

298 

7c -4 

205 

331 

1=5 

•221 

369 


Table of 


h i, y 



= i 

P = b 

1 = 2, 4 = 2 

177 

268 

1=2, i = 3 

475 

744 

7c = 2, i = 4 

1024 

1655 

1=2, 4 = 5 

1933 

3 229 

h — 3, t — 2 

190 

298 

1 = 3, 4 = 3 

519 

844 

1=3, 4 = 4 

1137 

1921 

1=3, 4=5 

2183 

3 837 

1 = 4, 4 = 2 

205 

331 

II 

<<> 

II 

oo 

569 

*961 

Jo — 4, % = 4 

1266 

2 238 

1=4, 4=5 

2 471 

4 578 

1=5, 4 = 2 

221 

369 

1=5, 4=3 

624 

1096 

1 = 5, 4=4 

1*412 

2 616 

1=5, i = 5 

2 803 

5 479 


With, these values for the series, we have to compute the coefficients of the systems 
of simultaneous equations (73). The equations lend themselves more readily to 
solution if we consider h t — 1 , X, — 1 , fi t — 1 , as the unknowns instead of h„ /£,. 
The results are given in the following equations. 

MDOCCLXXXVTI.—A. 3 F 
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The upper coefficients correspond to the case of = y j the lower ones, printed in 
small type, to the case of j8 = 


V 

-1 = 05902 + 00300 (V 

-1) + 00033 (V 

-1) + 00004 (X 4 - 

-1) + 00001 (V 

-1) + .. 


13616 01362 

00201 

•00036 

•00007 


As * 

- 1 = -10086 + 00522 

+ 00057 

+ 00008 

+ -00001 

+ . • 


-23385 02412 

00361 

•00065 

•00012 


V 

-1 = 15529 + -00817 

+ 00091 

+ 00012 

+ -00002 

+ * • 


36467 03854 

00586 

•00108 

•00021 


V 

- 1 = -22321 + 01196 

+ 00134 

+ -00018 

-j- *00003 

4* . • 


£3150 05762 

•00891 

00165 

00033 


^3 

-1 = 06400 + 00300 (X 3 

-1) + 00054 (V 

- 1) + 00011 (X 4 

-1) + 00002 (X 8 

— 1) + . .. 


•15158 01362 

00335 

00089 

00023 



- 1 = -06677 + *00313 

+ 00057 

+ 00011 

+ 00002 

H" * • • 


16114 01447 

00361 

•00098 

00026 



- 1 = 06976 + 00327 

+ 00060 

+ 00012 

+ *00002 

+ . 


17174 01542 

00391 

00108 

00029 


*• 

- 1 = -07297 + 00342 

+ 00064 

+ -00013 

+ 00003 

+ > . 


18852 *01646 

•00424 

00118 

00033 


/*3 

- 1 = 01184 + *00010 0 3 

- 1) + 00003 (to 

-1) + 00001 fa 

-1)+ 00000 0 5 

“1)+ . 


•02818 00047 

*00022 

*00008 

00003 


A * S 1 

-1 =-01274+ 00010 

+ 00004 

+ 00001 

+ 00000 

+ * * 


08127 00052 

00024 

00009 

00003 


Pi 

- 1 = -01374 + -00011 

+ 00004 

+ *00001 

+ *00000 

+ • * 


03478 00057 

00028 

*00011 

00004 


Pi 

- 1 = 01482 + -00012 

+ 00004 

+ *00001 

+ 00000 

+ ♦ ♦ 

* 

08879 00064 

00032 

(!»»»• 

00013 

* • *11 

00004 

» * i * • 

• • * 


The solutions of these equations are obviously found by an easy approximation 
they are 

X*= 1*0642 
1-1544 

Xa = 1*0670 
11642 

X, = 1*0700 
1-1750 

X 6 = 1*0732 
1-1870 


6* =1-0593 
1-1877 

&*= 11012 
1-2382 

= 1-2559 
13719 

1*2241 


hi 


fi z — 1-0118 
10282 

1-0127 

10313 

/* 4 = 1*0137 
10348 


jttg = 1-0148 
1*0388 


ij, * , T j 4 

the small figures cotrespon^ing, as before^ to the case of $ = 
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With these values of the h’a and Vs, I find 


22 y~ih t = *8718 ; 22 X ~— —-y‘V = 1 3949; f (-)* 

4—1 13005 l ~ l 2 8542 W 


*00829, 

01701 


the summations, of course, stopping with i = 5. 
Applying these in (71), we have, when 


£ = +l +/f = 


1 + 02891 
1- 00880 


= 1*0380; or, when= -J-, 1 + K— 


1 + 0664 
1 - 0195 


1*0877, 


whence 



= *08839 X 1*0380 = *09175. 
•13608 x 10877 1481 


Thus the angular velocity of the system has been found. 
Next we have 


>a\Z 


jW- = *001434 
W 00309 


Introducing this into (48) and (64) with the previously found values of the Xsand fie, 


4= 0183, m % = 00145, 

0428 0032 

4 = *0306, «2 S — *00145, 


0720 


0032 


r 


l 4 = *0460, = 00145, 

1089 0032 

L = *0646, w 5 = *00145, 


i * 

; and hence -{ 


•1541 


0032 


i 

l 


h 2 -j- 4 = 1*0776, 
11806 

h + 4 = 1 1318 , 

* 1 3100 

h + 4 = 1 2019, 
14808 

h 5 + l h = 1 2887 . 

1 6965 


By taking the differences of h + l, we may conclude that 

+ 4=1 89 ? 

196 

and this sixth harmonic term Will now be included. 

It appears from the values of the wi’s that the harmonics of the type crie, +3 are 
practically negligible, excepting the term S'Vt? an8 - m that we may neglect the 
part depending on 

Now, if r denotes the radius-vector due to the rotation, and Sr the increase of 
radius-vector due to the mutual influence of the two masses, we have 



3 f 2 



404 PROFESSOR. G. H DARWIN ON FIGURES OF 

We next have to consider the values of r, the radius-vector of the ellipsoid, due to 
rotation 

We might compute from the spherical harmonic formula 



The results so computed will be compared with the others computed as shown below. 

The following Table of the angular velocity and corresponding eccentricity e of the 
equilibrium ellipsoid of revolution is extracted from Thomson and T ait’s ‘Natural 
Philosophy,’ § 772:— 


e 

3 

4 
•5 


•6 


•7 

*8 


2ir 

*0243 

*0436 

*0690 

*1007 

*1387 

*1816 


From this we find by interpolation that, when 3<u s /4Tr — 09175, e = '472; and, 
when 3o) 2 /4 , 7r= *1481, e = *594. 


These, then, are the eccentricities of the ellipsoids whose radius-vector is r in the 
two cases ft = y, \ 

The equations to the generating ellipses are 


r 1 - -0806 

a~~ 1 — *2228 cos 8 6 


for = 


and 


t __ I - 1353 
a 1 — 3535 cos 8 9 


for fi = i- 


The following are the computed values of r/a for each 15° of 9, the latitude, the 
small figures written below appertaining to the case of ft = jr. 



0 = 

0° 

15° 

30° 

45° 

O 

O 

SO 

75° 

90° 

- £ = 

T 

a ~~ 

1 0429, 

1 0330, 

1*0074, 

*9753, 

*9461, 

*9264, 

*9194 

J3 = i= 

1*075, 

1056, 

1*009, 

*953, 

906, 

875, 

*865 

Computing 

from the spherical harmonic formula, I find 



A A 

a 

1*0382, 

« i 

1*0305, 

1*0Q96> 

*9809, 

9522, 

*9312, 

*9235 



1*0616, 

1*0490, 

1*0154, 

•9692 

*9230, 

‘8892, 

*8768 
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The greatest discrepancy occurs when /3 = i and 6 — 90°, and the difference 
between the two results is ^ of either. It follows, therefore, that m drawing the 
figures it is not of much importance which results we take But, as above remarked, 
the radius-vectors computed from the true ellipsoidal figure are the more correct 
The formula (77) for hr consists of a series of zo nal harmonics. The pole of 
symmetry of these harmonics lies in the equator of the ellipsoid of revolution defined 
by r, and is that point of each mass which lies nearest to the other Then, denoting 
by 6 co-latitude estimated from this pole, I find that the numerical values of hr for 
each 15° of 6 are as follows :— 




e = 

0° 

15° 

O 

O 

CO 

45° 

60° 

75° 

90° 


X. 

7 * 

hr 

a 

+ -165, 

+ ‘141, 

+ 084, 

+ *019, 

— *031, 

— *055, 

— '056, 


l . 

B 


+ 280, 

+ 257, 

+ 142, 

+ 024, 

-•060, 

- 094, 

- 092, 





105° 

120° 

135° 

150° 

165° 

180° 





*> 

i>- 

CO 

o 

1 

- *004, 

+ *032, 

+ *065, 

+ *088, 

+ *096 





- 059, 

- 002, 

+ 055, 

+ 106, 

+ 143, 

+ 155 , 


These have to be combined with r, so as to give the radius-vectors of the mass of 
fluid along two sections, one perpendicular to the axis of rotation (which may be 
called the equatorial section), the other through the axis and the two centres (which 
may be called the section through the prime meridian). Taking the case of /3 = + we 
add the successive values of hr to the equatorial value of r, viz., 1 043, and thus find 
the equally-spaced radius-vectors along the equatorial section. Next we add the 
successive values of Sr to the corresponding values of r, and thus find the equally- 
spaced radius-vectors along the prime meridian. The results are as follows .— 




O 

O 

II 

15° 

30° 

45° 

60° 

75° 

90° 

r 

Equator, - 

+ hr 

— = 1*208, 
a 

1*184, 

1*126, 

1 062, 

1*012, 

*988, 

*987, 

Pr. Merid. 

= 1*208, 

1 174, 

1*091, 

*994, 

*915, 

■871, 

*863, 



105° 

120° 

135° 

150° 

165° 

180° 



1 006, 

1*039, 

1 075, 

1 108, 

1*131, 

1 139 



*889, 

'942, 

1*008, 

1*072, 

1*121, 

1*139 


These results apply to the case of /3 = ^; those for /3 = are found in the same 
way, and are given in the figures referred to below. 

When \ the distance between the centres is given by c/a = 2*828. I have 
also worked out the case of /3 = + although none of the numerical details are given 
here. 

In figs. 2, 3, 4, and 5 (Plates 22 and 23) are exhibited the figures which result 
from some of these computations. 



406 


PROFESSOR G. H. DARWIN ON FIG CJRES OF 


Figs. 2 and 3 refer to /? = i, 4 and 5 to that of /? = and the numerical values for 
fi = -if-, given above, make it easy to draw a figure for J3 = -f-. 

Since in these cases the masses are equal, the two halves of the figure are the 
images of one another. The numerical value of each radius-vector is entered on the 
plates; and other numerical data and explanations are given. 

Figs. 2 and 3 correspond to ft = and here the figures as computed cross one 
another. The reality must, therefore, be two bulbs joined by a stalk, like a dumb¬ 
bell. The dotted lines have been filled in conjecturally, and must show pretty closely 
what that single figure, formed by the coalescence of the two masses, must be 

Figs. 4 and 5 show in a similar manner the case of /3 = and here the two masses 
are separate, although nearly in contact. When /3 = -if- the shapes present similar 
characters, but are wider apart. 


§ 9. On the Use of Spherical Hannonic Analysis as a Method of Approximation . 

Spherical harmonic analysis gives less accuracy as the bodies considered depait 
more and more from spheres. How far, then, do our results present an approach to 
accuracy % To answer this question, we have to find how nearly the potentials at the 
surfaces of these figures may be computed from the spherical harmonic formulae. 

It would be laborious to make an accurate computation of the potential, and it 
fortunately appears to be unnecessary to do so, since a sufficient answer may be 
obtained in another way. 

. The potential of an ellipsoid of revolution may he computed either rigorously or by 
harmonic analysis. With a certain degree of eccentricity the approximate result will 
agree badly with the rigorous one. 

If the ellipsoid consists of a fluid of Unit density, there is a certain angular velocity 
which makes it a level surface. If oj be that angular velocity, then we know that 
the spherical harmonic solution would give 1 — 15<y a /16?r as the ratio of the minor to 
the major axis. If then c, a, are the rigorous values of the minor and major semi-axes, 
tha harmonic approximation is good if c/a does not differ much from 1 — 15<u 3 /16ir. 

If We fje^ote by 1 p, .the factor by which the approximate value of the ratio of 
ths axes is to be multiplied in order to obtain the rigorons value, we have 




1 — 


c)a 


1 - I5a) 3 /16ir 


and p. may be regarded as a measure of inaccuracy, 

A table of the values of afifftir * corresponding to various eccentricities 
e ^ computed from the transcendental equation in Thomson and 

Taits * b atiu J ^hfiosophy/ | 7 ^ 2 . From these I compute as follows:— 
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c 

a 

15* 3 

1 16 IT 

Difference 

l_ 

p 

1 

9949 

9949 

0000 

Large 

2 

9798 

9799 

0001 

| 9799 

3 

9539 

9544 

•0005 

1909 

4 

*9165 

9182 

0017 

540 

5 

8660 

*8705 

0045 

193 

6 

•8000 

8111 

0111 

73 

7 

7141 

•7399 

0258 

29 

8 

•6000 

6595 

0595 

111 

9 

4359 

5869 

1510 

89 


The measures of inaccuracy corresponding to the values of e in the first column, or 
the values of cja in the second, are the reciprocals of the numbers in the last column. 
We thus see that there is still a considerable degree of approximation when e = '8, 
or when the ratio of the axes is 3 to 5, for the measure of inaccuracy is ^ ; hut for 
e = *9 the approximation is bad. 

Now the shapes of certain egg-like bodies have been computed by the spherical 
harmonic method, and it seems safe to assume that the approximation has given 
about the same degree of accuracy as would hold in the case of an ellipsoid of 
revolution whose minor axis bears to its major axis the same ratio as the shorter axis 
of the egg to the longer. 

Turning now to our computation, and considering only the more elongated or 
meridional sections, we see that, when ft — jr, the longer axis is 1*355 + 1 230 = 2*585, 
and the shorter 2(1 — *227) = 1*546; and the ratio 1*546 : 2*585 is *6, which corre¬ 
sponds to the measure of maccuracy 1/11*1. It might, however, be more legitimate 
to adopt two different measures, and at the pointed end of the egg to take the ratio 
773 : 1*355 = ‘57, which will correspond to a measure of inaccuracy about to - J and at 
the blunt end to take the ratio *773 : 1*230 = 63, which would correspond to a 
measure of inaccuracy or -fy. 

In the case of /3 = -5 the two masses cross one another, and the result has been 
used to give an approximate picture of the dumb-bell figure of equilibrium. We now 
see that even in this case there is a sufficient degree of approximation to give a very 
good idea of the accurate result. 

In the case of the meridional section, where = q, we have for the ratio of axes at 
the pointed end of the egg y-y - = yyy = *65, and measure of inaccuracy about 

-ig ; and at the blunt end = y^— = *71, and measure of inaccuracy *&. - 


1 — 137 

Tn the case of j6 = -J- the similar figures are, for the pointed end, 

and measure of inaccuracy about ; and for the blunt end 
measure of inaccuracy perhaps about 


1208 

1 - 137 _ 863 

1*139 “’1*139 


■863 _ 0 

1208 


= *76, and 
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It thus appears that as the bodies recede the accuracy increases with great rapidity, 
and in the two cases considered last it is hardly necessary, from a physical point of 
view, to consider greater accuracy than that attained. 

It must be lemarked, however, that this way of estimating the degree of inaccuracy 
must necessarily give much too unfavourable a view. 

If we have a single mass of fluid departing considerably from the spherical form, it 
Is clear that the potential computed on the hypothesis of a layer of surface density on 
the true sphere will come to depart largely from the potential at the surface of the 
fluid. If, however, we compute the potential of such a mass at points a little remote 
from the surface, the approximation will be much closer. Now, where there are two 
masses, as in our problem, the potential at the surface of either mass consists of two 
parts, one due to the mass itself, the other due to the other mass. As regards the 
first of these two parts, the above criterion is applicable, but as regards the second 
part it gives too unfavourable a view. 

Now in the case of the single mass the deformative forces due to centrifugal force 
are considerably vitiated by computation at the spherical surface instead of the true 
surface, whilst in the case of the two masses the tide-generating forces are computed 
with greater accuracy than is shown by the criterion 

Under these circumstances it has appeared worth while to give another figure 
below, which, judged by the criterion, would be no approximation at all. 

The reasons for giving this figure will be stated when we come to it, 

§ 10. To find the Moment of Momentum of the System. 

Rotating figures of equilibrium are classified according to the amount of moment of 
momentum with which they are endued. It is, therefore, interesting to deter mine the 
moment of momentum of the systems now under consideration. 

We must begin by finding the moments of inertia of the two masses Let SI, Si, 
denote the moments of inertia of the shells of zero mass lying on the me an spheres of 
radii A, a. 

Then 

V*Si — II [y % + 3 2 ) (r — a) a a dvr, 

dn t — sin 0 dd d<ft, and where the integral is taken throughout angular space. 

and r — a is the sum of a series of harmonics. Then, in consequence of the properties 

of haannoma functions, we need only consider the harmonics of the second degree in 
r —a, &ad . 

Si =* *§0^ 


ff {*[©)+ m +* a y [<*.+u (?) 




Idfor. 
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But 






5o> 3 

107T 


and tlie moment of inertia of the mean sphere is -j^ 7 r& 5 ; hence, if we write 


/= §7 + ^(7) S ft^ + y + 3m J 
F = f£'+* (?) ft+ L >) + 3Jf J, 


the moments of inertia, i and I } are given by 

* = A^“ 6 ( i +/). 

I =-&*<*( l + F) 


We already have in (71) 


3&) 3 

4fir 


U\ 3 


+lf 


(!+*)• 


Hence the sum of the rotational momenta of the two masses is 

(»+ 1 ) -=* (t)* [« 5 (i +/)+* a+ f )-\ [gy+(#yj(i+^) i . 

The whole system revolves orbitally about the centre of inertia with an angular 
velocity go hence the orbital momentum is 


But 


cZ = 


|tt [a s co g 2 2 -p A 3 o> D*]. 
Ah 


Hence the orbital momentum is 
and this is equal to 


a 3 + A i 1 

4 ir A* a? 


D = 


a s e 


a 3 + A 3 


(W 


"is - ;— s°> c > 
A* + a? 

, a 3 Ah* 


(1 + K)K 


(A s + a 5 ) 1 

It will be convenient to refer the mass to the radius of a sphere of the same mass 
as the sum of the two. 

Let 6 be the radius of such a sphere; then 

b 3 — A 3 ® 3 f 

Thus the whole moment of momentum is 

61 {>[(!)' {1 +/)+(f) 6 < i + ii ')]© , +(l) 5 (f) J 6) , } (i +K)i 

We shall therefore compute the coefficient of (fir) ? b 5 . 

* 
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Computing from this formula, I find the following values of the moment of 
momentum in the case where the masses are equal, when 

/3 = h (j)' 1> B X 468 
/3 = b X '472 

fi=h X -482 

Now I find by a numerical investigation* that, if we imagine a mass of fluid equal 
to firb 3 rotating in the form of a Jacobian ellipsoid of three unequal axes, then, when 
the momentum is (-fir) 5 & 6 X 392, the axes of the ellipsoid are 1*8986, 0 81136, 0 6496 , 
and, when the momentum is (£tt) ? 6 6 X *644, the axes are 3 1366, 0 5866, 0'5456. 

It seems probable, then, that the Jacobian ellipsoid of mass |ir6 s becomes unstable, 
at least as soon as when the moment of momentum is somewhere about (fir) 5 6 B X *5. 

It may be worth mentioning that the greatest moment of momentum for which the 
ellipsoid (of mass f?r6 s ) is stable, when it is a figure of revolution, is ($77-)* 6 B X *3038. 


| IX. On the Conditions under which the two Masses may be close to one another. 

If at any point on the surface of either mass the sum of the tide-generating and 
centrifugal forces is greater than gravity, it is obvious that equilibrium cannot subsist 
It is also clear that, if this condition is to be found anywhere, it will be at that point 
of the smaller mass which lies nearest to the larger mass. Hence, in order that the 
system may be a possible one, we must satisfy ourselves that at that point gravity of 
the body itself exceeds the sum of the tide-generating and centrifugal forces. 

To determine the limitations of size and proximity of the smaller of the two 
masses to a high degree of approximation would he very laborious, and we shall, 
therefore, content ourselves with a rough investigation, to be explained below. 

iWe shall now find approximations for the shapes of the two masses and for their 

potentials 

The radius-vector of either mass and the potential may be expanded in powers of 
ajc and Ajc , and a term involving c H in the denominator will be referred to as being 
of the order. 

Now the term of the highest order which can be included without the introduction 
of great complication is the 7th, and we shall content ourselves with that term. 

The expressions for the various parts of the potential have been developed above, 
bat 3( lb£y be ol^sqrved - that the terms involving the first order of harmonics may bo 


* ‘Roy. Sots Proc.,* vol 41, 1887, p. 319 
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omitted, since they are subsequently annulled by a proper choice of the angular 
velocity. 

From (22—i) we have 


47 to? a ArrrA % . / a \ 2 f «\ 3 v) 2 
~T~ t 3c 2 \_ l % \c ) \7j r 3 




The last term m the development to the 7th order is that involving w G . Then it is 
clear that we require h 2 correct to the 4th order, A 3 to the 3rd, and so on. But (25) 
shows us that the h’s are equal to unity to the 4th order inclusive. Hence, m the 
above, all the h’s may be treated as unity. 

Again (22—ii.) when written in reference to the origin o affords other terms, m 
which all those included under %% are of the 8th and higher ordeis, and negligible; 
and the rest (with omission of the first harmonic term) gives 

A:TtA % I - / a\~ /a\ 3 w s 

It \c) a 3 W ** + 


Thus this first part of the potential is, to the 7th Older inclusive. 


47r<x 2 a 

t';+ 


4*vi»‘-VflVr 3 /«y +] f r yw 

3c K i 2 [c) [2 (l — 1) \7 J + \a) J r* 


Next, from the expression for XI in § 3, we have a term in the potential due to 
rotation + •g-oc 2 ?’ 2 . The remaining terms due to rotation will be taken up later. 

From (71) we see that, to the 7th order inclusive, 


3a> 3 

4*7T 



Hence &> 2 and e are of the 3rd order ; and from (48) and (64) it follows that the 
factors by which the V s and m’s are derived from the X’s and p’s are of the 5th order 
And, since the Vs and p’s only differ from unity in terms of the 5th order, it follows 
that the Vs and in ’s are of the 5th order. Then (41) and (56) show us that all the 
terms in I and m are negligible 

The first set of terms due to rotation and to the corresponding deformation are 
given in (39) and (43), and together contribute 


■^ctra 2 


[<(;)’+( 3 ‘]? 


The second set of terms due to rotation, and to the corresponding deformation, are 
given in (54) and (58), and together contribute 


— -Jam 





8 3 i0, 
-! « 

r 3 


3 G 2 
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Hence, to the 7th order inclusive, we have 


y _4 tto? a 4nrA s 1 = 6 / a\ l f 3 

“ ”3“ r + “3T i? 3 \c) [2 (k - 1) \r 


a \l + 3. / r 

+ \Z 



Wk 


+ ia> 3 a 3 Q" + i<0 z a? 


a f'«' 3 
2 \r 


+ (" 

1 a; 


^g 3 — 




. . . (78) 


How the expression (72) for the radius-vector of the mass a to the same order ot 
approximation gives us 


1 , 5<b 3 (w 2 — ^S 3 ?^ , fA\ 3l - a 2k A l;a\* 2 ivj 
1 + ? / + W ji = « 2/c — 2\c) r*’ 


and a similar expression for R/A 

To determine the inward force at the pole of the mass a, where it is nearest to the 
mass A, we must evaluate — dV/dr, and in the first term substitute the above 
expression for r, and in the remaining terms put r = a ; also at this pole ivjr 2 = 1, 
and S s i 0 4 = 0. 

Then, differentiating (78), 


dV _ Arrra a a 

dr Sr 3 


But at the pole 


4t ret M\ Si 5 e l a Y“ 2 J _ 3 (k + 1) , 

3 \e) ii.W 1 2(4-1) + A? 


4nra a 3 4?ra - „ 4?rrt /A\ 3 b ~ 6 2k + 1 fa\ b ~ 2 

—■?=—-&<*-—[ 7 ) s,Trib; 1 


(79) 


Substituting this for the first term of (79), we have 


*> 

But 

hence 


AV 4 nta 

dr ~~ 3 


(Act — 


47ra. [A\ 3l zA 


v 


./.5.p+*>G 


- 


aY*~ 2 


„ 47TCJ f /.A\8 
tu 3 a= — - 

3 L\ c J 







equilibrium: of rotating masses of fluid 
Thus the criterion of the possibility of equilibrium is that 


<7=1 — 


43 A* + 1 So? 


should be positive. 

But the radius-vectors of the poles are 


)’{*j+*(;)'+*(3‘+*©‘) ■ ■ <■•) 


+ *H'+ 01+(0’t*+1 ® + *0’+ v (■)•+« m 


and, similarly, 


= 1 + *[(fR)M 


3 [~J2. _L 1 (~\ 4 - & (—Y 4 - -11 /—V_L JLS. Y 

L 2 + 4 U/ + 6 U + + 


Therefore 


r + £ = a + A + ^ [(7a + A) A 3 + (a + 7 A) « s ] +1 ’a 2 (A + a) 

Q 11 1 q 

+ 5 ^ V + 57 (« + 4 + TZj AW (a* + A-). 


Now the interval between the two masses is c i2); hence, if the two masses 

are just in contact, 

c = a + A + Ag [(7a + A) A* + (a + 7A)a s ] + ~ AW (A + a) 

+ !^ s a s + ^^V{« + ^) + S^W(a s + ^). . (81) 


In order, then, to test whether equilibrium is still possible when the two masses are 
just in contact, it is necessary to determine c from (81); and then, substituting in (80), 
find whether <7 is positive or not. 

The solution of an equation 


and the determination of 


, 13 , y, a , « , K 

c =“ + -3 + 7+7 + 7 + 7> 


1 c 3 c 4 c 6 c 8 e 7 


can only be performed by trial and error. 

Now suppose that the solution is c 0 4* Sc, where Be is small; and that 


r 'Q C 0 


V T — i ^ Q A * " * 


r S 

r o c o 
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Then it is obvious that 


Sc 


C 1 c o 


„ ,3/3 ,-b , 
°o + TS + n + 


0 




and 



C= Ci + S<7 


It is not hard to find an appioximate solution c 0 by trial and error, and the correct 
results may then he found thus. 

Consider the case where the two bodies are equal to one another, and put ct = A — 1 
The equations then become 


c — 2 -f- 


20 _7_ 3 n , IB 

3c 3 + 2c 4 + c 6 + 4c 6 ^‘6^ ’ 


14_7_9_11 _13^ 

3c 1 * 3 * * & 2c* 2c B 2c° 2 $ ’ 


By trial and error we find c = 2'535, <7= + ‘557. 

From this we conclude that equilibrium still subsists when the two masses are in 
contact, 

"When a = A = 1, c = 2*535, we have y = (u/c) 3 = ervru and ft = *y/(l — y) — p-hnr. 
Our figures showed that when ft — i the two masses were nearly in contact, and when 
ft = jr they crossed. 

This result is, therefore, in accordance with the figures. 

Next pass to the case of an infinitesimal satellite, and suppose a infinitely small 
compared with A and c, and that A = 1. The equations are 


5 


c = 


1 12c 3 ’ 


<7=1- 


43 
12 c 3 


The solution of the first equation is c = 1 *226, and this value of c makes <7= — ‘94. 
.Hence we conclude that an infinitesimal fluid satellite cannot revolve with its surface 
in contact with its planet. 

<7 vanishes when c = (ff) 1 = 1*89. Hence it appears that the nearest approach of 
the infinitesimal satellite to the planet is 1*89 mean radii of the planet. The nature 

of the approximation adopted is, however, such that in reality the satellite must 

& farther froih the planet than this, perhaps at two radii distance, # The satellite and 
p&fcfet Inf which we here speak are, of course, supposed to revolve as parts of a rigid 

♦ £gee Hot®*, * KoiatpeJlier, Acad. Set. vol. 1,1847-1850, p. 243 (added Qot. 5,1887) ] 
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body. Now, if for equal masses equilibrium still subsists when the two masses are in 
contact, whilst for infinitesimal mass of one equilibrium is impossible with the masses 
in contact, it follows that for some ratio of masses equilibrium can just subsist when 
they are m contact. 

The question, therefore, remains to determine this limiting ratio of masses. 

I find, then, that when a = 1, A = 3 4, we have 

c = 4*4-j-[2 25684] c“ 8 + [1*94945] c“*+[2 07156] c“ B + [2 37619] c" 6 +[2*80737] c -7 , 
C= 1 — [2 15205] c~ s —[2 13850] c" 4 -[2 24765] c -5 —[2 33480] c -6 —[2‘407353 c- 7 , 

the numbers in [ ] being the logarithms of the coefficients 

The solution of this is c = 5*57, which makes G — — *006 
Again, when a=l, J 4 = 3 3, we have 

c = 4*3 + [2*21556]c“ 3 + [l 91353]<r 4 -f [2 03266]c" B + [2 32731]c~ 6 + [2 74467]c“ 7 , 
C— 1 —[2 11347] c" 3 —[2 09961] c" 4 — [2*20876]c^ B — [2 29591]c“ 6 — [2*36846]c" 7 , 

the solution of which is c = 5*45, which makes C = -f* *010. Smce (3 4) 8 = 39 3, and 
(3*3) s = 35*9, it follows that the ratio of the masses in the first case is 1 : 39 3, and m 
the second l : 35 9. 

From this it appears that when the ratio of the masses is about 1 to 38 equilibrium 
is still just possible when the two masses touch. 

It must be borne in min d, however, that the nature of the approximations adopted 
in this investigation is such that the results in this limiting case are only given very 
roughly, and it is certain that actually the limiting size of the smaller of the two 
masses must be greater than as thus computed. 

We can only conclude that the limiting case occurs when the ratio of the masses is 
about 1 to 30, or the ratio of the radii about 1 to 3. 

There is one other case which it is interesting to consider, namely, to find the 
limiting proximity of the Moon to the Earth, both bodies being treated as homogeneous 
fluids of the same density, revolving as a rigid body. 

The case of Moon and Earth is well represented by a = 1, A = 4*333; for this 
gives 1 to 81 35 as the ratio of the masses With these values I find 

(7=1 — [2*46626] o'" 8 — [2*45443] c -4 — [2*56358] c“ B — [2*65073] c" 3 — [2*72328] c~ 7 , 
and 

r + R = 5*333 + [2*59898] c“ s + [2 24358] c" 4 + [2*38748] c~ s + [2*77563] c” 8 

+ [3*32042] o- 7 

Now c = 7*0 will be found to make C vanish, and, with this value of c, c — [v -f- R) 
= *414 

If A be 4000 miles, c = 6500 miles, and e — (r + R) = 380 miles 
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Thus, as far as this investigation goes, it appears that when the fluid Moon is on the 
point of breaking up from stress of tidal and centrifugal forces the distance between 
the centres of Moon and Earth is 6500 miles* and the shortest distance between the 
two surfaces is 380 miles. 

This result must, however, from the nature of the approximation, be an under¬ 
estimate of the distances. 

The whole of the present section has been suggested by a pamphlet by Mr. James 
Nolan* in which he criticises some of my previous papers. X have commented 
elsewhere on his criticisms.! 


§ 12. On the Case where the two Masses are unequal* 

The results of the previous section point to a very remarkable limitation to the 
possibility of approach of two masses of unequal size. It has, therefore, seemed worth 
while to consider this case numerically, and a case is therefore chosen which shall 
approach near to that which we know is the limit of possibility. I choose, therefore, 
a = 1, A — 3, which makes the ratio of the masses 1 to 27, and c = 5‘3, which brings 
the protuberances into close proximity. 

The numerical details are omitted, but figs. 5 and 6 (Plate 23) give the results, the 
numerical values of the radius-vectors being, as before, entered on the figure. 

The elongation of the smaller mass is so extreme that it is obvious that, rigorously 
speaking, the spherical harmonic approximation must be considered to break down. 
Nevertheless, I conceive that these curious figures may be held to indicate the general 
nature of the true result. 

It is remarkable that the smaller mass exhibits a marked furrowing round the 
middle. This seems to indicate that such a system tends to break up by the separa¬ 
tion of the smaller mass into two parts. 


§ 13, Summary. 


intention of this paper is, first, to investigate the forms which two masses of 
fluid assume when they revolve in close proximity about one another, without relative 
motion of their parts; and, secondly, to obtain a representation of the single form of 
equilibrium which must exist when the two masses approach so near to one another as 
just to coalesce into a single m as s, 

Whop the two masses are far apart the solution of the problem is simply that of the 
ixmn theory of the tides. Each mass may, as far as its action on the other is 


eery of the Genesis of the Mpon.’ Robertson, Melbourne, Sydney, Adelaide, and 



f * Nature,’ February 18 and July 2$, 1886. 
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concerned, be treated as spherical, and the tide-generating potential is given with 
sufficient accuracy by a single term of the second order of harmonics As the masses 
are brought nearer to one another, this approximation ceases to be sufficient, terms of 
higher orders of harmonics become necessary to represent the potential adequately, 
and the departure from sphericity of each mass begins to exercise a sensible deforming 
influence on the other 

When the departure from sphericity of one body produces a sensible defoimation in 
the other, that deformation in its turn reacts on the first, and thus the actual figure 
assumed by either mass may be regarded as a deformation due to the primitive 
influence of the other mass, on which is superposed the sum of an infinite series of 
reflected deformations. 

But each mass is deformed, not only by the tidal action of the other, but also by its 
own rotation about an axis perpendiculai to its orbit. The departure from sphericity 
of either body due to rotation also exercises an influence on the other, and thus there 
arises another infinite series of reflected deformations It is shown in this paper how 
the summations of these two kinds of reflections are to be made by means of the 
solution of three sets of linear equations for the determination of three sets of 
coefficients 

The first set of coefficients are augmenting factors, by which the tides of each order 
of harmonics are to be raised above the value which they would have if the perturbing 
mass were spherical. It appears that, the higher the order of harmonics, the more do 
these factors exceed unity. 

The second set of coefficients correspond to one part of the rotational effects. They 
appertain to terms of exactly the same form as the tidal terms, and m the final result 
the terms to which they apply become fused with the tidal terms. These terms are 
the zonal harmonics of the several orders with respect to the axis joining the centres 
of the two masses. 

The third set of coefficients correspond to the remainder of the rotational effect, and 
they appertain to a different kind of deformation These deformations are represented 
by sectorial harmonics involving cos 2<£, where is azimuth measured from the plane 
passing through the axis of rotation of the system and the centres of the two masses. 
That term of this set which is of the second order of harmonics, and which represents 
the ellipticity of either mass augmented by mutual influence, is the only term which 
is considerable, even when the two masses are very close together; but the existence 
of the other harmonic deformations of this class is interesting. We may say, then, 
that all the tides of either mass are augmented above the values which they would 
have if the other mass were spherical; that the ellipticity corresponding to rotation is 
augmented; and that the deformation due to rotation is no longer exactly elliptic- 
spheroidal. 

The angular velocity of the system is found by the consideration that the repulsion 
due to centrifugal force between the two masses shall exactly balance the resultant 

MDCCCLXXXVII —A. 3 H 
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attraction between them. If the masses were spherical, the square of the orbital 
angular velocity, multiplied by the cube of the distance between the centres, would be 
equal to the sum of the masses. When the masses are deformed, however, this law is no 
longer true, and the angular velocity has to be augmented by a factor a little greater 
than unity, which depends on the amounts of the deformations. 

The theory here sketched is applied above numerically to several cases, and the 
results will be found in the preceding paragraphs. We shall first consider the cases 
where the two masses are equal to one another. 

In the first example (ft = y) solved numerically, the distance between the centres 
of the two masses is 2 83 times the mean radius of either of them. The two bodies 
are found to be elongated until they approach near to one another; but, as the 
character of the distortion is better illustrated in a subsequent case, the result is not 
given graphically. All the data, however, are found which will enable the reader to 
draw the figure if he should wish to do so. 

In the next example (/3 = •§■), with the masses still equal, the distance between the 
centres is reduced to 2 646 of the mean radius of either. The result of the solution is 
illustrated by two figures. In fig. 4, Plate 22, the section of the masses by a plane 
perpendicular to the axis of rotation is shown, and in fig. 5, Plate 23, we have the 
section by a plane passing through the axis and the centres of the two masses. On 
both figures are inscribed the values of the radii for each 15° of latitude in terms of 
the mean radius as unity, and the mean sphere, from which the distortion is computed, 
is marked by a short line on each radius. The elongation of the masses is, of course, 
'Considerably greater in the section through the axis than in the other section. Each 
mass is shaped somewhat like au egg, and the small ends face one another and come 
very nearly into contact. 


■ In the headings to the figures, amongst other numerical data, are given the square 
of the angular velocity and the angular momentum of the system. The density of 
the fluid being unity, the angular velocity a is given by the value of <y s /4?r; this is 
the function of angular velocity which is usually given when reference is made to figures 
Xxf, equilibrium of rotating fluid, such as the revolutional or Jacobian ellipsoids of 

moment of momentum of the system is given by reference to the 
of a sphere, of the same mass as the sum of our two masses, rotating 
SO as to have the same momentum,, If, in fact, b he such a length that a sphere of 
ibid of that radius has the same mass as our system {so that b 3 = a 8 -b A 8 ), then the 
moment of momentum is given by a number jx in the expression (|ir) f b 6 X /a. By this 
notation the angular velocity and moment of momentum are made comparable with 
,T?esults given in a previous paper* on the Jacobian ellipsoid of equilibrium, 
fbat- paper the following table of the axes, angular velocity, and moment of 
. of several solutions of Jacobi's problem is extracted. 

r t Soo, Proo.’, vol. 41,1887, p 319, 
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Jacobi’s Ellipsoids. 



Axes 

Ang \el 

Mom 


Gn a A est 

Mean 

Least 

ft) 2 



a 

b 

c 


/i 


b 

b 

b 

4a- 


1 

11972 

1 1972 

6977 

00356 

30375 

2 

1 279 

1 123 

696 

093 

306 

3 

1383 

] 045 

692 

0906 

3134 

4 

] 601 

924 

677 

0830 

3407 

5 

1899 

811 

649 

0705 

•3020 

6 

2 346 

702 

607 

0536 

4809 

7 

3136 

586 

545 

•0334 

644 

8 

5 04 

45 

44 

013 

1016 

9 

CO 

00 

00 

000 

00 


In figs. 4 and 5, Plates 22 , 23, or/±ir is 038, and the momentum jm is 472. On com¬ 
parison with the Table of Jacobi’s ellipsoids, we see that this corresponds with a con¬ 
siderably slower rotation than the 6 th solution, and nearly the same moment of 
momentum. 

In the next case the two masses are still closer (/3 = 1 =-), the distance between the 
centres being only 2 449 times either mean radius. The result is illustrated in 
figs. 2 and 3 , the explanation of figs. 4 and 5 serves, mutcitis mutandis , for these 
two figures also. 

This case is interesting because the masses have approached so near to one another 
that they partially overlap. Two portions of matter cannot, of course, occupy the 
same space, and the continuity of figures of equilibrium leads us to believe that the 
reality must consist of a single mass of fluid. In figs 2 and 3 conjectural dotted 
lines are drawn to show how it is probable that the overlapping of the two masses is 
replaced by a neck of fluid joining them. The figures as thus amended serve to give 
a good representation of the single dumb bell shaped figure of equilibrium 

The angular velocity is here given by <u 2 /4tt = *049, and the moment of momentum 
by *482. In the sixth entry of the Table of Solutions of Jacobi’s problem we find 
oy’ji'ir = *0536, and the moment of momentum /x = *481. This ellipsoid has, then, the 
same moment of momentum, and only about 4 per cent, more angular velocity, than 
our dumb-bell. It has seemed, therefore, woith while to mark (m chain-dot) on 
figs 2 and 8 the outlrne of this Jacobian ellipsoid of the same mass as the dumb¬ 
bell The actual vertex of the ellipsoid just falls outside the limits to which it was 
possible to extend the figure. 

In the paper above referred to it is shown how the energy of the Jacobian ellipsoid 
is to be computed. If we denote the kinetic energy by (f ir) 1 b 5 X e, and the intrinsic 
energy by (-f tt) 2 b 6 X {i — 1),* then it appears that in the case of the ellipsoid drawn 
ju these figures e = 0964, i = * 4808 , and the total energy E = e + i = 5772. 

* The intrinsic energy being negative, it is more convenient to tabulate i a positive quantity. 

3 H 2 
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Now m the case of our dumb-bell figure it appears, from calculations referred to in 
the Appendix, that e= 0925, i = *4873, and E = *5798. Hence in the dumb-bell 
figure the kinetic energy is less, but the intrinsic energy is so much grea.ter that the 
total energy is about a half per cent greater. These numbers are, of course, computed 
from the approximate formulae, and must not be taken as rigorously correct for the 
dumb-bell figure of equilibrium. 

With reference to a figure of transition from the Jacobian ellipsoid, Sir William 
Thomson has remarked —* 

“ We have a most interesting gap between the unstable Jacobian ellipsoid, when 

too slender for stability, and the case of smallest moment of momentum consistent 

« 

with stability in two equal detached portions The consideration of bow to fill up 
this gap with intermediate figures is a most attractive question, towards answering 
which we at present offer no contribution. 5 ’ t 

Pigs. 2 and 3 are intended to form such a contribution, but it is certain that the 
matter is far from being probed to the bottom. 

M. PotNCAE,^ has made an admirable investigation of the forms of equilibrium of a 
single rotating mass of fluid, and has especially considered the stability of Jacobi's 
ellipsoid. J He has shown, by a difficult analytical process, that when the ellipsoid is 
moderately elongated (he has not arrived at a numerical result) instability sets in by a 
furrowing of the ellipsoid along a line which lies in a plane perpendicular to the 
longest axis It is, however, extremely remarkable that the furrow is not symmetrical 
with respect to the two ends, and thus there appears to be a tendency to form a 
dumb-bell with unequal bulbs 

If M. Poinoar^’s result shall appear to be not only true, but to contain the whole 
truth concerning the mode in which instability of the ellipsoid supervenes, then there 
must be some other transitional form between the unsymmetrically furrowed Jacobian 


* Thomson and Tajt’b ‘ Natural Philosophy/ 1883, § 778" (i) 

f I 11 7 (y) te remarks that “a deviation from the ellipsoidal figure in the way of thinning it in 
^oiddle and thickening it towards the end would, with the same moment of momentum, give less 
I conceive that the energy referred to throughout this paragraph is kinetic only, and we have 
'energy is less for the dumb-bell than for the ellipsoid 
Pf wnwrila F fcf a quantity proportional to the excess of kinetic above intrinsic energy, so that 
^ a (I ■ then figures of equilibrium are to he determmed by making U stationary for variations 
of the parameters involved m it This course is actually pursued m the Appendix below, the function 
(viii.) being, in fact, this U; and the variations of it, being made stationary, afford a controlling solution 
of the problem of this paper The similar method may easily he applied to the case of Jacobi’s ellip- 
etuds. From tins point of view the interesting function to tabulate is * + (1 — i), and we observe that 
the ease of tke Jacobian ellipsoid referred to on the last page it is 6052, and for the dumb-bell it is 
?? ^ ^ergy referred to by Sir W. Thomson this fauction U? (AUiUon to foot-note, 

7, s atuj. 4 , 1885. 
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ellipsoid and the dumb-bell, except, perhaps, in the case where the two bulbs pass on 
to two masses of a definite ratio. 

M. Poincare’s work seemed so important that this paper was kept back for a year, 
whilst I endeavoured to apply the principles, which he has pointed out, to the dis¬ 
cussion of the stabdity of the two masses. The attempt, which is given in the 
Appendix, is apparently abortive, on account of the imperfections of spherical harmonic 
analysis when applied to bodies which depart considerably from the spherical shape. 

We must, therefore, leave this complex question in abeyance, and merely point to 
the Appendix as an example of the method which must almost certainly be pursued 
if this problem is to yield its answer to analysis 

Allusion has just been made to the imperfection of spherical harmonic analysis, and 
this brings us naturally to face the question whether that analysis may not have 
been pushed altogether too far in the computation of the figures of equilibrium under 
discussion. This question is considered in § 9, and a rough criterion of the limits of 
applicability of this analysis is there found. JFrom this it appears that even in the 
cases of figs. 2 and 3 the result must present a fair approximation to correctness. 
The critenon, indeed, appears to be such as necessarily to give too unfavourable 
a view of the correctness of the result. 

The rigorous method of discussing the stability of the system having failed, certain 
considerations are adduced m § 11 which bear on the conditions under which there is 
a form of equilibrium consisting of two fluid masses in close promixity. It appears 
that there cannot be such a form with the two masses just in contact, unless the 
smaller of the two masses exceeds in mass about one-thutieth of the larger. 

If we take into consideration the fact that the criterion of the applicability of 
harmonic analysis is too severe, it appears to be worth while to find to what results 
the analysis leads when two masses, one 27 times as great as the other, are brought 
close together. The numerical work of the calculation is omitted, since the numbers 
can only represent the true conclusion very roughly, but the result is illustrated 
graphically in figs. 6 and 7, Plate 23. These figures can only serve to give a general 
idea of the truth, but the form into which the smaller mass is thrown is so remarkable 
as to be worthy of attention. The deep furrow round the smaller mass, lying in 
a plane parallel to the axis of rotation, cannot be due merely to the imperfection 
of tbe solution; and it appears to point to the conclusion that there is a tendency for 
the smaller body to separate into two, just as we have seen the Jacobian ellipsoid 
become dumb-bell shaped and separate into two parts. 

In this paper, indeed, we have sought to trace the process in the opposite direction, 
and to observe the coalescence of two masses into one. The investigation is comple¬ 
mentary to, but far less perfect than, that of M. Poincae^, who describes the series 
of changes which he has been tracing in the following words:— 

“ Consid^rons une masse fluide homogkne animee originairement d’un mouvement 
de rotation; imaginons que cefcte masse se contracte en so refroidissant lentement, 
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mais de fajon k rester toujours homogene. Supposons que le refioidissement soit 
assez lent et le frottement int6rieur du fluide assez fort pour que le mouvement de 
rotation reste le mbme dans les diverses portions du fluide. Dans ces conditions le 
fluide tendra toujours k prendre une figure d'bquilibre sdculairement stable. Le 
moment de la quantity de mouvement restera d’ailleurs constant. 

“ Au dbbut, la density btant tubs faible, la figure de la masse est un ellipsoids de 
revolution trbs peu different d’une sphere. Le refroidissement aura d’abord pour effet 
d'augmenter rnplatissement de l’ellipsoide, qui restera cependant de revolution. 
Quand Taplatissement sera devenu it peu pres bgal k ■§, l’ellipsoide cessera d’etre de 
revolution et deviendra un ellipsoide de Jacobi. Le refroidissement continuant, la 
masse cessera d'etre ellipsoidale; elle deviendra dissymbtrique par rapport au plan 
des yz, et elle affectera la forme representee dans la figure, p. 347.* 

“ Comma nous l’avons fait observer k propos de cette figure, l’ellipsoide semble se 
creuser lbgbrement dans sa partie moyenne, mais plus prbs de l’un des deux sommets 
du grand axe, la plus grande partie de la matibre tend k se rapprocher de la forme 
spherique, pendant que la plus petite partie sort de l’ellipsoide par un des sommets 
du grand axe, comme si elle clierchait k se detacher de la masse principale. 

“ II est difficile d’annoncer avec certitude ce qui arrivera ensuite si le refroidisse¬ 
ment continue, mais il est permis de supposer que la masse ira en se creusant de plus 
en plus, puis en s’btranglant dans la partie moyenne, et finira par se partager en deux 
corps isolbs. 

“ On pourrait btre tenth de chercher dans ces considerations une confirmation ou une 
refutation de l’hypothbse de Laplace, mais on ne doit pas oublier que les conditions 
sont ici trbs diffbrentes, car notre masse est homogbne, tandis que la nbbuleuse de 
Laplace devait btie trbs fortement condensbe vers le centre.” t 

It was in the hope that the investigation might throw some light on the nebular 
hypothesis of Laplace and Kant that I first undertook the work. It must be 
admitted, however, that we do not obtain much help from the results. It is justly 
remarked by M. Poinoabjsi that the conditions for the separation of a satellite from a 
nebula differ from those of his problem in the great concentration of density in the 
bo$y. .Butboth his investigation and the considerations adduced here seem 
wenh'Sfc that, when a portion of the central body becomes detached through increasing 
angular velocity, 1 the portion should bear a far larger ratio to the remainder than is 
observed in the satellites of our system as compared with their planets ,* and it is hardly 
probable that the heterogeneity of the central body can make so great a difference in 
$be result as would be necessary if we are to make an application of these ideas. It 
appears then at present necessary to suppose that after the birth of a satellite, if it 
^Os plaoat a series of changes occur which are quite unknown. 

^ if,** , 

i 0 -; 5 , - 1 * Ik® farrowed ellipsoid of J\cobt. 

; a , -U J * Acta Mathemat / 7,1805, p, $79. 
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Appeotdix. 


On the Energy and Stability of the System . 

M PoracARtf has shown m his admirable memoir, referred to m the Summary, bow the dynamical 
stability of a rotating fluid system in relative equilibrium depends on the energy Certain factors m 
the expression for the energy, which he calls coefficients of stability, are there proved to afford the 
required criterion 

It will now be shown how m this case these coefficients of stability are determinable, at least as far as 
spherical harmonic analysis permits The results will also cast an interesting light on the methods by 
which the equations to the two masses have been obtained. 

The task before us is to determine the “ exhaustion of potential energy ” of the two masses in 
presence of one another as due to the deformation of each from the spherical figure by yielding to 
gravitation and to centrifugal force. 

The work will be rendered simpler by the introduction of a new notation Let us write, then, as the 
equations to two shapes, which are not necessarily together a figure of equilibrium — 


-=1 + 
a 




(i) 


It will be observed that, these equations have the same form as (72), but that the constants introduced 
are different from the 7i, 7, m, e, which were determined, so that the figures might be figures of equilibrium 
At present we do not assume that (i ) do represent figures of equilibrium 

The energy lost may be divided into several paits — 

e v the energy lost by the mass a yielding from its spherical figure to the gravitation of the mean 
Bphere a 

e 2 , the exhaustion of mutual energy of that layer of matter on the mass a which constitutes its 
departure from sphericity 

eg, the loss of energy due to the deformation of the mass a in presence of the mean sphere A. 

JEq, E7 2 , .Eg, the similar quantities for the mass A. 

the loss of mutual energy of the two layers in presence of one another. 

e 6 , the loss of energy due to the deformation of the mass a m the presence of centrifugal force duo 
to rotation w 

jFg, the similar loss for A 

1st. e 1 is equal and opposite to the work required to raise each element of the layer on a through half 
its own height against the gravity due to the mean sphere a This gravity is f -n-a Co-latitude nnd 
longitude being denoted by 9, 0, let dw = sm 6 dd dfi, an element of solid angle. In effecting the inte¬ 
grations, the pioperties of spherical harmonic functions are used without comment, viz .— 




4nr 

2F+T 1 


f l-Wl + oY 


dvr — 


jJC - ? - ; -iTFI *■*-«!’ 

dvr — 0, JJu', &wk +s dw = 0. 


li 


vajc S 2 ip* +3 dvr = 0, 


Then, taking only a typical term of the first of (i ), 


— Kfw »± 


3 


(21 - 2) 3 
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whence, with all the terms, and remembering that (a/c ) 3 = 7 , (-A/c ) 3 = T, 


e i 



21 4-1 7 i_1 
21-2 A, - 1 



l + 2' 

2 £-2> 



OO 


The formula for may he written down by symmetry 

2 nd e s , the exhaustion of mutual energy of the layer on itself, is half the potential of the layer at 
any element, multiplied by the mass of the element, and integrated over the whole sphere. 

The potential of the layer is 


4ttAS 

3e 


l = CO Q 

2 _-_ 

1 = 1 0 27b — 2 



Then, at an element of the layer r = a, and taking a typical term only, we have 


„ _ 1 4ttA 3 3(2fr + 1) 

* 3 5 dc, (2/c — 2; 3 \c 


whence 


iMt-w «'(»>' 

* [(¥)' S [- * ¥&*•]■ 


(ill) 


The formula for may he written down by symmetry 

The addition of e x to e 2 , and of to J7 2 , simplifies these expressions by cutting out the factor 
immediately following the % m either, and replacing it by unity 

3rd. fig is the loss of energy due to raising the layer on a in presence of the mean sphere A. Wo 
multiply the potential of the sphere A by the mass of the element on a , and integrate throughout angular 
space 

The potential of the sphere A , when transferred to the origin 0 , is 

4ttA 3 ^” (a\*(r\*wi' 

3c * = 0 \cj \a) r 1 


Then, at an element of the layer r — a and takmg a typical term, 


whence 


„ _ 4>irA s 21e + l 
Sc 21 - 2 



,=«w t WT£- 

‘ \S I c fco 2 4-1 


(iv) 


The expression for jE7 3 may he written down by symmetry On collecting results from (ii), (m.), 
«nd (iv.), we have 

, . /4tt\ 3 A% 3 JA\**%r 'y*“ 1 f , Q fc + 2 ' 

+ + i s jrr-i|*‘-i re * s -0^21^1- ■ • < y -> 


and a similar expression for JS l + JE1 % + J8 % , 

4 th (Fe ) 4 is the loss of energy of one layer in the presence of the other. We take the potential of 
the layer on A , multiply it hy the mass of an element on a , and integrate 
The potential of the layer on A when transferred to the origin o, as in ( 22 -n ), is 


PV *2" r fe + H Elzl XT It :\* fc\* «* + r *- -1 ^ /»\* /r\* a 3 w* +s n I 

2 iv, *W Li ^2 L M'41 i ~^\s} W r* i — 2! h + t — 1 P| W W r* J J * 

tMs into integral, -only taking a typical term, and neglecting those terms in the integral 
• '*&&’*«* vamsti/'wi get' • 
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4sttA s /a\ 3 27c +1 /A\ 3 /«\ 2 i—9 r i_1 f ff A + fwA* 

=-&-*(;] 2^2 (xj (c) { JJ TuT [?) 


dvr 


+ JJ »-2!A + 2' P, *‘ * r } • 

Then, effecting the integrations, and putting in the 22, we get 


w*= 

74tt\2 A 3 a 8 




= »* = «. r ,-l 1 + 

LA' t> 


, A + 2! fc + d „ 1 ,_ x 

f 2 A-2U-2U + 2! P, ^J * ^ 


This involves the two figures symmetrically. 

5th e 6 is the loss of energy m the yielding of the figure a to centrifugal force To find it, we 
multiply the potential due to rotation by the mass of each element of the layer a, and integrate. 

By (35) and (52) we know that the rotation potential is 




As this only involves harmonics of the second order, we may neglect in the layer a all terms except 
those of the second order. Thus we get 


f, — i, 

®5- e 


a 3 JJ +£i> 2 (^) - } am 

= 4^ {«s+2Xoift} 

/4tt\ 2 A s a 3 f 3w 2 /«\s ] 

=(r) — ("»+«}.(™) 

The expression for JS B may be written down by symmetry. Collecting results fpom (v), (vi), 
and (vii.), we get, for the whole exhaustion of energy, 

rA-f-i*„ A + 2! A + t 1 
LAI d + 2.A-2I i-2! A+2 

+ _(f) S (Jh + 6P2) + (f) 2 + 6P 2 )].. (mil.) 


f*\zf A \ s K l v“ r *" 1 t * -1 fb±*! tt , fc + 21 & + »i tj 1 

® (flj (c/ iis i?24-l A-I L Aid fc + 2.A-2H —2! A+2! Pi - pi J 


The expression is found without any assumption that the two masses are bounded by level surfaces, 
and therefore in equilibrium But the condition for equilibrium is that the differential coefficients of 
IS with respect to any one and all of the parameters n, jp, N, P, shall vanish. If we equate to zero 
dVIdm, we get 


,c/ 4== 2 * — 1 & 1 

If, however, A = 2, there is on the left-hand, side an additional term 


3tt>® 

16v 




The equation of dVfdNt to zero gives a similar equation. 
If we equate to zero dV/djpk , we get 

3 I 
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If, however, ifc = 2, there is on. the left-hand side an additional term 


8w 3 * /a\ 9 . . /AY* y 4 1 _ uP /c \ a 6 
16w \fi j \o J 12101 8jt \A/ 4 3 



The equation of dVfdP t to zero gives a similar equation. 

Now, if we put 7 i t + l t for w*, except when 7b = 2, and then pat Aj + ^ -j- -^-0 (o/A)’* = and 

similarly introduce the IPs and J7 b, and if we put fk — w*, excopt when 7t» — 2, and then put 
p a z= wig 4 - ^j -6 (o/A) 3 , and similarly introduce the JIT’s, it is easy to seo that the equations (i.) to the 
two surfaces become the same as (72), and the equations of condition between n and N, and between 
p and P, become exactly those which we found by a different method above in (23), (44), and (59) 
The. only difference is that the equations for h and l are fused together. 

This, therefore, forms a valuable confirmation of the correctness of the long analysis employed for the 
determination of the forms of equilibrium. 

The formula (viii.) also enables us to obtain the intrmsio energy of the system, that is to say, the 
exhaustion of energy of the concentration Of the matter from a state of infinite dispersion to its actual 
shape, with its sign changed. 

The last line of (viii) depends on the yielding of the fluid to centrifugal force, and muse he omitted 
from the exhaustion of energy. 

Besides the rest of (vui.), we have in the exhaustion of energy of the system, the exhaustion of the 
two spheres and their mutual exhaustion. 

It is dear, then, that the intrinsic energy is 


-* (I 91- ) 9 • + A 6 ) — (fw) 3 


A R a 3 
. o. 


' <«* £[* ^ ~ r£ \**}+* (;J S {** - 


h •+• 21 

0“2! 



rf-1 ^~ l f h + v kt j . h+J! p 1 

^ ^ c 2 * ® \o) \o) i - 1 h - 1 l Jc' i\ Nm + 2 h - 2! % - 2 ! P,p * J ’ 


(ix) 


where the n, 2?, P, p, have their values determined in accordance with the condition that the surfaces are 
level surfaces. 

In evaluating the intrinsic energy from this formula, it is convenient to refer the energy to that of a 
sphere of snch radius, h, that its mass is equal to the whole mass of the system. Then J 8 = a 3 + A 3 , 
and we may take the intrinsic energy as 

(fr)»M(<- 1). 


Thus i will be a numerical quantity which is positive. 

* ' f find &om (ix.), with p * £ and a = A, that % = *4873. 

J to 1 the kinetic energy of the system, we have seen in § 10 that the moment of momentum 

is (fir)* x where /i is a uumerical quantity, and we find m the course of the determination the 
function 3u> 3 /4w. Then, since the energy is h al f the moment of momentum multi plie d by the angular 
velocity, it is qlear that the kinetic energy is 

* ($7r)»6*X&*^£^. 

enetgy, as represented. by e =«= ■J/t (3w 9 /4v)ij is comparable with the intrinsic energy as 

fe i ' , v 

§§ 4* and fcusat Aj. I find, the HfSfetic energy 4 =» *0925, 


to.ths Summary above. October 10,1887.] 
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If the energy of a system he expressed as the sum of a number of coefficients, each multiplied by the 
square of a parameter, it has been shown by M PoitfCA-RtS that the stability of the system depends on the 
signs of these coefficients, which he calls “ the coefficients of stability ” But, if the expression for the 
energy involves the products as well as the squares of the parameters, the coefficients of stability aie the 
roots of a determmantal equation involving the second differentials of the energy with respect to the 
parameters 

Let V, a linear quadratic function of x } y, z, &c,, be the energy of a system in equilibrium, then the 
determmantal equation is 


<PF X 

dW 

d*V 

jfr/l 

dar 

dx dy 

dx dz ’ 

GZfU 

dW 


d?V 

<$5C. 

dy dx 

dy* 

dy dz * 


d*V 
dz dx’ 

d?Y 
dz dy 

d*Y . 
dz* ’ 

&C 

&o , 

&c , 

&c. 



The solution of this equation m X involves the determination of the several fundamental modes of 
vibration of the system, and the roots are the coefficients of stability 

Now suppose that V involves a constant, then, m causing that constant to vary continuously, we have a 
series of systems of equilibrium of the same kind, and the coefficients of stability vary continuously at 
the same time If the system be initially in stable equilibrium, the stability ceases when a coefficient of 
equilibrium vanishes The system at the moment of instability is m a condition of M bifurcation,” that 
is to say, there is another series of shapes of a different kind, of which this shape is a member In 
making the constant vary past the critical value, we find this second senes of shapes Btable, whilst the 
first is unstable 

If the system be m uniform rotation, so that instead of absolute equilibrium there is equilibrium 
relatively to uniformly rotating axes, the same theorems hold true, provided that only one root of the 
determmantal equation vanishes at a time. 

This last is the case which yre axe considering, and the constant, which we suppose to vary continuously, 
is c, the distance between the two centres of the mean spheres of radu a and A. 

When the two masses are far apart the equilibrium is stable, but when they are brought closer a time 
may come when one of the coefficients of stability vanishes. 

The condition for the vanishing of a coefficient of stability is determined by the determinant (x ) with 
X = 0. 

To find the determinant, we have to evaluate the second differentials of JE with respect to the 
parameters n, N, p, P 

If we form the determinant corresponding to (x ) with X, = 0, it is obvious that two infinite squares 
of entries which are diagonally opposite to one another, and which meet at a comer, are to be filled in 
with differentials involving dn dp, dndP , dNdP , dJST dp, m the denominators All these entries are' 
zero, and hence the infinite determinant splits into two independent infinite determinants, one only 
involving the differentials with respect to N, n, and the other only those with respect to P, p The N, n 
determinant may be called “the tidal determinant,” the P, p one “the rotational determinant’’; for the 
origin of the terms in each is obvious 

By considering only the tidal determinant, we see how the other may he treated very shortly. 


For the sake of brevity, write 

tyc Ni — 


dPE/dntdNt 

(- d*p}fdn k *)i (- i' 



Then stability vanishes, as far as regards the tidal forces* when 

3 I 2 
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It will "be observed that, by the notation (xi), and the appropriate division of the columns and rows of 
the tidal determinant, it has been converted into a determinant m which the diagonal oonsists of ones. 

If we drop certain factors common to the whole, we have, by differentiating (vm ), 

cPE d*E 



drik dm dNa dN t 


a\ s h + 21 r* -1 

2.7u — 2 1 7c-1* 


= 0, 




am 


dpit dpi dPk dP 


= 0 


am _ _ dm __ _ 

dnjcdpt dm dP t dNtdPi dNk dp 


fy* r ,_1 7c + i I 
2.& — 2' fc-l\-l *-21 fc + 2f 


I i - 1 T~ 2 T h 

dm 


(xiii) 


= 0 . 


With these values (xiii.) we easily find, by substitution in (xi ), that 



rV” 1 r*-n 
U - 1 i - 1_ 


*k + V 

h\i 1 


(xiv) 


[This expression gives the value of each of the entries m the infinite determinant (xii). 

Now it is possible, by a certain laborious investigation which I do not here reproduce, to develops 
this infinite “ tidal ” determinant in the form of a senes, and then to show that, however close the two 
masses may be to one another, the seneB arising from the tidal determinant can never vanish It may 
also be proved that the other infinite determinant, which results from “ rotational ” terms, is necessarily 
greater than the tidal determinant, and <t fortiori can never vanish.)* / 

held that Stability must subsist iu the figures of equilibriom until the two masses 
nte# lafeoontaefy Rut, as appears from 111, it is certain that, if one of the masses he smaller than the 
dannot be^sbe ease* La fact, tbs investigation must break down on account of the imperfection 
arising,from the nBe qf spherical harmonic analysis. 

We have seen that the infinite determinant, which gives the coefficients of stability, splits into two 
JijWlH when we rely on spherical harmonic analysis; but when instability ensues it must he brought 
- about by the joint action of the tidal and rotational forces. It appears certain then that, if a rigorous 
l r fclfui separation would pot take place. 

tjbe pro&tkit investigation proves thus to be abortive, I have thought it worthwhile to sketch 
& almost cdrtaiply indicate the line that must he pursued whenever a more 




to, ad^ed July 12; 1887. 
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XIV. On Thermal Radiation in Absolute Measure . 
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[Plates 24-26.] 

In June, 1884, I liad the honour of laying before the Royal Society a communication 
“ On the Permanent Temperature of Conductors through •which an Electric Current 
is passing, and on Surface Emissivity.”* In carrying out the experiments described 
in that communication, it became evident that the method then adopted would lend 
itself readily to the determination in absolute measure of the loss of heat, under 
various circumstances, from the surface of electrically conducting wires; from metallic 
wires, for example, and from carbon filaments, such as those used in incandescent 
electric lamps. Accordingly, at the conclusion of the paper just referred to, the 
results were given of some preliminary experiments on radiation from metallic wires 
in high vacuums; and I desire in the present communication to give an account of 
a more extended investigation in the same direction. 

Although loss of heat by radiation and convection has been studied by various 
experimenters, few determinations in absolute measure of the loss under definite 
circumstances have been made; and, with the exception of those of Schleiebmacher, 
to be mentioned immediately, no determinations, so far as I am aware, have been 
made through any considerable range of temperatures, or with a difference of 
temperatures between cooling body and surroundings of considerably more than 
100° C. 

Probably the best known results are those of D. Macf arlane, t who experimented 
on the cooling of polished and blackened copper globes in air, at ordinary pressure 
and saturated with moisture. Professor Tait has also published! the results of 
observations by J. P. Nicol on loss of heat from polished and blackened copper at 
three different pressures, viz., 760 mm. of mercury, 102 mm., and 10 mm. Recently 

* ‘Roy Soo. Proc.,' vol. 37 (No 232), 1884, p 177. 

+ ‘ Roy. Soo. Proo.,’ vol. 20,1872. 

% ' Edinburgh, Roy Soc, Proc1869-70. 


18.11.87 



430 


ME, J T BOTTOMLEY ON THERMAE 


A Schleijermacher, % using a method precisely similar to one of two which I described 
in the preliminary paper already referred to, has experimented in high vacuum through 
wide ranges of temperature. The object of these experiments was to test the 
supposed law of Stefan, viz , that radiation of heat is in proportion to the fourth 
power of the absolute temperature of tfm radiating surface. S chleierm acher’s 
results are not stated in absolute measure; but, from the data given in his paper, I 
have been able to make the calculations, and to compare his results with my own. 

Of other recent experimenters it is only necessary to mention Ktjndt and 
Warburg, who in 1875 published au important research on friction and heat 
conduction in rarified gases ;t and Mr. Crookes,! who has given a very valuable 
comparative determination of the loss of heat from the same surface, the bulb of 
a mercury in glass thermometer, at different pressures from full atmospheric pressure 
down to a pressure of two millionths of an atmosphere. 


In order to make this paper complete, it seems advisable that I should here explain 
fully the method of experimenting, and the apparatus used ; even though this 1ms 
already been partially done in my preliminary paper. 

The general principle of my method of experimenting may be thus described . the 
wire for which it is desired to measure the surface loss of heat is stretched in the air 
or so-called vacuum, and an electric current is passed through it. The wire becomes 
heated; but very shortly the temperature becomes steady, a balance having been 
established between the energy supplied by the current and that lost by emission 
from the surface and by conduction to the fixed supports at the extremities. The 
latter part is of but small importance in the fine wires, one metre long, which I have 
been using, and it is allowed for in accordance with a calculation given by Sir William 
Thomson in a note appended to my first paper. § 

When a permanent temperature has been attained by the wire, the current passing 
is determined in absolute measure. Simultaneously the resistance of the wire is 
measured; and from these measurements the energy is calculated which is expended 
in maintaining the temperature of the wire—that is, as has been said, the energy 
th# surface of the wire. The measurement of the electric resistance of the 
me to calculate the temperature of the wire, by means of the results 
of a. Separate determination of the electric resistance at different temperatures of the 
^artiordar wire in use- Lastly, the dimensions of the wire are measured, so that the 
less of heat per square centimetre may be calculated; and the circumstances of the 


and condition of the surroundings are noted. 

: Tlate shows the electric connections of the apparatus chiefly used for 

y a * t * Aimalea,’ vol. 26,1885, p. 287. 

r<? 156, ^ 876, 

* i W* »«■ pm»*w* to* p. 239. 

“ *4 TW/ vol 37,1884, t*. 187, , , 

1 a p 1 i 
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sending a known current through the radiation wire, and simultaneously measuring 
the current and the electric resistance of the wire. This arrangement is one of two 
described in my first paper on this subject. It has proved entirely satisfactory j and 
I have used the other method but little, except m some experiments on incandescent 
lamps, and in a special experiment described at the end of this paper.* 

The arrangement shown in fig 1 is a Wheatstone’s bridge adapted to suit the 
purpose in hand. The wire w under experiment is represented in this diagram as 
stretched between the points c and cl. In reality it is surrounded with a tube which 
is immersed in a water-jacket, as will be described presently, ab is a frame in which 
there are stretched a large number of somewhat fine copper wires, sometimes 12 or 
15, or more These wires are stretched between two very stout copper bars, shown 
cross-hatched at a and b. The multiple copper wires offer but little resistance to the 
battery currents, and present so large a surface to the air that the heating due to 
any current they are called upon to carry is absolutely insensible. At G is shown 
the Thomson’s current galvanometer (of extremely small resistance, ohm) which 
measures the current flowing in the branch abed of the Wheatstone’s bridge—that 
is, the current passing though the wire w. 

The other branch of the Wheatstone’s bridge is a long fine platinum wire, 
specially drawn, and excellent as to uniformity It is so long and fine that the 
minute proportion of current passing through it is quite insufficient to warm it 
sensibly. It is stretched backwards and forwards on a board of polished pine; and 
a sliding contact piece e, guided by a V ^groove, runs along one length of the wire, the 
position of the slider being read off on the scale ss. One electrode from the testing 
galvanometer T of the bridge is attached to the slider, while the other is attached at 
c in the other branch of the bridge. The battery consists of six large secondary 
cells airanged in senes; and a Thomson’s rheostat wound with thick platinoid wire 
is used to control the current. 

It will be seen that the arrangement here described gives a Wheatstone’s bridge 
in which the only part sensibly heated is the radiation wire w , and that its resist¬ 
ance at any temperature can be measured in terms of the other three parts of the 
bridge. Every connection in the four branches of the bridge is soldered. 

The current galvanometer used during my earlier experiments was one of Sir W. 
Thomson’s graded current - galvanometers with a magnet of low power to give 
sufficient sensitiveness. More recently I have substituted for the graded galvano¬ 
meter one of a different pattern, called by Sir W. Thomson a ‘lamp-counter,* and 
designed for finding the number of lamps in uae on an electric light circuit. To keep 

* The alternative method referred to in the text consists in measuring the current passing through 
the radiation wire, and, simultaneously, the difference of potentials between two points at known distance 
apart (See figs 5 a, 5b, Plate 24.) It possesses one great advantage, viz, the avoidance of the 
disturbance by conduction of heat from the ends, bnt it woald be diffioult or impossible to use this 
method with a vacuum, except in an envelope of glass 
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a check on the current galvanometers, the absolute values of their readings were 
frequently determined by electrolysis; and this was done specially after the chief series 
of experiments, and before calculation of the several portions of the results tabulated 
and shown in the curves given with this Paper In such determinations the galvano¬ 
meter was not removed from its place, nor was any alteration made in the soldered 
connections, with the exception of opening the main branch of the bridge at the 
point c to admit the electrolytic cell. By this means local disturbance (if any) of the 
current galvanometer due to electrodes was taken into account; and this method of 
ascertaining the absolute value of the indications of the current galvanometer was 
satisfactory because of the complicated nature of the circuits. Influence from the 
electrodes was done away with as far as possible by laying side by Bide, insulated 
with paraffined paper, the electrodes coming to and going from any particular point; 
hut a certain amount of complication was unavoidable, due regard being given to 
convenience of working, on account of the great number and variety of the pieces 
of apparatus used in these experiments, and on account of the necessity of placing 
the tube which contained the radiation wire, and which was attached to the 
Sprengjel pump, at some little distance from the testing parts of the Wheatstone's 
bridge. 

The radiation wire, in the present experiments of platinum, was stretched from end 
to end of a long straight tube, and this tube was kept permanently connected to a 
five-fall Sprengel pump. In my earlier experiments, including in particular one 
long and very complete series of measurements,* the platinum wire was contained in 
a glass tube, being sealed into the glass at the ends, I also tried platinum spirals in 
glass globes similar to the globes of incandescent electric lamps, although these 
spirals had the disadvantage of having the sides of the turns radiating towards each 
other, A glass envelope surrounding the radiation wire is, however, extremely 
unsatisfactory. It is impossible to tell with a material like glass, of low thermal 
conductivity and nearly opaque to heat radiations of low refrangibility, at what 
temperature the inner skin may he of a tube half an inch in internal diameter, 


y?hh walk t^-inch thick, and containing a red-hot wire stretched at its centre from 
^•dte end. And it is stUI more difficult to form an opinion as to the amount of heat 

^Reflection and radiation together to the radiation wire. I 
to this matter somewhat later. 

«i reason for using ^iass envelopes ,in my earlier experiments was simply that I 
unable to find a method of stretching a wire in a metal tube with one end at least 


qf the wire insulated, and connecting such a tube in a satisfactory manner with the 
glass exhausting tube of the Sprengel pump. Very moderate experience in the 
i>f bif^t ^acfiums .shows the futility of attempting to work with connections 

the ordinary dements'and varnishes. 

find a oemeni Whan properly 


i ^ 
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used, does act perfectly in keeping as good a vacuum, I believe, as can be made, and 
which does not give off at common temperatures any vapour which can be detected 
by the tests known at present. This invaluable material is “ Siegelwachs,” # a small 
piece of which was given to me by Professor Quincke, with the remark that it would 
“ hold a vacuum ”, and with it I construct my vacuum-tube with a wire stretched in 
it in the following way. ab (figs. 2a and 2b) is a copper tube one metre long. The 
bottom is closed with a metal plate, which is soldeied on: but m the centre of the 
plate there is a small hole through which is brought out the extremity of the hard- 
drawn copper spiral shown in the diagram. At the top of the copper tube there is 
soldered in a short piece of re-entrant tube of a nearly conical shape, e is a glass 
tube which is prepared to fit the mouth of the tube ab. To do this, the glass tube, 
closed for the time at o, is heated to softening round about, and is blown into 
the tube aa' as into a mould. It is then quickly withdrawn and carefully annealed. 
Lastly, two or three stout platmum wires are sealed into the glass piece at d } and 
these, after the glass splmt at o has been cut off, are brought out to a point to which 
one end of the radiation wire is silver-soldered. The other extremity of the radiation 
wire is attached to the spiral spring already inside the copper tube, but which for the 
purpose of silver-soldering is brought to the top a of that tube. When the soldering 
has been effected the tail-piece of the spiral is pulled down and out through the hole 
at 6, and when all other arrangements are completed is soldered in its place. Pre¬ 
viously to this, however, the glass piece e is put into its place with an extremely 
minute quantity of “siegelwachs”, and then, with the help of a pointed glass rod, heated 
m a spirit lamp, the cement is put in drops round the junction of copper and glass, 
and carefully worked in so as to fill up every re-entrant comer, and make a coatmg 
everywhere convex outward except just where it joins the vertical part of the glass 
tube. Here the wax is thinned away very gradually, the greatest care being taken 
to make sure that all round the edges the cement is adhering perfectly to the glass. 
With a joint made as described I have maintained a high vacuum for weeks together; 
and, in fact, I have no reason for thinking that such a joint is not quite as good at 
atmospheric temperature as the usual joint made by fusion of glass on to the exhausting 
tube of the Sprengel pump. 

It is unnecessary for me to enter into details as to the production of high vacuums 
by means of the Sprengel pump. In this matter the splendid researches of Mr. 
Crookes have, in every detail, pointed the way fin obtaining the best results; and 
the five-fall Sprengel pump of Mr. GiMiNGHAMf is admirably convenient for 
exhausting vessels of moderate capacity. In measuring the vacuums produced, I use 

* “ Siegelwachs ” is not similar to English sealing-wax Q* Stegellac”) It is a soft wax easy to mani¬ 
pulate not liable to crack, and it shows no tendency to contract and draw away from the glass or 
metal to which it has been made to adhere I obtain it from the firm of J Gautsch, Konigliche Hot 
Wachswaaren-Eabrik, Munich, whose name was given me by Professor Qctxckb 

f * Roy. Soc. Proc / vol. 25, 1877. 
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the McLeod gauge as modified by Mr. C. H. Gimingham,* and shown in figs. 3a and 3b. 
The modification consists in supplying at the top of the volume-tube, as commonly 
constructed, a short piece (3 centims.) of fine thermometer tubing carefully calibrated. 
For the lower exhaustions the air is compressed into the wider portion of the volume- 
tube ; but for the higher exhaustions it is compressed into the divisions of the thermo¬ 
meter tube. To avoid errors from capillarity, there are two pressure tubes. that shown 
od the left m the diagram being a portion of the same tube as the wide part of the 
volume-tube, while the tube on the right in the diagram is made of a piece of the 
same thermometer-tube as is used for the finer part of the volume-tube. The mercury 
rises, of course, simultaneously in both pressure-tubes. It is usual, I think, to work 
the McLeod gauge by means of mercury from the main reservoir ; but it will be found 
far more convenient to have an independent mercury reservoir as shown in the 
diagram, and, indeed, as it was originally described by the inventor. 

In my experiments up to the present time I have not introduced the iodine- 
sulphur-silver tube proposed and used by CnoOKEst as a stopper against the mercury 
vapour of the pump ; and, as the McLeod gauge measures only the pressure of that 
which is* not collapsible in the vacuum space, its results are rendered imperfect for my 
purposes by the existence of mercury vapour. I must confess, however, that I 
cannot feel confidence in the power of finely divided silver or copper for stopping 
the vapour of sulphur out of the vacuum space, and unfortunately the testing 
spectroscopically, or otherwise, for vapour of sulphur is not so easy as for vapour of 
mercury. In experiments on radiation of heat the presence of any vapour whatever 
vitiates the results just to the extent to which it is present. In this connection I 
must also call attention to the difficulty of avoiding vapour from the material used in 
the drying tubes of the pump. It iB now usual to employ drying tubes of phosphorus 
pentoxide; but it is extremely difficult to prepare this material perfectly free from 
small unburot particles of phosphorus, and these will undoubtedly give rise to vapour 
of phosphorus. It may, I think, he doubted whether, after all, sulphuric acid is not 
in this respect a better drying material than phosphoric anhydride. I propose, 
however, shortly to make a series of experiments in which all vapours shall as far 
as possible be removed from the vacuum space, and afterwards stopped out of it by 
the interposition of a freezing chamber. 

Another reason, however, prevented my using Mr. Crookes’ mercury stopper, and, 
ass it has also thrown great difficulty in the way of my measurements of the vacuum, I 
desire to mention it here, In determining the radiation, as will be seen presently, 
itis necessary to record simultaneously the energy lost and the pressure. But, 
Unfortunately, I have been unable to find a platinum wire which does not incessantly 
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quantities ofigas at high temperatures. This would be of no consequence 
mm., fen example) ; but In extreme vacuums the effect is very 
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great indeed. Now it is, perhaps, scarcely realised that the time taken for a high 
vacuum (-^ M, one-tenth of one-miJlionth of an atmosphere, for example) to equalise 
itself throughout the narrow glass-tubes used for connections with the Sprengel 
pump is very considerable, and may amount to 20 minutes, lialf-an-hour, an hour, or 
two, according to circumstances. It follows from this that the indications of the 
McLeod gauge are certain to be behmd time m the case of a high, but variable, 
vacuum ; and the introduction of any considerable length of tubing that can possibly 
be avoided is very disadvantageous The difficulty here referred to has proved a more 
fruitful source of trouble, and seems to me less likely to be successfully dealt with, 
than any other connected with these experiments ; though it is just possible that the 
use of platinum-indium wire or platinum-silver may prove of considerable advantage 

It has been already explained that the temperature at which the radiation is taking 
place is determined in these experiments by finding the resistance of the wire at the 
moment, and by knowing from separate experiments the resistance of the wire at 
different temperatures. The variation of electric resistance of platinum wire with 
temperature is very different in different specimens. It seems hkely that small 
impurities in the platinum, in the way of admixture with it of minute quantities of the 
indium class of metals, may be the cause of this variation. I, myself, have found that 
a very minute quantity of tungsten combined with German silver makes a vast differ¬ 
ence as to the variation of resistance with temperature of that alloy* The great 
variableness as to this quality in platinum wires is abundantly attested by many 
experimenters,! and my own experiments fully confirm those of others I have, 
therefore, in every case taken a portion of the radiation wire itself, and determined its 
resistance through as wide a range of temperature as was attainable in the way to be 
described presently. The results of these experiments are laid down in the form of a 
curve having temperatures as abscissas and resistances as ordinates; and from this 
curve, which turns out to be almost a straight line with different inclinations in 
different specimens, the temperature of the wire in any experiment is taken off, its 
resistance being known. 

The apparatus used in determining the resistance of platinum wires at high 
temperatures is shown in fig. 4, a, b, c. In my earlier experiments, and at lower 
temperatures, I employed the vapours of liquids with high boiling points as first 
proposed fry Andrews,J some of the liquids suggested by Drs. Ramsay and Young § 
proving convenient. The boiling points of liquids, however, would not give tempera¬ 
tures nearly high enough for the purpose in hand, and I was about to construct a 

* “On the Electric Resistance of a new Alloy named Platinoid,” ‘Roy. Soc, Proc,’vol. 38, 1885, 
p. 340, 

f Siemens Bakenan Lectnre for 1871, bnt first published in the ‘Transactions of the Society of 
Telegraph Engineers’ for 1874 Sohleieemachee • ‘Wiedemann, Annalen,’ vol. 26, 1885, p. 295 
H. L. Callendae 1 Roy Soc Proc,’ vol. 41,1887, p 231. 

J * Comptes Rendus,’ vol 81,1875, p 279 

§ * Chem. Soc Joum,’ 1885. 
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massive copper-jacket for the purpose, when Sir William Thomson proposed to me 
to use a cy lin drical jacket made up of a large number of thin co-axal copper-tubes, 
and pointed out to me the great advantages possessed by such a composite jacket in 
equalising the temperature Accordingly, the heating jacket shown m fig 4, b, is made 
up of eight co-axal copper tubes, each with a copper bottom, fitting closely one inside 
another, a few turns of the finest asbestos yarn being wrapped spirally round each of 
the tubes before it is pushed into the tube in which it fits. The internal diameter of 
the smallest tube is 3| centims., the outside diameter of the outermost tube is 6 centime., 
the length over all is 33 centims The sheet copper used for making the tubes is 
| mm m thickness, and the weight of the whole is 4 kilos. I have used electrolytic 
copper, technically known as “ conductivity copper,” supposing it probable (though I 
have not had time to verify the supposition) that the pure copper, which shows such 
marked superiority to less pure copper as to electric conductivity, may also possess at 
least some superiority as to thermal conductivity. 

The copper-jacket is closed with a stopper of woven asbestos about 5 centims. long. 
Holes are pierced in the stopper, through which pass two thick copper electrodes and 
the stem of an air-thermometer, to be described presently. The jacket is heated 
sometimes by two rows of six Bunsens in each row; the Bunsen tubes m each row 
being screwed into holes tapped in a |-inch iron pipe. I find the most convenient 
heater, however, to be one of Fletoheb’s large “ solid flame ” burners. This burner 
gives an enormous flame, enveloping the whole of the copper-jacket (which is placed 
inclined as shown in fig. 4, a), and easily raising it to a good red heat through and 
through. The electrical measuring apparatus which I use is amply sensitive to a 
change of two or three degrees of temperature; and, using the jacket and heater as 
just described, it is easy to maintain the internal cavity at a good red heat without 
any such variation of temperature for ten minutes or twenty minutes at a time, or 
longer if need be. 

The air-thermometer used is shown separately in fig. 4, c. It is made from com¬ 
bustion tubing which remains perfectly hard and unyielding at a moderate red heat. 
The thermometer is formed from tubing, half-an-inch in internal diameter, by drawing 
<x ft* at portion'Cfcfr, about 2J inches in length, and then drawing out the extremities so as 
to form capillary tubes dd and bo. One of these, be, is for convenience bent up 
nearly* cldse along the bulb of the thermometer. The other capillary tube is sufficiently 


long to pass through the asbestos stopper of the heating jacket, and to project down 
Jrom it so fat 'as to bring the. bulb to the middle of the heating jacket. 

..The thermometer, as soon as it is drawn off, is attached, with both ends c and d open, 
h^Ha^r, and a 'current of air, purified and dried, is drawn through it. 

f&Vl & ip&ssmg,, the whole of the glass is raised to a good red heat 
df arpOWhrftil Bunsen flame. In this way every trace of 
** off from the walls of the tube; and it appears 
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probable from a recent investigation by Bunsen - ,* and from experiments which [ have 
myself made, that when the moisture has been thoroughly removed there is no 
considerable condensation of air at the surface of the glass of the kind frequently 
supposed to distuib the indications of the air-thermometer. It is during the last of 
the heatings just described that the capillary tube be is turned up as shown in the 
figure. When the glass has thoroughly cooled, with the stream of pure dry air still 
flowing through it, a tap leading to the aspirator is closed, and the ends c and d are 
drawn out and sealed with the help of a portable blowpipe, care being taken to 
draw off small portions of the stems in such a way as not to allow any air from 
the blowpipe flame to enter the thermometer. 

I may here, for convenience, describe the subsequent use of the thermometer. The 
bulb is passed into the coil of platinum wire whose temperature is to be determined, 
and the point d is passed through a hole in the asbestos stopper and secured there by 
a small brass wedge. A wrapping of thin asbestos paper is then secured with 
asbestos yarn round the platinum wire and thermometei bulb, and the whole is passed 
into the copper jacket as shown figs. 4A, 4b. A screen of thick asbestos null-board 
prevents the gases from the heatmg flame from playing round the point of the 
thermometer. As soon as the heating has commenced the point d is opened with a 
sharp file and when the temperature to be measured has been reached this point is 
closed up again by means of a portable blowpipe, care being taken, as before, to avoid 
the introduction into the thermometer of gases from the blowpipe flame. The 
barometric height at the time of sealing is also noted. 

When the jacket and thermometer have cooled down, the latter is removed and 
weighed as follows. First the w r eigbt of the glass itself is taken, the air within being 
neglected. Next the point c of the thermometer is cut off under mercury or water, 
and the glass and its contents are weighed. Lastly, the point d is cut off; the glass 
is drawn quite full of mercury or water, and again weighed. The barometric height is 
noted at the time of opening the thermometer, and also the temperature of the 
mercury or water. The expansion of the glass envelope is approximately known; 
and, if water be used for filling the thermometer, the barometric height is corrected for 
the pressure of water-vapour. The temperature to which the thermometer was raised 
at sealing can be calculated from these data by well-known formulas 

When water is used for filling the thermometer the precautions pointed out by 
Bunsen and others in connection with gas analysis for avoiding absorption of the air 
by the water are, of course, attended to; and I find water preferable to mercury for the 
purpose in hand, owing to the largeness of the error introduced by any slight inaccuracy 
as to equality of mercury levels inside and outside the vessel at the first opening of the 
thermometers 

Thermometers on the same principle as is described here were, I find, used by 


* ‘ Wiedemann, Anna’en,’ vol 29,1886, p 161 
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Begnault* in determining the boiling point of mercury. Bunsen t has also used an 
air*thermometer which was closed with a stopper when the high temperature waB 
reached. The quantity of air left in the thermometer at the high temperature was 
determined volumetrically instead of by weighing. The form of thermometer here 
described, with a capillary tube at each end, will, I think, be found an improvement 
in pomt of practical convenience. 

Fig. 4, a, shows the electric connections used in determining the resistance of the 
platinum wire at various temperatures. The potential method has been chiefly 
employed, and has been found very convenient and satisfactory. For this purpose there 
are connected in series a single gravity Daniell’s cell, a Thomson rheostat, the 
platinum wire to be tested, and a standard coil of platinoid wire about double the 
resistance of the platinum wire At low temperatures the difference of potentials 
between the two ends of the standard coil is half, or considerably less than, that between 
the ends of the platinum wire, and when the temperature has been raised to 500° C. or 
600° 0. this relation is reversed. The standard coil is silk-covered wire wound in a 
single layer on a brass can which is kept filled with cold water; and, being of platinoid, 
its variation of resistance for two or three degrees of temperatuie is quite unimportant. 
A potential galvanometer having a resistance of 5000 ohms, and with an interposed 
resistance of 10,000 ohms or more, was used for determining the differences of potential 
on the standard coil and on the platinum wire; and the rheostat enabled me to obtain 
convenient deflections of the potential galvanometer. 

In recent experiments on this subject I have also used a Wheatstone’s bridge 
instead of the potential method; the four resistances of the bridge being two standard 
coils of platinoid, the platinum wire to be tested, and a calibrated rheostat. As the 
resistance of the platinum wire rises with temperature in one branch, increased resistance 
is thrown in in the rheostat branch so as to maintain the balance in the bridge. 


I come now to give an account of the main results which have been obtained up to 
the present time.J 

Three modes of experimenting have been used, 

* v I* A constant current was kept flowing through the wire, and the Sprengel pump 
was worked so as- gradually to improve the vacuum. The resistance of the wire at 
different vacuums was determined^ and thus 'the temperature which the given current 
would maintain in the Wire at a measured vacuum was determined. 


^ * * Paris, Acad. vol. 21, p 230. 

* jf 1 t AnnaJen,* vol. 24, 1884 

# i&ay' jlerWps ^permitted to remark that, owing to the very limited amount of time 
h thesA resultshave heen obtained in the course of experiments scattered overlong intervals 

with apparatus which I have incessantly altered wherever I could 
Moreover, it was impossible to foresee the bearing of any one result m the 
y&W ^|bemoMild even he calculated till long after they-were obtained and 
P&ftig&ed with their agreement among themselves 
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This method has been but little used recently. It was convenient at first on 
account of the battery power at my disposal, and on account of the current galvano¬ 
meter I was using. It also gave me useful preliminary information. 

2. A second method, and that which I have mainly employed, is to take the wire 
at a definite air-pressure—a vacuum—and to maintain this with the help of the pump 
if need be # then to apply a measured current, increasing step by step from the 
lowest to the highest attainable with the battery at my disposal, or at high vacuums 
safe to use with the wire, and, as before, to find the temperature of the wire. A 
complete series of currents having been taken at one vacuum, a higher exhaustion w r as 
produced and a new series taken, and so on. The curves appended represent this kind 

3. Keeping the temperature of the wire constant (that is, its resistance constant), 
the Spbengel pump was gradually worked, and the current required to maintain the 
given temperature was measured. This method of experimenting has only become 
practicable to me recently. It requires a specially sensitive and readable current 
galvanometer. I propose to make considerable use of it in future, and meantime have 
employed it m the asymptotic experiment described below, p. 446. 

The curves, Plate 25, show emission of heat m gramme-water-degree-Centigrade 
units, per square centimetre of surface of the heated wire at different temperatures. 
The temperature of the outer case was always within 1° of 15° C. Each curve shows 
the loss at the air-pressure marked on it. On the axis of abscissas the temperature 
is given in degrees Centigrade; while on the axis of ordinates, which shows 
emission, the scale unit is too" gramme-water-degree unit per square centimetre per 
second. The pressures range from 50 mm. to about 0*0000675 mm. (about 0*09 M, 
where M stands for a pressure equal to the one-millionth of the atmospheric pressure). 
I cannot, however, say whether the whole or any part of the most outlying curve on 
the right corresponds precisely to this pressure. It is here that the difficulty enters 
to which I have already referred, viz., the giving off of gas by the wire. When gas 
is being given off by the wire, however small the quantity, it becomes impossible to 
interpret the observations of the McLeod gauge on account of the long time that is 
required for the pressure to equalise itself through the connecting tubes. Por the 
same reason I have not been able to push the method of experimenting, in which a 
series of radiations at the same pressure hut at different temperatures is determined, 
higher than about *09 ML 

In order, if possible, to get rid of this exhalation of air from the platinum wire—for 
such I take it to be—I have made many experiments in keeping the wire at a high 
temperature and under extreme vacuum for lengthened periods, hut all to no purpose. 
Previous to the series of experiments represented by the most outlying two curves shown 
in Plate 25, the wire was kept for five days and nights with a current flowing through 

* This was necessary at high vacuums, when the wire became very hot, as will be explained further 
on, and required experience and caution. 
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it -which maintained it at a good red heat; and each morning and evening the traces of 
gas that had come off were removed by working the pump. In spite of this, however, 
the supply was by no means exhausted, although an improvement had certainly been 
made, and in the course of ten minutes' heating of the wire the vacuum would become 
sensibly deteriorated. I was at first inclined to attribute these effects to some 
extremely minute leakage, such as one may get from electric perforation of a glass 
tube or from a nearly perfect sealing of a platinum wire or of a joint. The pump, 
however, and all the connections were absolutely faultless so long as the wire was 
maintained at lower temperatures, say below dull-red heat, but, on being raised perhaps 
to 700° C. or so, I might make a determination of the radiation, and, on making a second 
determination one or two minutes later, might find that a distinct cooling influence 
had set in. The rapidity with which the change supervenes proves at any rate that 
the minute quantity of gas is generated in the immediate proximity of the wire, and it 
is not till a considerable time later that the McLeod gauge begins to be affected. 

On the other hand, with regard to pressures higher than about 50 mm., I was 
unable to obtain satisfactory series of results on account of the incessant disturbance 
of the temperature of the wire at high temperatures by the air-currents which its own 
temperature produces. Special experiments were, however, made at not very high 
temperatures (see p. 445) in order to bridge over to some extent the interval between 
normal air-pressures and the highest pressure to which these curves refer. 

As the results of the experiments just described are shown on the curves, the aotual 
points experimentally found being marked, it would serve no useful purpose for me to 
quote the long Tables of numbers from which the curves are plotted. It may, however, 
be of interest that I should put down a single specimen of a series observed and 
calculated. I therefore insert here an extract from my laboratory note-book of 
June 22, 1886, and show side by side with ;t the results obtained by calculation 
from the observations, 
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Extract from Note-book, date June 22, 1886. (Pressure to be about -fa mm., 

actual pressure -fr mm ) 


Observed 

l 

Calculated from observations 


Current 



McLeod gauge 

(1) 

(2) 


W 


(6) 

LI Ante 

gal¬ 


Water- 



Cunent 

Kesist- 

(3) 

Tempe¬ 

(5) 

C-'K/Je 

xiour 

vano¬ 

onaer 

jacket. 



(abso¬ 

ance of 

rfa s 

rature 

C-R (absolute). 


meter. 



P 

V 

lute) 

wire 


of wire 


Emission. 








Ohms 





AM 



C 






o 



11 

Im * 

938 0 

15*4 

96 

35 








1 

889 5 

bo 



0174 

2 590 

1 068 

40 

7847 x 10 8 

27 99x10“* 


2 

742 5 

9 

96 

35 

0348 

3T18 

1284 

118 

3 773 „ 

134 6 


3 

567 7 

QQ 

£ 



0522 

4105 

1691 

282 

1116 

398 2 


4 

472 0 


98 

35 

0696 

4 952 

2 041 

430 

24 52 

874 6 


5 

424 2 

E t0 



0870 

5 521 

2 275 

530 

41*79 

1490 


6 

397 9 

g o 

10 

• « 

1044 

5 889 

2 428 

592 

6419 „ 

2290 


7 

368 3 

<D ^ 

P4 

• 


1218 

6 371 

2 629 

677 

94 3 „ 

3362 


8 

344 0 

a 

0 

Pressu 

reflow 

1392 

6 826 

2 817 

752 

105 2 „ 

3752 „ 


9 

325 0 

EH 

10 

10 

1566 

7 231 

2 980 

820 

177*2 „ 

6319 „ 


(1) Current calculated by knowing galvanometer constant, winch, was found by electrolysis (p 432 ) 

(2) Resistance of wire from observation of position of slider (See p 431 and fig. 1) 

( 3 ) r/r 1BJ ratio of resistance of wire to its resistance at 15° 0 

(4) Temperature found from (3) (See pp 435, 436 ) 

(5) C 2 R, electric energy (absolute). 

(6) is (5) divided by J (Joule’s equivalent) and by s, the surface of the wire. 


An examination of the emission curves shows very clearly the part taken by the air 
in carrying away heat from the wire; and, in the process of experimenting, the 
diminution in the amount of this phenomenon produced by diminution of pressure is 
very striking. It will be seen from the curves that but little diminution of carrying 
power is produced by reducing from 50 mm to 5 mm,, or even to 2^ mm., and it is very 
remarkable (p. 445) how small is the effect produced by reducing from 760 mm. down to 
50 mm. On reducing to 1 mm. or to mm , however, the effect produced by the 
smallest alterations of pressure is very striking; so much so that it would be easy to 
show it ev^n as a popular or lecture-room experiment. Suppose a steady current 
flowing through the radiation wire, fig 1, which is in a vacuum of ^ mm.; and 
suppose that a balance has been obtained on the Wheatstone bridge, the testing 
galvanometer giving the zero or ml indication. Let the mercury of the Spbengel 


* Im, immeasurably small Taken at commencement of each senes, partly to ascertain that electric 
connections are right. 

t The pressure was increasing slightly; the pump was worked and pressure diminished too much 
The gas coming from wire puts this to rights after a little time, or else a minute quantity of air is 
admitted from one of the air-traps It has been impossible for me to describe all the mmutiee of working 
in this paper. 

MDCCCLXXXVII.—A. 3 L 
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pump be started to flow. The dropping of the mercury is scarcely heard to commence 
before the balance is disturbed, and the index spot of the reflecting galvanometer is 
seen travelling along the scale in the direction which shows that the temperature of 
the wire has begun to rise. 

The difference also as to speed of heating and cooling at common pressures and in 
high vacuums is often surprising during experimenting. At common pressures, from 
760 mm to 10 mm., the times which elapse on starting or stopping the current, 
before the wire assumes a permanent condition (that is, the times for heating and for 
cooling), are not strikingly different; but at very low pressures, two mni * or so > the 
heating on starting the current is seemingly instantaneous, while the cooling, when 
the current is stopped, of the fine platinum wire, weighing only a few grains, is so 
slow sometimes as to be almost a tedious process. 

It has been pointed out by Mr. Crookes, and it is not difficult to understand, how 
it is that a change of pressure between 760 mm. and 10 mm. has so small an influence, 
on the carrying power of the air, while a slight change at a pressure of J mm. or less 
has'a great influence In the first case, the number of molecules is great and the 
length of the free path small; and, although, on diminishing the density, the number 
of carrying molecules is reduced, yet at the lower pressure these molecules meet with 
correspondingly less obstruction in their movements, and have correspondingly greater 
facility for transferring the heat outwards which they receive from the wire. But at 
low pressures and in a small vessel the free paths of the molecules become comparable 
with the distance from the hot wire to the cool envelope, and molecules can move to 
and fro between the wire and the envelope, experiencing but few collisions and 
comparatively little obstruction from other molecules. In this case diminishing the 
number of molecules reduces their aggregate carrying power, but does not correspond¬ 
ingly increase the facility with which they can, as it were, carry their charges to the 
cold walls of the enclosure. 


It is a matter of considerable interest to compare these experimental results with 
the well-known “Law" of Stepan, in accordance with which the radiation from a 
given surface for any particular wave-length at different temperatures is supposed to 
Jb& proportional to the fourth power of the absolute temperature; and the loss of 
©D-ergy,, therefore, proportional to the difference between the fourth powers of the 
absolute temperatures of the cooling body and its surroundings. It was to test the 
exactness of this law that the experiments of Sc obIiEIER M.acher,* already referred to, 


were undertaken. To compare Stefan’s Law with the results of my experiments 
(though it is to be remarked that the law as stated refers to pure radiation), I have 

of -T 4 T” Tq 4 for a sufficient number pf temperatures, taking 
- jSjfc *4* Choosing then an. experimental point on one of the curves traced 

Tltefd dcMn the cttihre y zst & (T 4 T 0 4 ), making it pass through the 

Hi-,, i ^ .+ lit li 






Sv 4 ^ 




£u tfcfe chosen experimental point. This curve is 
sr, A ttn aiep,’ vol 26, 1885, p. 28?. 
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indicated on the diagram by the dots surrounded by dotted circles. It will be seen 
that, so far as they have gone, my experiments give no confirmation to this supposed 
law; and the results of Herr Schleiermacher lead to a precisely similar conclusion. 

Comparmg the results of Schleiermacher with my own, I find a satisfactory 
agreement between them. His results, except for what is termed, in connection with 
Stefan’s Law, “the radiation constant,”* are not stated in absolute measure;t but the 
particulars given in his paper enable me to calculate the loss, m heat-units lost per 
square centimetre per second. Schleiermacher used in his experiments three wires 
—two of bright polished platinum, and one of platinum coated with black oxide of 
copper. These are called respectively Pt i3 Pt 2 , and Pt 3 . 

The following Tables, and the corresponding curves, Plate 26, show the results 
of Schleiermacher reduced to absolute measure. The column headed t gives the 
temperature Centigrade of the radiation wire; that headed C 2 R/J s is the loss of 
heat m gramme-water-degree units per square centimetre per second, while the 
column headed Em is the emissivity, and is found by dividing the absolute loss by 
the difference of temperatures of radiation wire and surroundings. The temperature 
of the water surrounding the envelope, which was of glass, was in each case quoted 
0° C. Along with these results I give for comparison a similarly calculated set of 
lesults from one of my own series 


Pt 2 , No. 1. (Enclosure at 0° C.) 


t 

CPR/Js, 


o 

110 

28 08 x 10“ 4 

21-6 x 10-fl 

200 

60 0 

30 0 „ 

837 

181*1 „ 

53 8 „ 

581 

793 

137 

826 

i 

2600 

315 


Pt 2 , No. 1. (Enclosure at 0° C.) 


t 

C 2 R/Js 

Em 

O 

65 

9 45 X 10~ 4 

14 5 x 10- 8 

110 

20 53 

a 

18 7 „ 1 

232 

74 7 


322 „ 

383 

236 

99 

616 „ 

740 

1468 

39 

198 

900 

3218 

>9 

358 


* The radiation constant is C S R/ Js (T 4 — T 0 4 ) 

t It is surprising to find the paucity of the experimental results as to emission of heat which are 
stated in absolute measure; so that, although we have many comparisons between surfaces of lampblack, 
black paper, white paper, oxidised metal, polished metal, &c , there is scarcely a trustworthy result to be 

3 L 2 
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Ptg (Enclosure at 0° C.) 


t 

C 3 R/J a 

Em 

0 

16 

9 75 x 10- 4 

60 9 X 10-8 

38 

25 7 „ 

67 6 „ 

94 

78 7 

83 7 „ 

228 

335 5 

147 

403 

1182 

293 

585 

3157 

540 


B s , Wire experimented on by myself. (Enclosure at 15°.) 


t 

C 3 R/Js 

Em 

802 

425 

613 

744 

806 

186 7 x lO- 4 

493 5 „ 

1689 

3918 

5163 „ 

65 05 X 10-8 
120-3 

282 

537 

653 


From these Tables it will be seen that of the two polished platinums, Ptj and 
Pt 3 , the latter has a somewhat greater emissivity; while in the case of the 
blackened platinum, Pt s , the emissivity is very much greater, being at 585° 0., 
the highest temperature to which the blackened platinum was carried in these 
experiments, about four times that of the polished platinums. The numbers which 
I have quoted from one of my own experiments for comparison give an emissivity 
for polished platinum, with the vacuum of July 1 and 2, 1886, much higher than 
that found by Sghleie rmacher. This may be due partly to difference in the polish 
of the surfaces, as I find that a very slight difference in this respect produces a very 
great effect. It may be, also, that the vacuum at which the determinations of 
SoHiiEiERMACHEB. were made was of a higher order than mine of July 1 and 2, though 
I db not think this probable.* I think, however, it ib most likely that the true 
explanation of the greater part, at least, of the difference lies in the fact that 
^CBa^ETEBMAOBLEEt BUTroUndfed thq wire with a glass envelope. It is impossible to 
estimate with a non-diathermanous and badly conducting substance like glass how 
much heat may be returned to the wire from the polished walls of fhe tube; and it 

of ilfcoge given "by Maojablaxh, a few given by Piomt, and one or two by 
L£a unita of ieat or unite of energy emitted, under definite circumstances, 



«My experience of this pump does not lead me to 
& Very Mgb vacuum. My reasons for this statement 
> 1886,'in a paper “-On I m proved Mercury Pump,’’ 
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was to avoid these uncertainties that I was led to abandon the far more manageable 
(for these experiments) glass envelope, and to take in its place a copper envelope 
blackened on the inside. 

The next series of experiments which I desire to describe was undertaken for 
the purpose of tracing the rates of emission of heat at one fixed difference of 
temperatures between cooling body and surroundings, but at d iff erent pressures; 
commencing with ordinary atmospheric pressure, and passing to the highest vacuum I 
could command. The experiments, of which the results are given m the Tables, pp. 447, 
448, were made with the apparatus of fig. 1. The slider was set at a particular point of 
the scale; and, by adjusting with the rheostat, the current was found which was 
required to maintain the temperature in the wire corresponding with the fixed 
position of the slider, while the pump was worked and the vacuum gradually 
produced. A complete series of readings was obtained from a common atmospheric 
pressure downwaids for the temperature 408° 0., and a partial series for the tempera¬ 
ture 505° C., commencing with the pressure '094 mm This kind of experimenting, as 
I have already remarked, only recently became possible, or at all events practicable. 
It requires a current galvanometer of great sensitiveness, and easily readable in a 
.continuous way, qualities which have only now been supphed by the invention and 
perfecting of Sir W. Thomson’s current galvanometers. It is, however, an extremely 
convenient and satisfactory method. 

, An inspection of the Table shows the smallness of the falling away of the rate of 
loss of heat between full atmospheric pressure and pressures of 10 mm., 5 mm., or 
even 1 mm.; and the very rapid fall at pressures slightly lower than 1 mm. This has 
already been shown for temperatures below 100° C. by the experiments of Ktjndt 
and "Warburg and of Crookes, and is in accordance with the theory and experiments 
of Maxwell, which show that heat conduction in gases is mdependent of the pres¬ 
sure so long as the density is such that the average length of free path of the mole¬ 
cules remains small in comparison with the dimensions of the containing vessel. The 
numbers given in my Tables are, as in all other cases throughout this paper, in absolute 
measure. The curve (see Plate 26) shows graphically the relation between pressure 
and energy lost at the temperature 408° C. The line of abscissas represents the 
pressure, while the ordinates represent the energy lost. - * ~ 

Carrying on the experiment as described above, I was able, as the vacuum gradually 
improved, to reach an interesting condition of matters in which further rarefaction of 
the space produced no further diminution of the rate of loss of energy from the wire. 
This was reached in the following way. The radiation wire was kept from the morning 
of March 28 till the morning of March 30 at a moderately high vacuum, and 
with the current incessantly flowing through it. During parts of March 28 and 29 
experiments on radiation were being carried on, and during the evenings qnd 
nights of the 28th and 29th the current was raised so as to maintain the wire at a 
temperature very much higher than that at which I proposed to experiment. Qn 
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March 30, at 11 A.M., I commenced running the five-fall Spkengel pump con¬ 
tinuously, making frequent observations on radiation and with the McLeod gauge. 
Starting with a pressure of 0071 mm. (=10 M), the pressure was reduced in an hour 
and a half to 0 1 M, as indicated by the McLeod gauge, though the actual pressure 
surrounding the wire may have been considerably different from this. As this point 
was reached the radiation of heat seemed to become steady, so that further working 
of the pump did not make any diminution in the amount of current required to 
maintain the fixed temperature of the wire. The pumping was continued for another 
half-hour, with a vacuum gradually improving, but with no change as to rate of loss 
of heat from the wire. I am therefore, I think, entitled to conclude that the limiting 
value of the radiation reached in this asymptotic experiment is the absolute radiation 
of the platinum wire for the difference of temperatures stated in a space freed from 
everything that the mercurial pump will remove, and that is not collapsible in the 
McLeod gauge. There was no doubt vapour of mercury present, and possibly, seeing 
that it is so difficult to remove, some minute trace of vapour of water. There seems, 
however, very little doubt, from the concurrent testimony of recent experimenters, 
that the numbers commonly set down from Regnault’s observations as representing 
the pressure of mercury vapour at ordinary temperatures are very much in excess of 
the truth. 

The numbers which I take, for the present at least, as representing the radiation 
from my particular polished platinum wire contained in a non-reflecting envelope of 
copper, at the temperatures 16° C. and 17 ° 0. respectively, are as follow.— 

At 408° C, , , , , . 378 '8 X 10 ^ gramme-water-degree Centigrade units 

per square centim, per sec. 

At 505° C. .... 726*1 X 10 

Two sets of experiments, made at an interval of a fortnight, gave me precisely the 
same number for the radiation at the lower temperature. That at the higher tempera¬ 
ture I have only determined on one occasion. I hope, with experiments to be shortly 
undertaken, and with perhaps improved arrangements, to confirm or possibly modify 
these numbers* and to obtain radiations at other temperatures. 
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Asymptotic Experiments, March 22 to March 30, 1887. Slider placed at 500 of scale 
(see fig. 1). Barometric height, 740 mm. Temperature of wire, 408° O. 


Temperature 
of water- 
jacket 

Pressure 

Current 

0 2 R/Ja 

Total emission divided by 
lowest emis&ion observed 
(378 8 x 10" 4 ), which, ib taken 
aa unity 

°c 

mm, 

Amperes 




16 

740 

2 1776 

8137 X lO" 4 

2148 


560 

2 1603 

8004 

93 

21 13 


440 

21560 

7271 

5) 

21 04 


340 

21538 

7956 

JJ 

2100 


240 

21517 

7 f »41 

55 

20 96 


140 

21431 

7875 

53 

20 79 


90 

21345 

7818 

3) 

20 64 


64 

21172 

7686 

93 

20 29 


52 

21129 

7658 

35 

20 21 


49 

21108 

7643 

33 

2018 


42 

21042 

7591 

33 

20 04 


34 

2 0999 

7563 

99 

19 96 

17 

24 

2 0784 

7408 

93 

19 56 


17 2 

2 0558 

7249 

'9 

19 14 


13 2 

2 0352 

7104 

99 

38 75 


57 

19880 

6314 

9> 

16 67 


40 

18757 

6036 

99 

15 93 


25 

1 7291 

5125 

99 

13 53 


1 7 

1 5954 

4364 

99 

11 52 


0 88 

3 4264 

3487 

99 

9 206 


,yi l/i ■ 

JL'-IT-U 

12505 

2683 

99 

7 096 

15 

141 

9357 

1502 

99 

3 965 


*094 

•8300 

1181 

99 

3118 


•070 

•7805 

1045 

99 

2 759 


053 

•7287 

910 5 

33 

2404 


•034 

6511 

727 3 

79 

1920 


012 

5606 

539 2 

99 

1-423 


0071* 

•5174 

4591 

99 

1212 


0051* 

5045 

4364 

99 

1 152 

15 

00015* 

4786 

392 7 

99 

1037 

16 

•00007* 

4700 

378 8f 

9* 

10 


* Pressures observed, but uncertain, owing to lagging of McLeod gauge. 

f Further diminution of pressure by continued working of Sprenoel pump made no diminution m the 
amount of radiation, which remained unalteied during more than an hour of working. 
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Asymptotic Experiments, March. 25 to March 30, 1887. Slider at 450 of scale. 

Temperature of wire, 505° C 


Tempera f uie 
of water- 
jacket 

Pressure 

Current 

C-R/J>. 

Total emission divided by 
lowest omission observed, 
(720 1 x 10" 4 ), taken as unity 

°c 


-Amperes 



17 

094 

0 9400 

1688 x 10“ 4 

2 324 


053 

8106 

1255 „ 

1728 


034 

•7675 

1126 „ 

1551 


019 

7201 

990 3 „ 

1 363 


013 

6942 

920 4 „ 

1 267 


011 

6899 

909 0 „ 

1242 


0071 

•6597 

8314 „ 

1 144 


•0046 

6468 

798 7 „ 

1100 


00052 

6319 

767 4 „ 

1056 


00019 

6252 

746 4 „ 

1028 


* 

6446 

793 6 „ 

1093 


* 

6338 

767 0 „ 

1056 



•6252 

746 4 „ 

1-028 



•6230 

7413 „ 

1021 


1 

•6209 

736 2 „ 

1014 



6187 

731-1 „ 

1007 



•6166 

7261 „ 

1-0 


It only remains for me to give a brief account of experiments commenced on 
radiation from various surfaces in high vacuum. On this important subject I have, 
up to this time, been only able to touch very lightly by experiment; but I hope 
before long to be able to offer a communication on the subject. Pigs. 5a, 5b, Plate 24, 
show an apparatus which I am using. A platinum wire, ab, is held, stretched 
between two spiral springs, in a glass tube. The outer ends of the spiral springs 
terminate in loops; and two pieces of glass rod, which are passed into tubes cc, c'c', 
pass through the loops, so that the springs pull on these glass rods. After the rods 
have been passed mto their places, the ends of the tubes cc, c'c', are closed up, except 
one which is used for exhausting. Flexible copper electrodes are soldered to the loops, 
and are silver-soldered to stout multiple platinum terminals; and by means of these, 
which are fused with the help of some white enamel into the glass at d, d, the 
current is passed through the platinum wire. At e, e, e, platinum -wires are brought 
through the sides df the tube and serve as potential electrodes, and it is to keep the 
platinum wire the middle of the length of the tube, and to avoid pulling 

unduly on the potential electrodes, that the two spiral springs, one at either end of 
the tube, are employed. 

In two halves of the platinum wire cib are differently treated as to surface, 
, am at■* present experimenting on a wire, one half of which is brightly 




hoar radiation gradually fell to lowest figure given, and then 
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polished, and the other half coated with lampblack. I have also tried a wire 
extremely thinly coated, or rather stained in appearance, with platinum black. The 
same measured cunent passes through both halves of the wire, or, when I desire it, 

I can vary the amounts in the two halves by means of the electrodes e, e, e. By 
means of these electrodes, also, the differences of potentials at the extremities of the 
two halves are taken; and thus the energy expended in each part can he found, 
and the temperature ascertained at the same time * and with the glass envelope I am 
at present using, the condition of the wire and the light given off by it, if any, can 
be observed. 

With this apparatus, and using a platinum wire No. 22 S.W.Gr., 0’7 millim. in 
diameter, one half thinly coated with lampblack and the other half bright and polished, 
I find that, with a current passing through the wire which keeps the polished wire at 
a strong red heat approaching to whiteness, the blackened portion is scarcely rendered 
luminous. I find, also, that an alteration in the surface of the wire, which, so far as 
appearance goes is very slight indeed, may yet give a very marked alteration in 
the emissive power of the surface. The merest staining of the platinum wire, by 
washing it over with solution of ammonio-ehlonde of platinum and then heating 
with the current, is sufficient to keep the stained half non-luminous when the polished 
half is heated to redness. 

In the ‘Proceedings of the Royal Society,’ No. 243, 1886, p. 207, Mr. Mortimer 
Evans, C.E., has given an account of some remarkable observations on the light¬ 
giving properties of polished and unpolished carbon filaments in incandescent lamps. 
With the help of Mr. Evans I have been enabled to repeat some of his experiments; 
and the result has been a complete verification of his conclusions. In repeating 
these experiments careful measurement was made of the vacuum used. a point 
'which was left doubtful in the original investigation. 

An Edison A-lamp was taken for the purpose of experimenting, being chosen on 
account of the remarkable dulness of the surface of the filaments used in the Edison 
lamps. The filament in these lamps has almost the appearance of a lampblacked 
surface. This lamp was opened and the filament re-mounted in a form more con¬ 
venient for the purpose, being somewhat shortened in the process. The filament 
was then placed in a bulb which was exhausted with the Spren&el pump down to a 
point measured by the McLeod gauge; all the necessary precautions for making 
a good incandescent lamp being strictly attended to. The lamp was sealed off 
from the pump, and was tested against a suitable Swan lamp, which was kept at 
moderate incandescence, as it is not desirable to incandesce Edison filaments very 
highly. The lamps were regulated, with resistances and a rheostat, in such a way 
that the brightnesses of the two filaments matched and the energy (current and 
potential) required in each lamp was determined. The Swan lamp using a definite 
amount of energy was taken as the standard to which return was to be made in 
subsequent trials. The candle-power of each lamp was also observed. 
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The Edison lamp was now opened, and, the filament having been removed, it was 
re-“ flashed ” in such a way as to give it a beautiful polished metallic-looking surface. 
It was then placed in a fresh globe, and was exhausted down to the same point as 
before and sealed off from the pump; and the new lamp was re-tested against the 
Swan lamp and standard candle. The result of these experiments was as follows:— 


Incandescent Lamp at same candle-power in two cases. 



(1.) 

Original Edison filament— 
dull lustreless surface. 

(2) 

Same filament re* rt flashed/' 
to have brilliant surface 

Potential (volts). . . . 

77 7 

58 5 

Current (amperes) . . . 

0 745 

0 680 

Watts. 

57*9 

39-8 


It thus appears that to maintain the same carbon in these two conditions, at the 
same candle-power, there is required 30 per cent, less energy in the second case than 
in the first. 

On this important subject, of the influence on radiation of the nature of the 
surface, I hope at an early date to make a more complete investigation: and I propose, 
also, as soon as may be, to repeat and extend the observations of Macfaklane, to 
which I have already more than once referred. The increase in the rate of loss of 
heat due to diminution of the radiating surface demands further examination. 
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XY. On the Supposed “New Force* of M. J. Those.* 

By William Crookes, F.B.S., Pres . C.S. 

Received May 5,—Read May 26, 1887. 

On February 15 last M. J. Thore communicated to a. scientific society - at Dax a 
short paper describing some results he had obtained on the rotation of a delicately 
suspended cylinder of ivory. So remarkable were these results that in a private letter 
to myself, accompanying a printed copy of his paper, M. Thore said “ they seem to 
demonstrate the existence of a new force inherent in the human organism.” 


Rigs 1 and 2. 



Figs. 1 and 2 are accurately copied from M. Thore’s diagram. The following descrip¬ 
tion of the apparatus and the experiments tried with it are translated, from the printed 
paper, 

“ It consists simply of a cylinder of ivory, 24 mm. long and 5 mm. in diameter, 
suspended by a single fibre of cocoon silk, so that its axis is accurately inline with the 
suspending fibre. The fibre is fixec^ to a movable support allowing the cylinder to.be 

* ‘ TJne NouveUe Force ? * Par J. T'hoeb. Dax, 1887. 
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raised or lowered without sudden jerks which might rupture the fibre. The apparatus, 
in a word, is a small pendul um which hangs freely over the centre of a level table in 
the middle of a room having all the windows closed to avoid draughts. 

" When thus arranged, if the cylinder is left to itself, after oscillating and rotating 
for some tim e, it becomes almost motionless. If desired, it can be steadied more 
quickly by lightly touching it with something When steady, if a second ivory 
cylinder is gently brought about a millimetre from the first cylinder, vertical and 
parallel to it, as shown in the accompanying figure, the hanging cylinder is observed to 
acquire a movement of rotation, accelerating, and apparently only limited by the 
torsion of the fibre. 


“ This rotation always takes place in the direction of the hands of a watch when 
the second cylinder is on the left of the first in relation to the observer, who is 
supposed to face the apparatus; and in the contrary direction when the second cylinder 
is on the right. This double movement always takes place, whatever be the position of 
the observer round the table, when he approaches the second cylinder. 

“ This law is of remarkable constancy, for during the course of my numerous 
experiments I have never met with a single failure when I carefully took all precautions 
to avoid interfering influences. 

“ The nature of the substance of the two cylinders has no influence on the produc¬ 
tion of movement, and the same may be remarked as to their mass. With liquids or 
solids, full or empty, the rotation is always the same. The second cylinder may even 
be replaced by a single stretched hair, or by a single fibre of silk, which is still more 
fine, without there being any sensible modification. 

“The speed of rotation is a function (1) of the length of the two cylinders; (2) of 
their nearness ; (3) of the diameter of the first cylinder. It is in direct proportion to 
this length; it appears to vary inversely as the diameter of the first cylinder, and to 
diminish much faster than would be required by the law of inverse squares. 

“Flat screens interposed between the experimenter and the apparatus, or placed the 
other side (at least when 20 centims, from the cylinders), interfere with the movement. 
When, on the contrary, they are arranged laterally on the right or left, or placed 
above or below, they are without action, A hemicylindrieal screen placed behind the 
cylinders, shown in fig. 2, so that the observer is opposite the opening, has the 
singular action Of reversifigthe direction of rotation. 

“ I have ascertained that light is without action, whatever its nature, its intensity, 
or its direction. It is the same with heat. Neither can the action be attributed to 




for the cylinders, after immersion in water, are as active as before. The 
l^ar’tyighet are inert. The action of gravity is balanced by the tension of the 

ab-currents cannot explain the remarkable uniformity of 
klways piece, nor its inversion in the case of the 
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tlie observer; this seems to indicate that tbe origin of this force is in the observer 
himself. If so, what is its nature 2 ” 

Rough preliminary experiments having enabled me to verify the broad facts of 
rotation as described by M Thojre, I fitted up a more accurate apparatus (fig. 3), 
consisting of a glass case, ABCDEF, six-and-a-half inches square and seven inches 
high, with a rising glass window, ABGH, in front, and similar windows at the sides. 
The top is of card, in the centre of which is a small hole. The cylinder, I, is suspended 



in the middle of the case by a very fine cocoon silk fibre, 5 feet long, surrounded by a 
card tube, J, attached to the top of the glass box. K is a second cylinder attached to 
a support, LM, by a ball-and-socket joint for convenience of adjustment. The support, 
M, projects outside the case to admit of the second cylinder (which I shall call the 
pillar) being brought close to the suspended cylinder (which, for distinction, I shall call 
simply the cylinder) and transposed from one side to the other, &c., without opening 
the windows of the box. N is a cord attached to the front glass window, weighted 
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at the end, and passing over a pulley for convenience of raising and lowering the 
glass. A similar arrangement is attached to the other glass windows. Cotton-wool 
is put at the bottom of each glass window and round the support M, to keep out air 
draughts. 

The cylinder is attached to the end of the fibre with a loop and hook, so that it can 
be rapidly changed for other cylinders. The fixed pillar screws to the arm, so that it 
also is easily changed. Ivory, ebonite, glass, and metal have been used for the 
cylinders, and ivory, ebonite, brass, and wood for the pillars. The pillars have also 
been made square, round, and wedge-shaped in section, and the surfaces have been 
bright and lampblacked. The apparatus was fitted up in a room free from draughts 
and quick changes of temperature, and during the course of the experiments no one 
but myself entered the room. 

The cylinder mostly used was of ivory, 5 mm. in diameter and 25 mm. long. The 
first pillar experimented with was also ivory, 7 mm. diameter and 30 mm. long. The 
mode of experimentation was the following *—The cylinder being at rest, I sat down 
in front of the apparatus with my face 8 inches from the cylinder and pillar, taking 
precaution to keep the breath as much as possible away from cylinder and pillar. The 
pillar was always placed on the right of the cylinder. On raising the front glass the 
cylinder commenced to rotate in the opposite direction to the hands of a clock, the side 
nearest me moving to the right, # It made 4'5 complete revolutions, the maximum 
speed being one revolution in 12 seconds. 

In several succeeding experiments a four-ounce flask of boiling water was used as 
the source of heat. It was coated externally with lampblack, and was placed exactly 
one inch from the pillar and cylinder. 

In other experiments the ivory pillar was replaced by one of hollow brass, 9 mm. in 
diameter and 38 mm. long, the surfaces being brightly polished; by a wedge-shaped 
pillar of boxwood, 38 mm. high, 22 mm. broad, 9 mm. at the thickest end, and tapering 
off to a blunt edge at the thinnest part; by an ebonite oylinder 9 mm. in diameter and 
38 mm. long; and by a brass parallelogram 38 mm> long by 7 mm square. 

The results are given most Conveniently in a tabular form. The first column oi 
the following Table gives the Numerical order of the experiment, the second columr 
shoWs the material of which the pillar consists. In the third col umn is given the 
maximum Speed in seconds the fourth column gives the number o 


revolutions performed by the cylinder before being stopped by torsion of the fibre 
aii^Fthe 'exciting agent, the face or hot-water flask, is shown in the last column. Ir 

was negatiw, namely, in the opposite direction to the hands of i 
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No of 
experiment. 

Material of pillar 

Maximum 
speed of one 
revolution* 

No of 
revolutions. 

Exciting agent. 



seconds 



1 

Polished ivory 

12 

45 

Face 

2 

Polished ebonite ... 

16 

3 50 

55 

3 

Boxwood wedge, edge to cylinder . 

41 

3 25 

55 

4 

„ * „ flat side to cylinder 

* 32 

3 00 

55 

5 

Polished brass tube . . . 

39 

30 

9) 

6 

Polished square brass rod, flat side to 
cylinder 

24 

35 

55 

7 

Polished square brass rod, edge to 
cylinder 

21 

40 

95 


Instead of using the radiation from the face as the active agent, I now employed the 
four-ounce flask, lampblacked outside, full of boiling water. This was put 2 inches 
from the cylinder and pillar, and the following experiments were tried with it.— 


No of 
experiment 

Material of pillar 

Mn.ynrmm 

speed of one 
revolution 

No of 
revolutions. 

Exciting agent 

8 

Polished ivory 

seconds 

18 

4 25 

Hot water 

9 

Polished brass tube. 


10 

5? 


In these experiments a point which struck me as being remarkable was the greater 
action which took place when I held my face 8 inches off the cylinder than when the 
exciting agent was a lampblacked flask full of boiling water. M. Those says that 
heat is without action, and that the origin of the force appears to lie in the observer 
himself. At first sight these results appear to favour this view. It must, however, 
be remembered that the circumstances are not such as would bring out in a marked 
manner any action due wholly, or in great part, to heat. "White polished ivory/ such 
as M. Those used for the rotating body, is a very bad absorber of heat rays; and it is 
quite possible that the aggregate of heat rays absorbable by polished ivory, emitted 
by a few square inches of lampblacked glass at 100°, 2 inches off, might not be inferior 
in amount to those emitted by the much larger surface of moist skin 8 inches off. It 
seemed possible to put this action to a test by blackening the ivory cylinder. If the 
action was, as M. Thore seemed to think, one inherent in the human organism, and 
not an effect of heat, the effect of blackening the cylinder should not materially alter 
the relative effects of the face and the hot-water flask; the action of the boiling water 
should still be less than that of the face. If, on the other hand, the action was one in 
which radiant heat played the principal part, the effect of blackening the ivory cylinder 
would he to upset this ratio, and to give a decided preponderance in favour of the hot- 
water flask. The ivory cylinder was accordingly blackened by holding it over the 
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smoke of burning camphor. On re-suspension, the following series of experiments was 
tried:— 


No of 
experiment 

Material of pillar. 

Maximum 
speed of one 
revolution. 

No. of 
revolutions. 

Hkciting agent 

10 

Polished ivory ... . . 

seconds. 

21 

4 25 

Pace 

11 

5 y • * ■ * * . 

18 

4 25 

Hot water 

12 

Boxwood wedge, edge to cylinder . 

n 

5 75 

Pace 

13 

JJ » 99 • ■ 

15 

5*5 

Hot water 

14 

Polished brass tube . . 

20 

4*25 

Paco 

15 

Polished square brass rod, flat side to 
cylinder 

Polished square brass rod, edg9 to 
cylinder 

Polished brass wedge, edge to cylinder 

37 

2 75 

99 

16 

16 

65 

51 

17 

10 

75 

J) 

18 

J) H 

7 

17*5 

Hot water 

19 

GHass rod, 65 mm. long, 1*5 mm. thick 

11 

5 

Pace 

20 

n n u 

21 

4*25 

Hot water 

21 

Brass wire, 60 mm. long and 0*5 mm. 

20 

2 25 

Pace 

22 

diameter 

Brass wire, 60 mm. long and 0*5 mm. 

24 

25 

Hot water 

23 

diametor 

Platinum wire, 65 mra. long and 0*4 

61 

2*25 


24 

mm diameter 

Platinum wire, 65 mm. long and 0*4 

34 

4 5 

Pace 

25 

mm. diameter 

Pine glass fibre, 65 mm long . . . 

* * 

0*5 

» 

26 

JT 99 )f • • • 

46 

1*5 

Hot water 

27 

Single fibre of cocoon silk, 50 mm. long 


0 75 

Pace 

28 

5? 59 59 

29 

2*0 

Hot water 


This series of experiments having shown a decided increase of motion due to 
blackening the cylinder, another series was tried with the pillars as well as the cylinder 
coated with the soot from burning camphor. 
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No of 
experiment. 

Material of pillar. 

Maximum 
speed of one 
revolution 

IS o of 
revolutions 

Exciting agent 



seconds 

• 


29 

Ivory, lampblacked 

18 

40 

Face 

30 

33 73 

7 

10 25 

Hot water 

31 

Ebonite, lampblacked 

14 

4 75 

Face 

32 

33 37 

7 l 

11 75 

Hot water 

33 

Boxwood wedge, lampblacked, edge to 
cylinder 

19 

l 

35 

Face 

34 

Boxwood wedge, lampblacked, flat side 
to cylinder 

28 

l 

2 75 

33 

35 

Boxwood wedge, lampblacked, flat side 
to cylinder 

4 

16 75 

Hot water 

86 

Brass tube, lampblacked . 

10 

7 25 

Face 

37 

33 33 » ♦ ' » 

10 

10-5 

Hot water 

38 

33 53 

28 

25 

Candle 8 inches from 
cylinder 

39 

Square brass bar, lampblacked, edge 
to cylinder 

16 

65 

Face 

40 

Sqnare brass bar, lampblacked, edge 
to cylinder 

8 

80 

Hot water 

41 

Sqnare brass bar, lampblacked, flat 
side to cylinder 

18 

3 75 

Face 

42 

Sqnare brass bar, lampblacked, flat 
side to cylinder 

8 

8 25 

Hot water 

43 

Brass wedge, edge to cylinder, lamp- 

8 

115 

33 

44 

UloivJxou 

Glass rod, 65 mm long, 1 5 mm thick, 
lampblacked 

17 

3 

Face 

45 

Glass rod, 65 mm long, 1 5 mm. thick, 
lampblacked 

16 

45 

Hot water 


These results leave little doubt that the action exerted by the face was due to the 
radiant heat emitted by it M. Those, however, considers that heat is without action. 
This being a most important point, and one which must be settled beyond all doubt, I 
devised the following experiments:—A large sheet of thick cardboard had an oval 
aperture 5 inches by 3 5 inches cut in the centre. This was fixed in front of the 
suspended cylinder, about 8 inches off. A Winchester quart-bottle covered with 
slightly damped brown paper was arranged on a stand close behind the aperture, and 
easily removable. By this arrangement I could compare the effect of a given surface 
of the face with that of the same surface of radiation from moist brown paper heated 
to the temperature of the face, which for this purpose was taken as 33° C. The 
cylinder in each case was of blackened ivory. The following Table gives the mean of 
a number of experiments;— 


No of 
experiment 

Material of pillar 



~M~«.TTrpnm 

speed of one 
revolution 

No of 
revolutions. 

Exciting agent 

46 

Blackened brass tube . 


* 

seconds. 

17 

40 

Face 

i 47 

33 31 

* 

* 

15 

35 

Bottle 
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Considering that it would be almost impossible to get absolute equality between the 
radiating power of the face and any other substance which could be used in the 
comparison, I think those results are quite near enough, especially when taken with 
those already tried, to prove that there is nothing special in the human organism, 
beyond the heat it radiates, to produce rotation of the cylinder. 

I attempted to verify the experiment of M Tjeeobe’s in which he got reversed 
rotation by putting a hemicylinder behind the rotating cylinder. A half-cylinder of 
glass, 4^ inches across and 4§ inches high, was put behind so that the suspended ivory 
cylinder was in the centre of the curve. The following experiments were then tried, 
the cylinder, as in the other cases, being of lampblack ed ivory:— 


No of 
experiment. 

Material of pillar. 

Maximum 
speed of one 
revolution. 

No. of 
revolutions, 

Exciting agent. 



seconds. 



48 

Polished ivory . . . 

18 

3*75 

Face. With glass cylinder 

49 

9 ) * 

12 

45 

Face. Without glass 

cylindor 

50 

99 . . * 

• • 

1-26 

Hot water. With glass 
cylinder 

51 

! 

99 * 4 * • • • 

18 

4-25 

n 

Hot water. Without glass 
cylinder 

52 

Polished brass tube. 

4 » 

0*5 

Face, With glass cylinder 

53 

99 99 * * • 

19 

4*5 

Face.. Without glass 
oylinder 


These results show that the effect of putting a half-cylinder as a screen behind the 
suspended cylinder does not produce exactly the effect described by M. Thore. It 
does, however, cause a marked diminution of action, and, had the cylinder and pillar 
been freely exposed to the air as in M, Thore’s experiment, reversal of movement 
might have taken place. I found it difficult to try accurate experiments in the free 
air of a room, owing to the interference of air-currents. The deadening of motion in 
my experiments, and its reversal in the experiments of M. Those, I attribute to the 
reflection of heat rays from the concave surface of the cylinder, and their concen¬ 
tration to & focus on the further side of the suspended cylinder. 

' The following experiments were made with the object of ascertaining what would 
'rhaEy be the effect of an upjv&rd current of air on the suspended cylinder, A glass 
jet‘about 1 mm. in diameter was fixed vertically in front of the cylinder. To the jet 
was attached a long india-rubber tube, connected at the other end with a system of 
"water-bottles in such a way that, by raising one of them, a gentle stream of air rose 
friim the jet in front of the cylinder. * The amount of air ascending could he varied 
6a a scarcely perd^ptible eurr&it to a strong blast. A telescope was fixed 
g^^fefance await frdM the cylinder, so that observations could be 
"of flue body. The blackened brass Wedge, with its 
43y was used as the pillar, and the lampblacked 
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ivory was used as the cylinder. The jet was half an inch from the cylinder, and a 
moderate stream of air issued from it. The cylmder revolved three times to the right 
and then two and a-half to the left. 

Similar experiments were tried, placing the jet at different distances from, the 
cylinder, altering the velocity of the air, and increasing the size of the orifice, hut the 
results in all cases were of the same kind, the cylinder first rotating once or twice to 
the right, and then about the same amount to the left. ISTo permanent movement of 
eight or ten revolutions could he got, neither by any modification of the draught could 
I see my way to produce any of the strong rotations easily obtained with hot bodies. 

There is a general accord between these experiments, hut the agreement between 
repetitions of the same individual experiment is not so close as I should like. All 
were performed in duplicate or triplicate, and the mean taken. Much of the 
discrepancy may he accounted for by great variations of zero owing to the silk fibre 
becoming warmed or absorbing moisture, and part may be due to the impossibility of 
bringing the pillar and cylinder exactly 1 mm. apart in every case. 

Another noteworthy pomt is the non-accord between the maximum speed of one 
revolution and the total number of revolutions performed by the cylinder. 

All the experiments tried so far show that the rotations are produced by radiant 
energy falling on the cylinder and pillar. Hadiant heat (and in less degree light) 
falling on the lampblacked surfaces is absorbed, and increases the surface-temperature. 
There are two ways in which this increase of temperature may act.— 

1. It may produce a current of warm air, rising in front of the surfaces of the 
moving body; to replace this, cold air will come in from all sides, and, striking against 
the delicately suspended cylinder, caused it to rotate. If, however, the source of heat 
is of considerable surface, such as the face, or a "Winchester quart-bottle full of warm 
water, it is difficult to imagine that there would be much tendency to rotate in one 
direction rather than in the other. 

2. An increased surface-temperature of the cylinder and pillar may produce an 
increase of molecular pressure between the two bodies, and thus give rise to motion, 
after the manner of the radiometer. In this, as in the former case, the movement 
should be m the opposite direction to what it is in reality, as it would be produced by 
mutual repulsion acting between the sides nearest the source of heat. 

It seemed likely that information decisive as regards one or other of these two 
theories might be gained by suspending the cylinder in a glass tube attached to a 
Spbengel pump, and taking observations at different degrees of exhaustion. An 
apparatus was accordingly fitted up as shown in the accompanying figure (fig, 4). 
ABC is a glass tube, 39 inches long, expanded into a bulb, BC, at the lower end, 
and connected with a Spkengel pump at the upper part. An ivory cylinder, D, is 
suspended from A by a single fibre of cocoon silk, and at E is attached to the glass 
bulb a hollow brass tube, inside which, but not touching it, is a platinum spiral with 
the two ends sealed through the glass. By making battery contact between the 

3 N 2 
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extremities of this spiral, the brass tube E can be heated. The upper end of the tube 
is clamped at A, and the lower end rests in a socket, E, capable of a little latoral 
adjustment by a screw. By this means the brass tube (the pillar) can be adjusted in 
respect to its distance from the cylinder D. Both E and X) are lampblacked, 

Pig 4 



f' This apparatus is almost identical with one described and figured in my paper 
resulting froth B&dlaiioa” * {Part H., pars. 99, 100), only there the 
oy&lfer leMof m&g&esinm, and-tijie^la^ntim Spiral was bare. With my old apparatus 
1 incandescent spiral attracted the 


^n^e^ded-^Mnder to a moderate extent at normal atmospheric pressure; the attrac- 
#i®t diminished to a minimum between a tension of 50 mm. and 150 mm,, then rose 
0 t^'preSfetite diminished* until, at a tension of 1*15 mm., the attraction was nearly 
'Minds ’what it was in‘ dense air*- Above this exhaustion the attraction suddenly 

^pulsion, and 4t the best vacuum I could get the repulsion 
^i^att^ction in air. , 

ItlU’Wis table verify the broad phenomena formerly 
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obtained of attraction in air and stronger repulsion in high, vacua, although, 
owing probably to the blackening of the cylinder and pillar, or to the diminished 
sensitiveness of the apparatus, I could detect no repulsion at intermediate pressures. 
Igniting the spiral, so as to make the brass tube E hot, produced attraction or repulsion 
according to the degree of exhaustion, but it produced no rotation. Rotation, however, 
could easily be obtained by placing a flask of boiling water in front of the bulb, close 


Fig. 5. 



to a point equidistant from E and D ; and applying a gas-flame 'to this part of the 
bulb produced a still stronger effect. Experiments were carried out with this 
apparatus, gradually raising the exhaustion to a very high point, and noting the 
* repulsion by the spiral, and the rotation by externally applied heat. The two 
phenomena ran absolutely in parallel lines; when there was attraction of D to E, I 
could also produce negative rotation of D ; when the exhaustion was such that the 
attraction was nil, the rotation was nil also; when the attraction changed to repulsion. 
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the rotation, changed from negative to positive; and when the vacuum was so good 
that the repulsion between the two heated bodies was at its maximum, then also the 
positive rotation was the strongest. It was impossible to resist the conclusion that 
the two sets of phenomena were due to the same cause, and that, as air-currents did 
not produce the old attractions of the magnesium pendulum, so likewise were they 
equally inoperative in giving rise to the present rotations of the suspended cylinder. 
I will not give in a tabular form the observations taken with this apparatus, as more 
decided results were obtained with a modified form of apparatus which I will now 
describe, and it is not worth while to record observations beyond what are needed to 
prove the case under discussion. 

If the rotation is produced by a reaction between the suspended and fixed body, it 
follows that, were both free to move, each would rotate, but in opposite directions. A 
modification of the form of apparatus last used was therefore devised; it is shown 
in fig. 5. It consists of a long glass tube, AB, having a bulb, 0, blown near the 
lower part. At the top two narrower glass tubes, D # E, are blown on; these contain 
glass rods sealed to the tubes at the upper ends, but, in other respects, loose in the 
tubes. To the ends of these rods are attached two fine silk fibres, each having a 
cylinder of blackened ivory, 1, 2, suspended to it. E is a platinum spiral, equidistant 
from the two cylinders. The small tubes, D and E, are clamped at their upper ends 
by a brass band having a screw at one side. By tightening or liberating this screw 
the tubes are more or less inclined to one another, and the cylinders, 1, 2, can thus be 
adjusted to any desired distance apart. Exhaustion was effected through a lateral 
tube. Observations were taken at intervals during exhaustion, the source of heat 
being either a flask of hot water or a non-luminous gas-flame applied to the glass 
bulb at the place marked by an asterisk. In all cases when rotation was obtained 
the two cylinders moved in opposite directions. Thus, in air of ordinary density, 
cylinder No. 1 rotated counter-clockwise, while No. 2 rotated clockwise; I shall 
designate this movement as negative , and the opposite rotations, where No. 1 rotated 
clockwise and No. 2 counter-clockwise, I shall call jpositive^ 

The following Table exhibits^ ha a convenient form, the; results obtained with this 
apparatus:— ' 
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Bahometee = 767 mm 


No of 
experiment. 

Pressure 

Direction 

* 

Maximum speed of 
one revolution 

No of 
revolutions 

Exciting agent. 

54 

rryrri, 

400 

Negative 

99 

47 seconds 

2 25 

Hot water 

55 

338 

50 „ 

215 

99 

56 

220 

91 

52 „ 

1 75 

99 

57 

178 

3 j 

61 „ 

150 

33 

58 

129 

)3 

130 „ 

100 

31 j 

59 . 

100 

9) 

160 „ 

0 75 

39 

60 

80 

39 

Slow 

0 75 

99 

61 

50 

39 

99 

0 25 

93 

62 

30 

99 

Very slow 

0 20 

99 

63 

20 

99 

Still slower 

010 

99 

64 

14 

99 

99 

• • 

G-as flame 

65 

14 

99 

Just -visible 

• • 

Hot spiral 

66 

14 

0 

No movement 

• • 

Hot water 

67 

8 

0 

0 

0 

f Gas flame 
< Hot spiral 

68 

4 

0 

0 

0 

[Hot water 

99 

69 

3 

0 

0 

0 

_ 99 

70 

1-8 

Positive 

50 seconds 

20 

Gas' flame 

71 

0 75 

33 

20 „ 

3 00 

99 

72 

0 50 

33 

* 

7 00 

91 

73 

0 30 

99 

• * 

10 00 

Hot spiral 

74 

0129 

99 

• 

18 00 

93 

75 

0 0495 

99 

• • 

13 00 

93 


It will be observed, on comparing these results with those obtained m 1875* that 
the neutral point here is between 8 mm. and 3 mm., whereas in the former case it 
was between 0’8 mm. and 0‘3 mm. I, however, attach little importance to this, as 
the older apparatus was much more sensitive than the one now used.t The important 
fact is that in each case the direction changes at a high exhaustion, and then the 
movement becomes five times as strong as it was originally. 

The motive .force producing these rotations is, at high exhaustions, the molecular 
impacts between adjacent surfaces of the suspended cyhnders excited by the radiation 
falling on them from the hot water, hot spiral, or a candle (which is equally effective). 

* Loo . ait 

t “ The barometric position of the neutral point dividing attraction from repulsion vanes according 
to circumstances, among these may be mentioned the density of the substance on which radiation falls, 
the ratio of its mass to its surface, its radiating- and conducting-power for heat, the physical condition 
of its surface, the kind of gas filling the apparatus, the intensity of radiation, and the temperature of 
the surrounding atmosphere. When the surface exposed to radiation is pith, the neutral point is some¬ 
what low I have had it vary between 50 millims and 7 millims. below a vacuum. It is, however, 
impossible to ascertain exactly, for a point of rarefaction can be obtained at which the warm fingers 
repel and incandescent platinum attracts. With a heavy metal m the form of a sphere, so as to expose 
the smallest surface in proportion to the mass, I have not attained the neutral point until tho exhaustion 
was within a very small fraction of a millimetre 5 whilst, if the metal is in the form of thin foil, the 
neutral point may easily be got lower than with pith.” “On Repulsion resulting from Radiation, 
Part II,” (March, 1875.) ‘Phil. Trans.,’ vol. 165, p. 540. 
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But what produces the negative rotation at ordinary atmospheric pressure ? Air- 
currents are the obvious explanation, but there are grave reasous for believing this 
explanation to be inadequate. In the first place, actual air-currents, when tried, did not 
produce the desired result Secondly, it is most logical to assume that, as the present 
set of experiments are strictly paralleled with those tried in 1875, and as the results 
at high exhaustions are in each case due to molecular bombardment, so also must the 
similar results at low exhaustions be due to the same cause. 

My series of papers on “ Repulsion resulting from Radiation contain numerous 
observations of attraction in air of ordinary density or at low exhaustions; and in the 


Pig. 6. 



/ 

i 

/ 

i 

i 

l 

i 

i 

/, 

! 

I ; 

1 

i 

r 

• .I / 4 

J 


' • 

i 

1 ttA 

i / 

i •'" 

/ 

i \ ! 

| :\ 

/■ 

• \ 

■; 

. \ 


\ r- 

i 

f / 

1 ; 


Bakerian Lecture for 1878 I described an apparatus devised with the object of 
distinguishing between the action of air-currents, and of attraction in air of low 
> e; shaufltion, and the repulsion in air at high exhaustions. In the following description 
1 have condensed the experiments tried in 1878, and have added other results 
obtained subsequently with, a .similar piece of apparatus. 

J apparatus is .shown in fig. 6t; it consists of a cylindrical glass vessel sealed at 
'the top; drawn off narrow at the other end, and having a stem, d, sealed in to hold a 

**&&& fa connected with the Sprengel pump by the narrow tube 

. I .A . I - . _ 11 

pp, 325-876 ; 1878. pd 243-818: 1879. 
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at the lower end. Bound the needle is a ring of platinum wire, a, a , a, sealed into 
the glass and connected with outside terminals, c, c. A current of electricity from 
two Grove cells, turned on and off by a contact key, gives the power of making the 
wire red-hot when required The fly consists of four thin vanes of clear mica, b, b , 
supported on light aluminium arms, and has in the centre a small glass cap, which 
rests on the needle-point. The vanes are inclined at an angle of 45° to the horizontal 
plane They are m such a position that, when rotating, the centres of the vanes pass 
along the platinum ring and keep about 5 mm. distant from it. 

In describing the direction of rotation of the fly, I shall consider the observer’s eye 
to be on a level with the plane in which the fly rotates, and the direction recorded 
will be that taken by each vane as it passes in front. Assuming that the fly is 
rotating in the direction of the hands of a watch held face upwards on the top of the 
apparatus, each vane will he foreshortened, and, passing the observer, will have the 
appearance of /. The direction of rotation in this case will he considered as positive , 
ie., as the direction followed by the fly, were molecular pressure or a molar wmd to 
proceed from the platinum wire 

In air of ordinary pressure (Bar. = 760 mm.), on igniting the platinum ring to 
redness by a current from two Grove cells, the vanes rotate in the positive direction, 
such as would be produced either by air-currents or by molecular pressure from the 
platinum ring. 

The following experiments were tried ,— 
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No of 
experiment. 

Presume 

Direction of rotation 
of vanes. 

Number of lovolutionB per mintito. 

76 

milium 

760 

/ 

Positive -4- 

13 

77 

200 

/ 

Positive 4 

7 

78 

100 

/ 

Positive -4* 

2 

79 

30 

Positive -4* 

Very slight when tapped 

80 

20 

0 

No movemont 

81 

10 

0 

No movemont 

82 

1 

0 

No movement 

83 

700 M* 

/ 

Negative 

40 

84 

450 

/ 

Negativo > 

Nogativo ■> 

30 

85 

300 

20 

86 

200 

0 

No movement 

87 

138 

0 

Positive -4* 

Positive -4- 

Positivo -4* 

No movement 

88 

110 

18 

89 

98 

33 

90 

54 

GO 

91 

17 

Positive -4- 

Positive -4* 

Positive -4* 

/ 

150 

92 

10 

600 

93 

5 

1000 

94 

25 

/ 

Positive -4- 

Positive -4- 

„ , / 
Positive -4- 

Increasing, but too quick to count 

95 

05 

» >> V 

96 

0*1 

3 9 V U 


Some points in this series of experiments are noteworthy. The vanes were 
arranged at such a slope in relation to the heated ring that the effect of the rising 
current of hot air should he a maximum. Owing to this, the first action of heat is to 
drive the vanes round m the positive direction, in opposition to the tendency to 
negatiye rotation which is almost always observed with air of moderate density. 
This antagonism lasts until a pressure of about 25 mm. is reached, when the two 
opposing forces balance and no movement is observed. After this point is reached 
the negative rotation continues till a pressure of about 250 M is reached, when it 
dies out, to be succeeded at an exhaustion of about 100 M by the positive rotation 
^Sldh'Slf experiments show to be the natural direction for high vacua The neutral 
" aidyfcd afefe Experiments 86 and 87 is, I believe, the analogue of the neutral 

* 4 i 

ti , * ^ K T 

it , * - ' 

&fcfe$3Sj$iere, orO'GOOlS mm, At low exhaustions I speak of millimetres of 
lef to Count in millionths of an atmosphere. The inconvenience 
‘ of employing one system for both ends of the Stale 
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point seen at Experiments 66 to 69 when working with M. Thore’s apparatus ; in each 
case the negative rotation is slight before the neutral point is reached, while the 
positive rotation observed after neutrality increases rapidly in each case, until it 
eventually far exceeds the original movement 

In conclusion, I think I may consider as established by these experiments the 
following results :— 

1. The broad facts of rotation as observed by M. Thore are abundantly confirmed. 

2. The numerous experiments in which the face and hot water are tested under the 
same circumstances, and especially Experiments 46 and 47, prove that the action is 
due to radiation alone. 

3. Blackening the cylmder increases the actiou. This is especially shown in 
Experiments 11, 12, 13, 14, and 15. 

4. The action is slightly increased by blackening both cylinder and pillar. 

5. The remarkable fact observed by M. Thore that a fine fibre of silk brought 
near the suspended cylinder produces rotation has been verified in Experiments 27 
and 28, and with other fine fibres in Experiments 19 to 26. 

6. That the rotation is produced by a reaction between the cylinder and pillar, and 
not between the cylinder and the source of radiation, is shown m Experiments 54 to 75. 

7. The hypothesis that the rotations are produced by air-currents is disproved 
partially by the experiments in which the effect of an ascending current of air is 
shown to be almost without action, and it is entirely disproved by Experiments 66 to 
75, and 86 to 96, in which the movements become more energetic in proportion as the 
space in which they occur is exhausted of air. 

8. The rotation takes place negatively in dense air, and positively in high vacua. 
It is proved beyond a doubt by Experiments 66 to 75 and 86 to 96 that the positive 
rotations are due to the same cause which produces rotation of the radiometer, i.e., to 
molecular pressure caused by radiation falling on the blackened surfaces.* In all 
cases there is noticed strong action in very high vacua, diminishing as the vacuum 
gets less perfect, until a point is reached where there is no action. Below this neutral 
point movement recommences, but in the opposite direction to that observed at high 
exhaustions. This negative movement is common to M. Thore’s phenomena, and to 
the whole series of phenomena investigated in my researches on “ Repulsion resulting 
from Radiation.” The explanation of the negative motion is, however, not clearly made 
out. But, from the strict parallelism between the two sets of phenomena, I have no 
doubt that the explanation which will account for the one will be equally adequate to 
account for the other. 

In my sixth paper on “Repulsion resulting from Radiation,”t pars. 415, 416, I 
described apparatus in which negative rotation was produced at an exhaustion of 
117 M, and positive rotation at an exhaustion of 0T8 M. This phenomenon is, 

* ‘Phil Trans./ 1876, pp. 375-376; ‘Roy Soo. Proc / vol. 25,1876, p. 308. 
t ‘Phil Trans/ 1879, pp 101-103. 

3 0 2 



468 


MR W. CROOKES ON THE SUPPOSED 


I consider, perfectly explained in the paper by the “ molecular bombardment ” theory, 
and I, therefore, am justified in assuming that the negative rotations in M. Tuore’s 
apparatus 'will equally well be explained by the same theory. 


Addendum. 


(Added May 24, 1887.) 

I sent M. Thore a detailed account of my experiments, asking him to favour me 
with any comments or remarks he might wish to make, and offering to communicate 
them, if desirable, to the Royal Society. I have just received a long communication, 
partly printed and part in MS,, in winch he describes many fresh experiments, and 
adduces arguments to show that my dynamical explanation is not sufficient to account 
for more than a few of the facts he describes, and saying that he “ persists in still 
believing that this force emanates from the observer, or else that the observer is the 
indispensable intermediary for its manifestation.^ 

The experiments are numerous, and are devised with great ingenuity. It is 
impossible in the space of a brief abstract to do more than refer to a few of the 
principal facts here brought forward. M. Thore commences by objecting to my 
having experimented in an enclosed space, saying that he always operates in free air. 
He thinks that enclosure may almost or quite suppress his force. To this I can reply 
that I have myself verified nearly all M. Thore’s facts of rotation (including those 
just now communicated) when working in the free air of a large room, and it was only 
when I found the delicacy of the observations was impeded by draughts and currents 
that I put screens round the apparatus. I have not found glass screens interfere 
materially with any of the rotations. M. Thore now says that it is necessary to hold 
the pillar or the exciting body in oontact with the hand during the whole duration 
of the experiment. I was not aware that importance was attached to this point, 
but I have since repeated many of my former observations, holding the pillar in 
the hand. The results are certainly stronger, but the extra heat imparted to the 
apparatus is, in my opinion, sufficient to account for this. M. Thore brings forward 
many new and ingeniously devised experiments to prove that heat cannot be 
considered the cause of the movement. He exposes the instrument to the full sun, 
and then brings it into a cool dark room; he suspends it over boiling water; he 
places a large block of ice between the cylinder and the observer; he similarly 
herpeses metallic vessels full of boiling water between the cylinder and observer 
not .muying from his place in front), and he tries the experiment in a 

Jr* T.i* t * . , > . r 

J mont and, dry, without finding the regularity of the movements 
^Pp ^hCst.of these, and obtained results corroborating 
"V the experiment of quietly bringing near to the 
"Water, and observing the movement from a safe 
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distance through a telescope, and I find that the hot bottle is able to effect rotation as 
well as the observer. 

Among the curious observations mentioned by M. Thore is this —Placing the 
pillar in front of the cylinder (between it and the observer), if the pillar is held with 
the right hand the movement is clockwise, and if the left hand is used the rotation is 
counter-clockwise The right hand is stronger in its effects than the left hand in the 
proportion of 2 to 1. 

M. Thore has given, in addition, a large number of curious and interesting observa¬ 
tions, using two, three, and more movable cylinders, and recording their movements 
under a great variety of circumstances I admit I do not see at once how all these 
are to be explained on the molecular bombardment theory. But this theory has not 
yet explained all the anomalous results I have recorded m my papers on " Repulsion 
resulting from Radiation,” although I believe it capable of doing so , and I therefore 
think that it is not necessary to call upon a new force to explain aoy of M. Thore’s 
results which radiation does not yet seem able to account for. 
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XVI Some Applications of Dynamical Principles to Physical Phenomena. —Part II. 

By J. J. Thomson, M A., F.BS., Fellow of Trinity College, and Cavendish Professor 
of Experimental Physics in the University of Cambridge. 

Received March 31,—Read April 21, 1887 

§ 1. The two laws of Thermodynamics have proved by far the most powerful, indeed 
almost the only, means we possess of connecting the phenomena in one branch of 
Physics with those in another. Though the two laws are usually grouped together, it 
should not be forgotten that they differ essentially in character. The First Law is a 
direct application to Physics of one of the most important dynamical principles, that 
of the Conservation of Energy; while the Second Law, which for the purpose of 
connecting various physical phenomena is even more important than the first, is not, 
strictly speaking, a dynamical principle at all, since its statement involves a reference 
to quantities which never occur m abstract Dynamics 

Clausius and Six William Thomson, the two physicists to whom the Second Law 
owes its importance, have connected it with other principles which seem more 
axiomatic. 

Thus Clausius bases the Second Law on the principle that “ heat cannot by itself 
pass from a colder to a hotter body.” In this statement too much depends upon the 
meaning to be attached to the words “ by itself ” for it to be regarded as axiomatic, 
and the following extract from Clausius seems to show that in his view it is the 
statement of a new physical principle, and not the necessary consequence of previously 
recognised ones. Tie says ('Mechanical Theory of Heat/ English translation, by 
W. R. Browne, p. 342), “If, however complicated the processes may be, it is main- 
tamed that without some other permanent change, which may be looked upon as a 
compensation, heat can never pass from a colder to a hotter body, it would seem that 
this principle ought not to be treated as one altogether self-evident, but rather as a 
newly propounded fundamental principle on whose acceptance or non-acceptance the 
validity of the proof depends.” 

Again Sir William Thomson has connected the Second Law with the principle that 
“ & “ impossible, by means of inanimate material agency, to derive mechanical effect 
from any portion of matter by cooling it below the temperature of the coldest of the 
surrounding objects.” To follow out the connection between this principle and the 
Second Law, it is convenient to divide the energy of a body into two kinds, the one 
kind depending upon circumstances over which we have complete control, the other 

15.12.87 
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lepending on circumstances which we cannot completely control. Take as an example 
he energy possessed by a stretched spring * pari of the energy depends upon the 
xtension of the spring, we have complete control over this, but another part of the 
nergy (the heat energy) depends upon the motion of the molecules of the spring, and, 
lthough we have some control over the average motion of all the molecules, we have 
lone over the motion of individual molecules. Let us for the moment call the energy 
>f the first kind “ controllable energy,” that of the second “ intrinsic energy.” We may 
ook on an engine as a means of converting intrinsic into controllable energy. Then, 
f we follow the connection between the axiom and the principle that the efficiency of 
b perfectly reversible engine is a maximum (which we may take as equivalent to the 
Second Law), we shall see that if the axiom is to cover all the cases to which the Second 
jaw has been applied it must be equivalent to the statement that it is impossible to 
Lerive mechanical effect by abstracting intrinsic energy from the refrigerator. Now 
.he intrinsic energy consists, in addition to sensible heat, of what Clausius calls the 
ntemal energy of the body, that is, energy depending upon the arrangement of the 
nolecules, and, it may be, also upon their motion. If we consider the various forms 
vhich tins intrinsic energy can take, the statement that it is impossible to derive 
nechanical effect by abstracting intrinsic energy from the refrigerator would seem to 
>e hardly more axiomatic than the Second Law itself. , 

The Second,Law of Thermodynamics, like the Law of Gravitation, seems then to be 
Droved rather by the truth of its consequences than by any & priori considerations. 

For this, among other reasons, I have thought it might perhaps be interesting to 
leduce by the use of purely dynamical principles many results which are usually 
Dbtained by the aid of the Second Law of Thermodynamics, as well as some others 
vhich, so far as I know, have not previously been obtained. This I have endeavoured 
jO do in the following paper, as I did in one previously published under the same title 
n the ‘ Philosophical Transactions/ 1885, Part 1. In the first paper I considered the 
"elation between thermal, elastic, and magnetic phenomena, but did not consider any 
phenomena in which chemical or quasi-chemical processes were concerned, such as 
lissociation, evaporation, solution, chemical combination : or any effects which are not 
reversible, such as those produced by the electric resistance of metals and electro- 


lytes. , In this paper I shall endeavour to apply the same or analogous principles to 
the phenomena mentioned abote, as well as to a few additional phenomena of tbe 
kind,discussed in the first paper. 


Though the dynamical method is open to the objection that the quantities made 
; s thasfr $Mch occur in abstract Dynamics, such as mass, velocity, energy, 
eo ledttit© further knowledge before we can connect them with such 
jOi resistance, and so on—a knowledge which, in 

the Second Law, the results are expressed 
^W ireadily measured; still it haB advantages which 


DYNAMICAL PRINCIPLES TO PHYSICAL PHENOMENA 


473 


In the first p.ace, there is the mental satisfaction to be got by explaining things on 
dynamical principles; and, again, there is the certainty that the method is capable of 
completely solving the question (whether we can make it do so is another matter), 
while we have no certainty that all possible information is given by the two laws of 
Thermodynamics, or that some unknown third law might not enable us to arrive at 
results beyond the powers of the first and second. 

§ 2. The researches of Clausius, Szily, and Boltzmann have shown that the 
Second Law of Thermodynamics is closely connected with the principle of Least 
Action, and it might therefore be thought that the Second Law was only a more con¬ 
venient way of stating this principle, so that no advantage could be gained by the 
direct use of dynamical principles. In the investigations on the connection between 
the Second Law and the principle of Least Action there are, as I shall endeavour to 
show later on, a good many assumptions implicitly made, so that it seems to be much 
preferable to proceed, if possible, in any special case by the direct use of dynamical 
principles. 

Again, there can, I think, be no question that the principle of Least Action and 
the Second Law of Thermodynamics are not equivalent; for, in the first place, as is 
well known (see Louth’s ‘Advanced Ligid Dynamics/ p 257), the principle of Least 
Action includes that of the Conservation of Energy, so that, if the Second Law of 
Thermodynamics included all that could be got from the principle of Least Action, it 
ought to include the First Law as a particular case. 

Again, in the most general case, the principle of Least Action will for a system 
fixed by n coordinates give n equations; but the Second Law of Thermodynamics, 
which asserts that a certain function is a perfect differential, would, in the most 
general case, give rise to J n (n — 1 ) equations, as that is the number of conditions 
to be satisfied if 

P -j doc± —f- P <jcfojg —b . . 

is a perfect differential. 

§ 3. The dynamical methods we shall most frequently use in the following paper 
are the Hamiltonian principles expiessed by the equations 



T dt - 18 (T + V) + 


( 1 ) 


28j’(T-V)*=-(T + V)St+ 



where T and V are respectively the kinetic and potential energies of a system, q a 
typical coordinate helping to fix the configuration of the system, and t the time. 

The first of these equations has been used to show the connection between the 
principle of Least Aption which it expresses and the Second Law of Thermodynamics; 
MDOCOLXXXVII.—A. 3 P 
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and it will be convenient to begin by considering the investigations which have been 
made on this connection. 

The proof usually given is as follows (see Routh’s ‘Advanced Rigid Dynamics/ 
p. 254) — 

Let us suppose that no external work is done by the system j then— 

8 (T + Y) = SQ, .(3) 


where SQ is a small quantity of work supplied to the system. The quantity 
3 (T -J- V) occurs on the right-hand side of equation (l) let us now consider the term 
[25 Sq dT/dq^, which also occurs on the same side of the equation. If the motion be 
oscillatory, and % a period of complete recurrence, Sq dT/dq will have the same value 
at the lower as it has at the upper limit of the integral, and therefore the difference of 
the values will vanish. The case when the motion is oscillatory is not, however, the 
only, nor indeed the most important, case in which this term may be neglected. Let us 
suppose that the system consists of a great number of secondary systems, or, as they 
are generally called, molecules, and that the motion of these molecules is in every 
variety of phase, then the term [X Sq dT/dq], the sum being taken for all the 
molecules, will be small, and will not increase indefinitely with the time, but will 
continually fluctuate within narrow limits. This is evidently true if we confine our 
attention to those coordinates which fix the configuration of the molecule relatively 
to its centre of gravity; and, if we remember that the motion of the centre of gravity 
of the molecules is by collision with other molecules and with the sides of the 
vessel which contain them continually being reversed, we can see that the above 
statement remains true even when coordinates fixing the position of the centres of 
gravity of the molecules are included. Thus, if the time over which we integrate 
is long enough, we may neglect the term [2 Sq dT!/dqJ 0 in comparison with the other 
terms which occur in equation (1), as these terms increase indefinitely with the time, 
so that in this case, even though the motion is not entirely periodic, equation (1) may 
be written—- 


or 


28 [* T cfa = i8Q, 

J o 

28 (&*) ss i SQ, ..(4) 


, ^ere T» is the mean kinetic energy. This equation may be written- 

1 -s ^ 



2 S log (iT„) = 8Q/T„, 

^ £Jk , 1 ’ 

% 

:i% a 


(5) 


kaw of Thermodynamics is that 8Q/0 is 
& absclute temperature j thus, if 6 is a constant 
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multiple of the mean kinetic energy, the Second Law of Thermodynamics can be 
deduced from the principle of Least Action. Thus even in the simplest case, when the 
system does no external work, we require the additional assumption that the absolute 
temperature is proportional to the mean kinetic energy. Now, in the only case in 
which the theory has been completely worked out, that of the kinetic theory of gases, 
the absolute temperature is measured, not by the mean total kinetic energy directly, 
but by the mean kinetic energy due to the translatory motion of the centres of 
gravity of the molecules This is shown by the way in which Boyle’s Law is deduced 
from the kinetic theory. If the temperature depended upon the vibratory energy, we 
could not explain why the relation between pressure, density, and temperature is 
practically the same for all gases, while the ratio of the vibratory energy to the 
translatory energy varies from an exceedingly small fraction in the case of mercury 
vapour to more than half in the case of hydrogen, oxygen, and nitrogen. Thus in the 
case of gases we have strong reasons for supposing that the temperature is measured 
by the mean translatory energy, the mean bemg taken for all the molecules. 
In the case of sohds and liquids this is not so clear, but even here there seem to 
be reasons for believing that the temperature is measured by the mean of some 
particular kind of energy rather than by the mean total kinetic energy. From the 
continuity of the sohd, liquid, and gaseous states of matter we should expect the tem¬ 
perature to depend upon the kinetic energy in the solid or liquid as well as in the 
gaseous state. But, if in the case of a solid the temperature were measured by the 
mean total kinetic energy and not by the mean of some special kind of energy, then, 
if we have a gas and a solid at the same temperature, the mean total kinetic energy 
of the gas will be greater than that of the solid, for by our supposition the mean 
translatory energy of the molecules of the gas equals the mean total kinetic energy of 
the molecules of the solid. Now, the specific heat of water in the solid state is about 
the same as that of the same body when in the gaseous state, while for some substances 
it is double, as it would be if the kinetic energy in the solid state were equal to that 
in the gaseous, and if, as we should expect d priori, the work supplied to a solid is 
equally divided between the kinetic and potential energies. For this reason, we 
conclude that the mean kinetic energy of the molecules of a solid is not less than the 
mean kinetic energy of the molecules of a gas at the same temperature ; and hence, 
that the temperature in the solid state is measured by the mean of some particular 
kind of energy. It would seem most probable that this particular kind would be the 
energy due to the translatory motion of the molecules; and that the temperature is 
measured by the mean energy due to the translatory motion of the molecules in the 
solid and liquid as well as in the gaseous states. 

In the simple case we are considering, we have seen that it follows from the 
principle of Least Action that SQ/T* is a perfect differential. 

If this is identical with the Second Law of Thermodynamics, then T« must either 
be a constant multiple of 6, the absolute temperature, or T m /6 must be a function of <£, 

3 p 2 
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where <j> is given by the equation d<j) = dQ/T m . Making the first supposition, and 
remembering that the absolute temperature measures the mean energy due to the 
translatory motion of the molecules, we see that it is equivalent to supposing that the 
mean total kinetic energy of the molecules is a constant multiple of their mean tratis- 
latory energy. This is the assumption which was originally made by Clausius, and 
we see that it must be made if we are to derive the Second Law of Thermodynamics 
from the principle of Least Action 

Boltzmann, in his celebrated investigation 5 ' of the distribution of energy among 
the molecules of a gas, each molecule of which possesses n degrees of freedom* arrives 
at a much more definite result. According to this investigation the mean kinetic 
energy corresponding to each degree of freedom is the same, so that the mean kinetic 
energy due to the translatory motion of the centres of gravity of the molecules is 
only S jn of the mean total kinetic energy of the molecules. The proof of this 
theorem given by the author seems to me to be open to grave objection, and the 
results to which it leads have certainly not been reconciled with the properties 
possessed by actual gases. According to this theorem, the result is the same, 
whatever be the constitution of the molecule, and whatever the forces exerted by one 
molecule on another when they come so close together as to be within, the range of 
each other’s action. Boltzmann shows that, if the number of molecules which have 

the coordinates q x> q 2 , . q n and the corresponding momenta p x , p 2i . p n 

between the limits q x , q x + Bq x , q % + 8 q 2 ,. . . q n , q H + 8 q H) p 1} p x -f 8ip„ . . , 

Pn, Pn + §Pn, ^ 

Ce-* (T + x) dq x clq 2 . . . dq n . dp x dp 2 . . . dp m 


where C and h are constants, and T and ^ the kinetic and potential energies of such 
a molecule; then the number of such molecules will remain constant, as in a given 
time as many molecules pass out of that state as enter it. Thus, if this distribution 


is ever established, it will be a steady distribution, i.e., the state of the gas will not 
change. To prove the theorem we have quoted above, Boltzmann integrates this 
expressions assuming that each velocity may have all values from phis infinity to 

seems to me, however, that this assumption is not legitimate, 
T® 08,11 ^ the limits of the velocity we must know the nature of 
$n4 t the forces between two molecules when they come within the sphere 
Yf 6a ®tion, easily ’imagine cases in which the assumption is not 

t***™ two tidies describing orbits about their centre of 
attraction If the relative velocity of the bodies exceeds a 




^hich depends upon, i|ie distance between them and the law of 

if*'±L, li. *41^ .. .. »,n * * j. , t , # . 

-mpk together, out will separate until they are 
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molecule, the molecule will be split up when the relative velocity of the atom exceeds 
a certain value; so that in this case the limits of the relative velocity would be 
functions of the coordinates fixing the position of the atoms, and not plus and minus 
infinity, as in Boltzmann’s investigation. We can, moreover, imagine a kind of 
molecule for which we can prove that the theorem itself is not true. We know that 
many dynamical theorems have then most elegant applications to systems of electric 
currents flowing through neighbouring circuits, and that if any dynamical theorem 
is true at all it must be true when interpreted in an electrical sense as well as m the 
mechanical one. This is evident, because we can apply the same method, that of 
Lagrange’s equations, to both the electrical and mechanical problems. Thus 
Bol tzman n’s theorem, if it is true at all, must be true when some of the coordinates 
fixing the configuration of the molecule are coordinates which fix the distribution of 
electric currents flowing through circuits attached to the molecule Let us suppose 
that these coordinates, which we will call x l} x 2 , . . x n , fix currents flowing through 

perfectly conducting circuits in parallel planes in the molecule, the circuits being so close 
together that the magnetic force due to the currents round the other molecules, or to 

any other external source, may be taken as constant over the circuits. The kinetic 

• • 

energy due to the currents x v £c 2 ,... circulating through these conductors is of the form 

i(I i ii a a a + 2 , ^- J i2**'3*^3 "k • • •)• 

Let y X) y 2 , be the “ principal ” coordinates, fixing the same configuration as that 
fixed by x l3 x^ ...; then, when the kinetic energy is expressed in terms of these 
coordinates, it is of the form 

+ L 3 2/ a s + • . •)• 

The electrical equations are :— 
d 

—(Li 2 /i) = rate of diminution in the number of lines of force passing through the 
circuit corresponding to y, 

^(Lg^jj) = the same thing for the circuit y %i 

Now, since all the circuits are parallel, and so close together that the magnetic force 
may be considered constant over them, the number of lines of force passing through 
2/i will be in a constant ratio to the number passing through y % . Let this ratio be A; 
then 

Or, if y 1 and y % are each initially zero, 

■^i2/i = ^ 
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Now, the kinetic energy corresponding to y x is 


that corresponding to y % is 



The ratio of these is X 2 L a /L x ; this is a quantity depending only on the configuration 
of the circuits, and, if the molecules are geometrically similar, will be the same for each 
molecule, thus the ratio of the mean kinetic energy corresponding to y x to that corre¬ 
sponding to y % is X^Lg/LjL, and, by properly choosing the configuration of the circuits, 
this quantity may be made to have any positive value we please, whereas, if 
Boltzmann’s theorem were true, the ratio ought always to be equal to unity. Hence 
we conclude that Boltzmann’s theorem is not true. It ought to be noticed that in 
this case the ratio is constant, though not unity, and this is all that is assumed by 
Clausius. 

* The consideration of the collision of two vortex rings, according to the vortex ring 
theory of gases, would, I think, lead us to the conclusion that the energy corre¬ 
sponding to each mode of vibration is, when the gas is in a steady state, a function of 
the mean translatory energy of the molecules of the gas, the function being of such 
a kind that, the higher the mode of vibration, the smaller the ratio of the corre¬ 
sponding energy to the mean translatory energy. 

The application of the Second Law to the case we have just discussed, which is the 
one investigated by Szily and Clausius, does not include the application to the case 
(almost the only one of importance in the applications of the Second Law) when the 
system absorbs or expends work when heat is communicated to it. It would not 
include, for example, the case when heat is applied to a gas at constant pressure. 

Let P], P^ ... be the external forces of type yq, y> 2 , respectively, acting on the 
system, and let the points of application of these forces move through $p x , . . . 
Then, if 8Q be the quantity of undirected energy supplied to the system, that is, 
energy that is not supplied by moving the system against definite external forces, 8T 
and BY the increments in the kinetic and potential energies of the system, 


V 1 4' 




? I 1 f, ? i ' ' 

isai 



to.(6) 

<■ , 

thecas© ofi a gas contained in a cylinder with a movable 

1 % T 

\, -sv -+p &x, 

IpS' * J $ 

piston, and on the distance of the piston from the 
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[* In considering this case it will be convenient to divide the kinetic energy into 
two parts, one part, which we shall denote by T 1? depending on the velocities of 
coordinates fixing the position of the molecule, the other, which we shall denote by 
T 3 , depending on the velocities of coordinates of the type p, which we have completely 
under our control. The coordinates fixing the configuration of the system with 
respect to strain, electrification, magnetisation, &c, are coordinates of this class. 
T s will be a quadratic function of the velocities of the p coordinates, since the total 
kinetic energy of the system cannot involve the product of the velocity of a p 
coordinate with that of one fixing the position of a molecule; otherwise the kinetic 
energy of the system would be altered by reversing the motion of all the molecules. 

We have, by Lagrange’s equation, 


now 

and by definition 


d dT 
dtdp L 


dT 

dp 



T = T, + T* 



we have also, by the Conservation of Energy, 


SQ = ST, + ST a + SV- 2P Sp;.(6*) 

now 

*** = *(£* + %$) .(7) 


since T a is a homogeneous quadratic function of the velocities of the “p” coordinates. 


and therefore 



subtracting (7) from (8), we have 




If the change in the configuration is 


that which actually takes place, then we have 


so that 


Pi 8i = Sp x , 



dT s \ 


* This portion ■within brackets re-written October 17,1887. 
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so that equation (6) becomes 

8 Q= 2 S i’(l?-f+¥- p ) +8v -"“ +8Ti; 


substituting for P from (5), we have 

8Q = ^ — 1 Sp 4“ 8Tj_ 4“ SVp constant..(®) 

Now, if p enters into the expression for the kinetic energy due to the motion of the 
molecules of the body, it must enter as a factor into all the terms expressing this 
energy, otherwise the phenomenon symbolised by p would be more affected by the 
motion of particular molecules than by that of others. Thus T x must be of the form 

m t 8 

when T s does not involve p. 

Thus 

_ f jp) rn , 

“"/GO 11 ’ 

and therefore, by (9), 

8Q = "ty ™ T 2 8p 4" ST X 4" ^(pconatant)) 

so that 

jr = s /uf S P + S lo e T i + .(10) 


Since T L is assumed to be proportional to the absolute temperature, and since the 
first two terms on the right-hand side of the equation are perfect differentials, we 
see that, m order that $Q jO should be a perfect differential, 


(p constant) 

e 

must be one too. 

The state of the body is determined if we know the value of the p coordinates and 
the temperature, so that 8Y, when p is constant, may be written as 


dV 
' dd 



where dV fd$ is very large when the temperature is near the melting or the boiling 
•fcofellf the substance. 

As , r a J \ l _r * 

* ft 1 J> ■“ 

* S * 
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Making this substitution for SV in equation (10), we have 

8Q = s|*8p + 8T 1 + JJ’-Sft. (11) 


Now let us suppose that only one coordinate, p lt changes, and that just as much 
heat is supplied or absorbed as is sufficient to prevent the temperature from changing; 
then, since the temperature is constant, ST X and 80 both vanish, and we have 




Now, if P x be the force which is required to keep p l constant when the system is in a 
steady state, 

p — 

1 “ dp i dp x dp x 

dpi f(l 0 1 dp x ' 


Now, since dV/dp x and dT.Jdp l do not explicitly involve 0, and since Tj is propor¬ 
tional to 0, we have 



, 0 is the only quantity which is supposed to vary. 

Thus equation (11) becomes 

(8Q).—=-*(§')&.(12)] 


where, in finding 


This result can be obtained from the Second Law of Thermodynamics; it was so 
obtained by von Helmholtz, and applied by him to the very important case of the 
heat produced in the voltaic cell in his paper “Die Thermodynamik chemischer 
Vorgange ” (‘ Wissenschafthche AbhandJungen/ vol. 2, p. 962), 

§ 4. It will be seen from the preceding work that the Second Law of Thermo¬ 
dynamics cannot be deduced from the principle of Least Action, unless we know 
a good deal about the distribution of energy among the molecules, and unless we 
make in addition a good many assumptions. Por this reason, in discussing the 
applications of Dynamics to Physics, I prefer to apply the principle of Least Action 
directly to the various problems, and not to start from the Second Law as an 
intermediate stage. In the rest of the paper I shall endeavour to show how this can 
be done. 

3 Q 
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The Application of Dynamical Principles to Phenomena which are m a Steady State 

§ 5 The most convenient principle for this purpose is the Hamiltonian one, 
according to which, if i he constant, 

s(‘l* = 2 l~h)\ .(12*) 

Jo \dq to 


where q is one of the coordinates helping to fix the configuration of the system, and 
L the Lagrangian function or Rooth’s modification of it, according as it is or is not 
expressed entirely in terms of the velocities of the coordmates. 


If 



and if S be expressed in terms of i, and the coordinates at the times 0 and i, then, if q 
he a coordinate at the time i, we see from equation (12*) that 


and, by Lagrange’s equation. 


dT_ rfS 
dq dq 


§L _ fL /T_y\ . 

dtdq~~dq K }> 


hence we see that the momentum corresponding to any coordinate and the rate 
of change of the momentum can both be expressed as the differential coefficients 
of functions with respect to that coordinate. 

We shall now proceed to show that for Steady Motion 


8L = 0, 


where L is the mean value of L, and where S is to be interpreted in the following 
way. 

All, or nearly all, the systems we shall have to deal with are those which consist of 
a large number of molecules, and we may conveniently for our purpose divide the 
coordinates, fixing the configuration of such a system into two kinds :— 

(a) Molar coordinates, which fix the configuration of the system as a whole, and 
“whose value we may by various physical processes alter at our pleasure. When we 
say that the system is in a steady state, all that we mean is that the configuration as 
%§ed.by the molar coordinates is steady. 

coordinates, which fix the position of individual molecules. The 
coordinates are quite beyond our control. 
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Now, if we consider the molar coordinates, we shall see that they are of two 
kinds : the first kind, which I called in my first paper kinosthenic coordinates, only 
enter into the expressions for the energy through their differential coefficients, and 
do not occur explicitly themselves; the molar coordinates of the second kind enter 
explicitly into the expressions for the energies, and do not occur merely as differential 
coefficients. 

A good example of the two classes of coordinates is afforded by the coordinates 
required to fix the position of a rod suspended by one extremity We may fix it by 
the angle 0 which the rod makes with the vertical, and the azimuth <j> of the plane 
through the rod and the vertical line through its fixed extremity The expression 
for the kinetic energy of the rod in terms of these coordinates is of the form 


A. 8 2 + B sin 3 


the potential energy is of the form 


C cos 0, 


where A, B, C, are constants. We see that <j> is a cooidmate of the first kind, since it 
only enters the expression for the kinetic energy through its differential coefficient, 
while 0 is a coordinate of the second kind, as functions of d occur in the expressions 
for the kinetic and potential energies. When the system is in a steady state the 
velocity of the first kind of coordinate is constant, while that of the second kind is 
zero. In the variations which we shall suppose L to suffer we shall suppose that the 
velocities of the kinosthenic coordinates remain unaltered, while the coordinates 
of the second kind are varied. In calculating the mean value of L for a system in 
a steady state, we may suppose that all the terms in the kinetic energy which involve 
a differential coefficient of a coordinate of the second kind are omitted, since m the 
steady state these differential coefficients vanish We may, therefore, for our purpose, 
without loss of generality, suppose that dLJdq 2 = 0, where q z is a molar coordinate 
of the second kind. 

The equation 


SL 



may convemently be written 


SL = 2 



where and q z are molar coordinates of the first and second kinds respectively, and 
<?3 is a molecular coordinate. We may disregard the last term by the reasoning, due 

3 Q 2 
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to Clausius, which we have already given on page 474, and we have just seen that 
we may suppose dLjdq 3 = 0, so that the equation becomes 




but, since the motion is steady, dLjdq 1 is constant, so that this may be written 

SL = sg(8 2l )i. 

Now we have supposed that the variation is of such a kind that q l remains 
unaltered, in this case remains constant throughout the motion, and therefore 
(8 ?1 )J vanishes, so that we have 

S L = 0, .(13) 


or L has a stationary value for all changes which leave the velocities unchanged 

It is convenient to work with the mean values of L, because, as we shall see later 
on, it is possible in many cases involving the motion of great numbers of molecules 
to calculate L from data given by experiment, when it would not be possible to 
calculate L. 

The expression for the energy of a system consisting of a great number of molecules 
will contain terms of three kmds. (1) terms depending entirely on molar coordinates; 

(2) terms depending partly upon molar and partly upon molecular coordinates; and 

(3) terms depending entirely upon molecular coordinates. The energy expressed by 
the terms of the first kind can be entirely converted into mechanical work, while that 
expressed by the terms (2) and (3) can only be partially converted, the extent of the 
conversion depending on the distribution of kinetic energy throughout the system. 
Yon Helmholtz* calls the first kind of energy free energy, the other he calls bound 
energy. 

Since the velocities are supposed to remain constant in the variations we con¬ 
template in equation (13), it is evident that the only terms in the kinetic energy 
which are affected are those which involve the coordinates themselves. The energy 
expressed by such terms we may call the positional kinetic energy, and it is the only 
part of the kinetic energy which we need consider, or which has any influence on the 
way in which any transformation of energy takes place. We shall now go on to 
apply the principle that 

S L= 0 

** Thennodyaatnik cfeeiruBelier Yorgange,'’ * Wissensoiaftliclie ALlLandlungeD,’ 

h * i 
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Evaporation. 

§ 6. The first case we shall take is that of evaporation. Let us suppose that we 
have a liquid and its vapour in a closed vessel, and endeavour to find an expression 
for the density of the vapour when it is in equilibrium with the liquid. We have 
here two systems for which we have to find expressions for L when in a steady state, 
the first being the gas, the second the liquid. 

The variation we shall consider is that which would he produced if a small quantity 
of the liquid were vaporised, keeping the velocities of the molecules the same as in 
the liquid condition, and thus keeping the temperature of the liquid and gas constant. 
We must find the effect of this change on the value of L for the gas and the liquid. 
To do this for the gas, let us consider the case of a cylinder furnished with a piston 
and containing a given quantity of gas. Let x denote the distance of the piston from 
the base of the cylinder, and let us look on the gas as a dynamical system defined by 
the coordinate x. 

We have, by Lagrange's equations, 

d rfL riL t « , j. . . 

— — —— = external force tendmg to mcrease x : 
at dx ax ° 


or, when there is equilibrium, 


— I ~ dt — average external force tending to increase x. 
J o dx 

Since x does not enter into the limits of integration. 


idL 


£ 


J ^L , dL 
o dx dx' 


The average external force tending to increase x is — pA, where p is the pressure per 
unit area, and A is the area of the piston. 

Thus 

dx 


If the gas obeys Boyle’s Law, 


p — B pB > 


where /> is the density of the gas and $ the absolute temperature. If v be the volume 
of the gas, and if its mass be unity, we have 



and 


1 


P — 


—9 

V 
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so that 



-R 8-& 

p dos 

-R^iog,. 


Now, dur ing the changes that we contemplate, 6 remains constant; hence we see 
that the change in L is the same as the change m 



where p 0 is some constant density, so that we may put for the positional part of the 
kinetic energy, and that part of Y which depends on the density, 


L = L 0 + R0 log — > 

P 

where L 0 is the value of L when the density is p Q . As the energy vanishes at the 
zero of absolute temperature, L 0 will contain 0 as a factor, so that we may put for the 
mean kinetic energy, and that part of Y which depends on the density, 

L = # ^A + Rlog jj . .(14) 

where A may be a function of 9, but not of p 

This is the value of the aforesaid part of L for unit mass of the gas; if the mass 
of the gas were m, the value of this part of L would be 


m^A + RlogM> 

and we may treat the gas as if it were a dynamical system whose positional 
Lagrangian function contained the term 

mfljA + Rlog®!}. 

all the variations being made at constant temperature. 

We have next to consider the liquid. The expansion of solids and liquids by 
shows that there must be some terms in the expression for the energies of : 

liquid which inchoate the existence of a stress depending on the tempdralure. _ 

to find such" terms, let us suppose that v is the vol um e of the solid or liquid at 
^ temperature 0. The dilatation per degree of temperature is 
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If the rate of dilatation, be uniform and equal to /3, the dilatation for 0 degrees is ($0, 
the stress required to produce this dilatation is k/30, where k is the bulk modulus. 
Now, we can show by Hamilton’s principle that there will be a stress of this amount 
if, m the expression for the positional kinetic energy, there is the term 


where v 0 is a constant volume. 
Since 


f k(30 dv, 
J tv 


X dv\ 


o _/; 

p -[v ddj 


p constant 


K 


dp^ 

— [v-f 
dv i 


-(■ 


0 constant 


p being the pressure to which the surface of the solid or liquid is exposed, 

^ _ dv dp _ /dp\ 

dd dv \dd) t, constant ’ 


so that the term in the positional kinetic energy may be written 




0 constant 



Thus a dynamical system with this term in the expression for the positional kinetic 
energy will behave like the solid or liquid so far as expansion by heat goes. 

We may add to this the term 

Me L 0 t 

where M is the mass of the solid or liquid, and c x a constant, as this term will not give 
rise to any stresses tending to strain the body. Unless this term has different values 
for the different states in which the body can exist, the temperature being kept 
constant, it will disappear from the variation equation. 

We can now solve the problem of finding the density of the saturated vapour of a 
liquid at any temperature. 

Let us suppose that we have a mass N of the liquid and its vapour in a closed 
space: let £ be the mass of the vapour, N — £ that of the liquid, w l9 w 2 , the mean 
intrinsic potential energies of unit mass of the vapour and liquid respectively, Q the 
volume occupied by the vapour. Then, if there is no energy due to surface-tension, 
electrification, and so on, the value of L for the vapour, using the same notation as 
before, is 

£(A0 + R*log *)-£*, 

for the liquid 

(N - 0 c-fi + jj? — (N — 0 w. 
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If cr be tbe density of the liquid 


we have also 


N - | 

v =--; 

<T 


pQ = i; 


hence the value of L for the solid and liquid equals 

(Ue + rb log z&j + (N — f) 0,0 + e £ |- &v — fa — (N — f) w % . 

Let us suppose that the mass of the vapour is increased by S£; then, since L is 
stationaiy, 


the temperature remaining constant, 


£ = 0. 


Hence we have 


A9 + B,eiog- e ^-B0+fB,e^-c 1 0-^-«> 1 +«> s = O. . (16) 

When the mass of the vapour increases by 8£ the mass of the liquid diminishes by 
the same amount, so that the volume of the liquid diminishes by 8 £/cr, and therefore, 
since the liquid and vapour are supposed to be contained in a vessel of constant 
volume, the volume of the liquid increases by the same amount, so that 

dQ_l 

and equation (16) becomes 


A0 + Reiog.&-R0(l-£)-c 1 0-±0^-w I +w ss =O; . . (17) 


or if, for brevity, we write 


__1_ dp A _Cj 

R<r 1 R* 


p = p Q e* e-d*e w '- Vl 'I R9 1 . 

or, since p/tr is very small, we hays approximately, writing p 0 ' for p 0 e*, 

’ ' ' p = p 0 '. 


(18) 


(19) 


■JJ&p quantity most closely related to w 1 — tu z is tbe latent beat of evaporation, but 
4 quantities are not necessarily identical, for w l — w s is the excess of the 
i$ potential energy of unit mass of the vapour over that of unit mass of the 
at the same temperature. The latent heatj however, at this temperature is 
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the amount of work required to convert unit mass of liquid into vapour. If the 
kinetic energy of unit mass of the liquid is the same as that of unit mass of the gas 
at the same temperature, the latent heat will equal w l — w 2 , but if the kinetic 
energies are different, then, since the latent heat equals the difference between the 
sum of the kinetic and potential energies, it will not equal u\ — w % ]* 

. In the above work we have assumed that the vapour obeys Boyle's Law. If we 
assume that the relation between pressure, density and temperature is that given by 
van dee. Waals’ formula 

_ Rd a 

P “ v _ l ~ ^5 5 


where v is the reciprocal of the density, and a and b constants, we may show, in a 
way similar to that by which we established equation (16), that, when the vapour is 
in equilibrium with the fluid, 


B.0 log 




p\ Rfl 
cr) 1 — ip 



1 ■_#<& 
a dd 


Wi + w 2 = 0; 


or, since p/a is very small, we may write this equation as 


B0 log 



4- 2 ap — B# bp — ~L6 — (w L — w z ) = 0, 


( 20 ) 


neglecting 6 2 , and writing L for a number of constant terms. 

§ 7. The method just given enables us to calculate readily the effect of slight 
changes in the physical conditions on the vapour-pressure. Let us take, first, the 
effect of surface-tension If the shape of the liquid is such that the area of its free 
surface changes when any of it evaporates, then we must take into account the 
energy due to the surface-tension. Let us suppose that the liquid is a spherical drop, 
whose radius is a ; then we must add to the expression for the mean potential energy 
of the liquid the term 4ira 3 T, where T is the surface-tension of the liquid. In this 
case, using the same notation as before, and assuming Boyle’s Law, we have 


L = £ (xe + B0 log + (N - £) e x 6 + [’ 6 % dv - f w, - (N — £) w % — WT; 


and the equation got by making the value of L stationary for a small change in £ is 


A0 + R0log ^ — R0 4* — Ci# — \ B — w 1 ■+ w z — 8irctT ~ = 0 ; (21) 
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but 

so that 

and equation (21) becomes 


d( = — 4iraV da, 

da 1 

d£ AnraPcT ’ 


A0 + R0 log j — R0 + RQ £ — o L 0 — ^ 0 4* % + ~ — 0* • ( 22 ) 

Comparing this with equation (17), we see that, if Bp be the change in the vapour- 
pressure due to the curvature, 

-R0^ + E0^ + — =0, 

p cr aa 

or 

R0&p = -^ £ -- .(23) 

r a — p a 


This coincides with the formula given by Sir William. Thomson (‘ Proceedings of the 
Royal Society of Edinburgh/ Feb. 7, 1870 ; quoted in Maxwell’s ‘ Theory of Heat/ 
p. 290). 

We can also prove that the density of the saturated vapour will be altered by 
charging drops of the liquid with electricity. For suppose the drop to be spherical 
and charged with a quantity e of electricity. The potential energy due to the 
electrification of the drop is -J e 8 /a; subtracting this from the value previously given 
for L, we may easily prove, in the same way as before, that the change Bp in the 
vapour-density, due to the electrification, is given by the equation 


R0 Bp = — 


1 e® p 
87 r a 4 <r — p* 



fljttmmrng that as the drops evaporate the electricity remains behind on the drop. 
This seems to be proved by Blake’s experiments on the evaporation of electrified 
liquids (Wiedemann’s ‘ Lehre von der Elektricitat/ vol. 4, p. 1212). We see from 
equation (24) that electrification diminishes the density of the saturated vapour, so 
that moisture might condense on a drop of water when electrified, though the same 
drop would evaporate if not charged with electricity. This would tend to make 
electrified drops of rain larger than unelectrified ones, and would probably tend to 
increase the size of the rain drops in a thunderstorm. 

maximum value of e/a* in air at atmospheric pressure is about 130 C G.S. 
UmtS in electrostatic measure, so that the maximum change in the density of the 
saturated vapour is given by the equation 
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169 x 10 3 p 

Stt cr — p 

p/(<r — p) for water at atmospheric pressure is about -§^ 0 , so that Sjp, the alteration in 
pressure, which equals B.0 Sp, is equal to 

-169 x 10 3 
8 tt x 800 ’ 

* 

which is roughly about *87, so that the maximum change in the vapour-pressure 
which can be produced by electrification is about of the vapour-pressure of 

water at 15° C. In sulphuric acid the ratio would be very much greater. 

We can calculate in a similar way the alteration in the vapour'-pressure produced 
by any alteration in the state of the liquid. All we have to do is to calculate the 
change in the value of L due to this alteration. If this change be x> then we may 
prove, just as before, that 

nn p = dt^~ P - • ’.< 25 > 



It should be noticed that Sp and dy]d% are of the same sign, so that the presence of 
any kind of energy which causes L to increase as evaporation goes on will facilitate 
the evaporation. Thus, in the case of surface-tension, the potential energy due to 
the surface-tension diminishes as evaporation goes on. this corresponds to an increase 
in L, so that the surface-tension will facilitate the evaporation; again, in the electrical 
case, the potential energy due to the electrification increases as evaporation goes on . 
this corresponds to a decrease in L, so that the electrification will tend to stop the 
evaporation. These are only special cases of a general principle, of which we shall 
find frequent illustrations in the subsequent work. 


Dissociation. 

§ 8 . Another problem to which the method can be applied is that of a gas partly 
dissociated into two components. Let us suppose that we have a quantity of gas 
contained in a vessel whose volume is V, and that part of it is in its normal condition, 
which we shall call A, while the molecules of the rest of the gas have been split 
up. we shall call this state of the gas B. Let £, 77 , be the masses of the gases in 
the states A and B respectively. Then the value of L for the gas in the state A is, 
by the investigation on p. 487, 

i^e + ^d logb-vi), 

3 E 2 
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where A 3 is a constant, p the density of the gas in the state A, 6 the absolute 
temperature, v l the mean potential energy of unit mass of the gas , E, x = 'P being 
the pressure of the gas. 

Since pv = £ we may write this as 

f^tf + R^log^-®,).(26) 

The value of L for the gas in state B is similarly 

V (a*6 + R 3 0 log ^ .(27) 

where letters with the suffix 2 denote for gas in the state B quantities corresponding 
to those denoted by the same letters with the suffix 1 for gas in the state A. The 
value of L for the whole system equals the sum of (26) and (27). 

Let us suppose that a mass 8g of the gas in the state A gets decomposed; then, if 
By be the increase in the mass of the gas in the state B, we have By = 8 £. The change 
in the positional part of L for the system is 

- Sf (AJ + R^ log tojf — R^ — Vj) + b (M + log ^ - Bstf - V 2 ); 

but By =s Bg, and when the system is in a steady state the variation of L vanishes, so 
that we have 

{4 1 -A a + (R 1 -E 3 )}^ + R 1 01og^ r -R i fllog^-(T 1 -Y i( ) = O. . (28) 

If two of the molecules of the gas in the state B make up one of those in the state 
A, that is, if the gas on dissociation splits up into two components, we have 

B d = 2B X . 

Making this substitution, equation (28) becomes 

— A a + B 1 = ~ 1 ~ e Vs ,.. . (29) 

where a is a constant. 

If the density of the mixture of normal and dissociated gas be 8, and the density of 
the normal gas at the same density and pressure d, then we have 

8 g + y 

d £ -t- ) 
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so that 

28 - d __ | 

d — 8 7] 

and 

28-d £ . 


& £ +v 

again 

YS = £ + n ; 

so that 

£ = V(2S -d), 
v = Y(d-8). 


Substituting these values for £ and yj in equation (29), we get 

+ A 1 -A S + R 1 =^&..(30) 

This formula agrees substantially in form with one given by Professor Willard 
Gibbs in bis paper on the “ Equilibrium of Heterogeneous Substances ” (‘ Transactions 
of the Connecticut Academy of Arts and Sciences/ vol. 3, 1874-8, p. 239). In bis 
paper on tbe vapour-densities of nitrogen tetroxide, formic acid, acetic acid, and per- 
chloride of phosphorus (‘American Journal of Science and Arts/ vol. 18, 1879, p. 277), 
Professor Gibbs compares the density given by his formula with those found by 
various experimenters for the substances mentioned in the title of his paper, and he 
finds that the two sets of values agree very closely. 


Liquefaction and Solution. 


§ 9. We can apply the Hamiltonian principle to cases when a solid and liquid are in 
equilibrium in presence of each other, as, for example, when we have a mixture of ice 
and water, or a salt in a saturated solution of a liquid in which it can dissolve. 

Let us first consider the case of liquefaction and take the case of the melting of ice 
as the typical one. We must first find the value of L for a mixture of ice and water. 

The positional part of T for a solid or a liquid contains the term 



where v is the volume of the solid or liquid, v Q is a constant, and dp/dd is obtained on 
the supposition that v is constant. Thus the positional part of L for the mixture 
of ice and water equals 
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where V is the mean potential energy of the mixture. By Hamilton’s principle 
f.hifl expression must be stationary when there is equilibrium, the temperature remain¬ 
ing constant. Let us suppose unit mass of ice to melt: the change in the first terms is 



where v x ' is the volume of unit mass of water, and v 1 the volume of unit mass of ice. 
The increase in the potential energy is equal to the latent heat under the pressure p 


of water, so that Hamilton’s principle gives 

6 \:% dv=y . (s2) 

*. * 

Now Planck has shown # that 

.< 33 > 

where P, the pressure to which both the ice and water are subjected, is regarded as a 
function of the temperature alone. 

Hence we have, by equation (32), 

= ^ . ( 34 ) 


the well-known equation connecting the change in the melting point of ice with 
the change in the pressure to which it is subjected. In this equation X is the increase 
in the potential energy when unit mass of the ice melts. It will depend to some 
extent upon external circumstances; thus, if the water is of such a shape that the 
area of its free surface changes when ice melts, then, on account of the energy due to 
surface-tension, X will depend upon the change in the surface. As the volume 
diminishes as the ice melts, the surface will in general diminish, so that the energy 
due to this cause will be diminished by the liquefaction, and the effect of pressure 
upon the freezing-point increased. Since the volume changes, work is done by or 
against the external pressure. thus X will be a function of the pressure. If Xq be the 
value of X when the pressure is zero, X the value when the pressure is p, we may 
easily prove that 

so that X d i mini s h es as the pressure increases, and the effect on the freezing-point 
of a given increment of pressure will increase as the pressure increases. 

* ‘‘Webdejohm’s Annalen,’ vol. 13, p. 541. 
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Solution, 

§ 10. The next case we shall consider is that of a saturated salt solution. 

Let 10 be the mean value of Bp/dO (v constant) at the temperature 6 for the salt, w' 
the value of the corresponding quantity for the solution; let v be the volume of the 
salt, v' that of the solution, q the mass of the salt, q f that of the solution; Y 1 the 
mean potential energy of unit mass of the salt, V s that of unit mass of the solution. 
Then, if there is no energy due to strain, electrification, &c., the positional part of 
L will be equal to 

Owo + Ou/'i/ — qV 1 -~ q' V 2 .(35) 

When there is equilibrium this must be stationary, so that, if we suppose a small 
quantity S#' of the salt to melt, the value of L must remain unaltered. 

If cr and p are the densities of the salt and the solution respectively, then when 
the mass Sq' of the salt melts the changes in the volume of the salt and the solution 
are given by 

Sv — — S^'/cr 

As the properties of the fluid may alter with the amount of salt dissolved, we must 
regard w and V 2 as functions of q. Bemembering this, we see that the change in 
the value of L, when a mass Bq of the salt dissolves, is 




e^ + e^ 

cr p 



+*?+ v i- v * 



and this, by the Hamiltonian principle, must vanish. Hence, equating the quantity 
inside the brackets to zero, we have 


u/ . g f tit 1 | , d/u/ _ w . 1 ( _ 


(37) 


This equation would determine p, the density of the saturated solution, if we 
knew how vf, V 2 , and p depended upon the amount of salt in unit volume of the 
solution; as, however, we have not this information, we cannot reduce this formula 
to numbers. We can, however, use it to calculate the effect upon the density of the 
solution of any change in the external circumstances. In the preceding investigation 
we have supposed that the energy possessed by the salt and the solution was all 
intrinsic as it were, and that none of it depended upon strain, electrification, magne¬ 
tisation, and so on. 
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The methods of calculating the potential energy due to strain, &c., are, of course, 
well known. The corresponding terms in the kinetic energy can be calculated in the 
following way. 

We saw, on p. 480, that if y is a coordinate of any type, and P a quantity such 
that, when y is increased by 8 y, the energy in the system is increased by P8y, then 


dy dd 

P may be regarded as a force of the type y, so that, if this force depends upon the 
temperature, there will be a term in the mean kinetic energy equal to 



so that the expression for the positional part of the kinetic energy equals 


the summation being extended over all the types of coordinates. The term in the 
potential energy corresponding to the coordinate of type y will be 

JPq<%, 


where P 0 is the part of P which is independent of the temperature. . 

By the above equations we can calculate the term in the expressions for both the 
kinetic and potential energies involving the coordinates of any type. If, however, 
we only require to calculate the value of L, a much simpler process is applicable. 

For when the system is in a steady state 


so that we have 



4 * 

L = JP dy 


(38) 


Let us now apply these equations to calculate the effect which any change in the 
external circumstances has upon the solubility of a salt Let us, for example, consider 
the effect of capillarity. Then, if the process of solution alters the volume of the 
mixture of salt and water, it will in general alter the surface, and so alter the energy 
due to the surface-tension. If it increases the energy, the surface-tension will tend to 
stop the solution; if it dimin ishes the energy, the surface-tension will facilitate the 
solution. The energy due to the surface-tension will change even though the volume 
remains unaltered, if the surface-tension depends upon the quantity of salt dissolved 
in the liquid; if the surface-tension di minis hes as the salt dissolves, then the surface- 
tension will facilitate the solution; if it increases, it will tend to prevent the salt 
dissolving. This result, as well as the preceding, follows from equation (37). We 
see* by that equation, that anything which mak es d> (gWg) fd>Q increase will increase 
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the difference between to'/p for the solution, and the same quantity for the salt, and 
therefore probably diminish the quantity of salt m the solution; for it seems natural 
to expect that, the more salt we have dissolved in the solution, the more nearly will 
the properties of the solution approximate to those of the salt Any additional 
energy which increases as solution goes on makes cl (q'Y 3 ) Jdq positive, and therefore 
tends to stop the solution 

To calculate the magnitude of the effect due to capillarity, let us suppose that the 
mixture of salt and solution is in the form of a spiay of spherical drops of radius a . 
The additional term in q'Vg due to the surface-tension will he 

4ira 3 T, 

where T is the surface-tension. We have then, from (37), 


but 

so that 
and therefore 


n *[w' , , d 1 f dv .A m da 

*(7 + !t ' 2 & p + v w = + ’ 


4 o q . q 

-net 3 — —J- - 


'+ 

<T p 


da 


d (V 


4ir o~ ~ *-2 j r \ 

dq p <r * dq \ Pj 




We can determine experimentally the value of all the quantities on the right-hand 
side of this equation, and, if we know the quantity in brackets on the left-hand side 
as a function of p, we can at once determine the change in the density of the solution. 
We can express this in a way which more readily admits of comparison with experi¬ 
ment ^ Suppose that the existence of the surface-tension causes as much salt to be 
absorbed at 6 as would be absorbed if there were no surface-tension at 6 + 80; then, 
by comparing equations (37) and (39), we see that 



but the denominator is the increase of potential energy when unit mass of the .salt 
dissolves. We can measure this by the cooling. Let it be denoted by X; then 



3 s 


MPCOCLXXXVn.—A. 



498 


PROFESSOR J J THOMSON ON SOME APPLICATIONS OF 


Hence we see that the density of the saturated solution depends upon the extent 
of surface of the liquid, so that, if we alter the surface, we may either deposit or absorb 
salt. Effects of this kind have, I believe, been observed by chemists. 

Let us now proceed to investigate the effects of pressure on the solubility. Let us 
suppose that the mixture of salt and solution is under a pressure^ per unit area. The 
effect of the pressure will be due to two causes. The first is the change of volume 
which accompanies solution, and which causes the process of solution to be accompanied 
by an expenditure or absorption of work ; the second cause is that the energy due to 
the strain in unit mass of the salt is not, in general, the same as that of an equal mass of 
the solution, so that there will be a change in the potential energy when the salt 
dissolves. If k be the bulk modulus for the salt, k for the solution, the rest of the 
notation being the same as before, then the change in the potential energy due to 
strain is, when unit mass of salt dissolves, 

[tc'p ~ Aq' re 1 '*? dq’ p (Tk\ ’ 


the increase in the potential energy due to the change in volume is 

d , » 

P^(v + V), 

so that we have, by equation (37), 


/jcj | / / d 1 ; dw'\ d r . n i i a/I i t d 1 , v d 1 1 \ >. _ \ 

BS [- p +»5 Si -p + V W1 = p ¥ (r +vl + W + w ¥ 7 ■+ ? ¥ 7 - (42) 

or, if the change due to pressure be the same as the change due to an increase 80 in 
the temperature, we have 


v S# d . , ,\ , „ f 1 . , d 1 v 1 


dg' ic' 


d_ 1 
s! dp 


<TK 


(43) 


Thus we see that the effect of pressure consists of two parts, one of which is propor¬ 
tional td the pressure, and the other to the square of it. It will be well to try to 
gain some idea of the relative magnitude of these effects. Let us suppose that the 
pressure is n atmospheres, that is, in O.G.S. units, n X 10 6 . We do not know 
accurately the value of the second term on the left-hand side of equation, hut, since k 
for water is about 2 X 10 1Q , the multiplier of will be of about the order 10™ 11 , so 
that the ratio of the second term to the first will be.of the order 
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If the alteration in the volume of the saturated solution amo unt s to a cubic 
millimetre per gramme of salt dissolved, d (v + v')/dq is 10~ 3 , so that 


n x 1Q~ 5 

& (*+*■> 


= nf 100, 


so that with this amount of alteration in volume the terms proportional to the pressure 
will be the most important for pressures up to 100 atmospheres, while for pressures 
greater than this the term proportional to the square of the pressures will be the 
most important. In the case of a solution of sal-ammoniac the increase m volume is 
enormously greater than that stated, so that for such a salt the effect of pressure on 
the solubility ought to be very nearly proportional to the pressure. This agrees with 
Sorby’s experiments on the solubility of certain salts.* 

In this case the effect of pressure is expressed by the equation 



d(v + v') 

~~df~ 


(44) 


We can test the formula by comparing it with the result of Sorby’s experiments 
on the effect of pressure upon the solubility. The two salts we shall take are potassium 
sulphate and sodium chloride, as we can get approximate values for these salts for all 
the quantities involved in equation (44). 

According to J. Thomsen, the heat absorbed when 174 grammes of K^S0 4 dissolve 
in water is 6380 gramme*degree units, so that the heat absorbed for one grain of 
K^SO* will be about 36 gramme-degrees or 36 X 4*2 X 10 7 C.G.S. units. We may 
take this as an approximation to the value of X, though it must be remembered that 
X is the heat absorbed when one gramme of salt is dissolved in a nearly saturated 
solution. 

According to Sorby, when KgSO^ crystallises out of a saturated solution, the 
volume increases horn 100 to 134, so that, when a cubic centimetre of salt dissolves, 
the volume di minis hes by about *25 c c. The specific gravity of K a S0 4 is about 2 5, 
so that, when one gr amm e of salt dissolves, the volume diminis hes by *1 c.c., and 
d (v + v) dq' = —10" 1 , so that for 100 atmospheres the change in temperature 
required to produce the same change in solubility is at the temperature 15° O. given 
by the equation 

Sj Q _ 288 x 10 s -x 1Q-* 

“ 36 x 4*2 x 10 7 

= 2 °. 

Sorby found that the KgSO^ dissolved increased by about 3 per cent. According 
to Kopp, 100 parts of water dissolve 8*36 parts of B^SO^ at 0°, and *1741 part 

* Sorbt, ‘Roy. Soo Proo / vol. 12, 1863, p 538 

3 S 2 
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for every degree above 0°, so that at 15° C an increase of 2 per cent would cause 
an increase of 348 part in 10*9, which is about 3‘2 per cent., so that in this case the 
agreement is almost closer than we could have expected 

In the case of NaCl we have, getting the data from the same sources as before— 

A = 20 X 4*2 X 10 7 , 
d(v -f = 05; 

hence the change in temperature required to produce the same change as 100 atmo¬ 
spheres at 15° 

__ 288 x 10 B x j x IQ- 8 
20 x 42 x 10 7 

= 1’6° approximately. 

How, according to the curve of solubihty of NaCl given in Ostwald’s ‘ Lehrbuch der 
AHgemeinen Chemie,’ vol. 1, p 3 80, about 34 parts dissolve at 15°, and the increase 
is about of a part per degree Centigrade, so that for 1’6° the increase would be 
about 13 in 34 • this is 40 per cent. The value found by Sorby was '419 per cent, 
so that the agreement is again very close. 


Chemical Combination. 

§ 11. We can apply H amilton’s principle to the case of chemical combination. 
Let us in the first place take cases of the type studied by Gttldberg and Waage in 
their theory of chemical combination (‘ Etudes sur les Affinity Chimiques ’). 

In these cases there is equilibrium between various chemical actions which tend to 
reverse each other : a good example of such cases is that of a mixture of dilute solutions 
of sulphuric and nitric adds, sodium nitrate, and sodium sulphate. When the sulphuric 
acid acta on the sodium nitrate it produces nitric acid and sodium sulphate, while 
nitric acid by its action on sodium sulphate produces sulphuric acid and sodium 
nitrate. The problem is, given four substances of this kind, to find the quantity of 
each when there is equilibrium. Let us begin with the case of four gases, which we 
will call A, B, O, D, such that A by its action on B produces C and D, while C by its 
action on D produces A and B. 

Let p$ } qy, r£, se, be the number of molecules of A, B, C, D, respectively, when 
pt <?> are the numbers of molecules in equivalent molecules. By equivalent 
molecules we mean molecules, or groups of molecules, such that, {A} being the 
equivalent molecule of the gas A, with a corresponding notation for the others, the 
chemical action which goes on may be expressed by the, equation 

{A} Hr {B} = {C} + {D}. 
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Let us take as an example the case mentioned above, where the chemical action is 
expressed by the equation 

H 2 S0 4 + 2NaNO s = 2HN0 3 + Na 3 S0 4 ; 

here the equivalent molecules are H. 3 S0 4 , 2NaN0 3 , 2HN0 3 , and Na 3 S0 4 , and, if 
A, B, C, D, denote sulphuric acid, sodium nitrate, nitric acid, and sodium sulphate 
respectively, p = 1, g = 2, r = 2, s = l 

Let m 1} wi s , wi 4 , denote the masses of the molecules of A, B, 0, D, respectively. 
Then, if these are gases, by what we have proved before (p 486), the value of 
L equals 


6 + Hi log + m 2 q v (c. 2 + B 2 log 


PSQ) 


4- m s r£ (c 3 + B s log + m 4 se (c^ + E 4 log 


on^e yj 


— W, 


. (45) 


where w is the mean potential energy of the four gases, and the remaining notation is 
the same as that on p. 486 

The quantities £ tj, £, e, are not independent of each other ; in fact, there are three 
relations between them. Thus suppose, for example, that {A} consists of the two 
components a, /3 ; {B} of y, 8 , {C} of a and y ; {D} of (3 and 8, then the chemical 
reaction is expressed by the equation 

(“£) + (yS) = («y) + m, 

so that we have evidently 

£ + £ = a constant. 


V+ £= .> 

so that 

d£ = clr) =— d£= — cle. . . . . . (46) 

Thus, if £ be increased by the change in L equals 

d([e {%P (*+a, log - E,) + (o 3 + B, log fig - r 8 ) 

- »y (o 8 + R a log - B s ) - m iS (o 4 + R* log ~~ - »*)} - g] ; 

and by Hamilton’s principle the quantity in square brackets must vanish when there 

t 1 * * t 

is equilibrium. 

For perfect gases (ie,, gases which obey Boyle’s Law) 

^i m i =* B 3 m a = B 3 m 8 = B 4 7 ?i 4 . 


(47) 
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Let each of these quantities equal K; then the equation of equilibrium becomes 


6 jmoM + ««.?«. - VC, - + K (p log+ q log^ - r log 

+ = . 


(48) 


We see from this equation that anything which increases da)/d£ will increase 
log + . ., and so will diminish £, so that, if there is any kind of potential 

energy which increases as £ increases, the value of £ when there is equilibrium will 
be smaller than it would have been if this energy had not been present, or, in more 
general terms, any circumstance which causes the potential energy to increase as 
chemical action goes on tends to stop the action, while, if it causes the energy to 
diminish, it will facilitate the action. 

Equation (47) may be written 

dw 1 

= . <«) 

where C is independent of &), £e. 

In the case of gases combining in a vessel of constant volume, and when there 
is no action on the sides of the vessel, d(o/d£, being the increase in the potential 
energy when one equivalent of C acts on one of D, to produce one each of A and B, 
may be measured by the heat developed in the reverse process, that is, when an 
equivalent of A acts on one of B to produce one each of C and D. Let us call this 
quantity of heat (measured in mechanical units) H; then 




= Ce H/K *. 



If H be positive, and 6 zero, then either £ or ^ must be zero, that is, the chemical 
action which is attended by the production of heat will go on as far as possible. This 
is Bbbthelot’s Law of Maximum Work, and we see from the above expression that 
it holds at the zero of absolute temperature, but only then. Equation (49) also shows 
.that the tendency of any chemical reaction to take place is greater, the larger the 
amount of heat developed by it. 

If all the equivalents contain the same number of molecules, we may put p = 1, 
q = l, r = 1, s = 1, and equation (50) takes the simple form 


.(51) 

QuijDBERGt and Waage put £e = k&j, where k is a constant. This agrees with 
equation (50) if the temperature remains constant* Equation (50) shows how the 
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equilibrium varies with the temperature, and shows that, the lower the temperature, 
the farther that action which is attended by the evolution of heat goes on, and that 
the equilibrium will vary more quickly with the temperature when the heat developed 
by the reaction is great than when it is small. By determining the state of equi¬ 
librium at two different temperatures, we could determine H. 

Since, by the kinetic theory of gases, 

K 0 = = p/N, 

where p is the pressure and N the number of molecules, we see that K0 is one-third of 
the mean energy of the molecules at the temperature 6. In many cases of chemical 
combmation the heat developed by the combination of the gases is enormously gieater 
than that required to raise their temperature through 300° or 400°, and in these cases 
H/K0 will be very large, so that the combinations will nearly obey Berthelot’s Law at 
moderate temperatures But this law will not nearly hold when only a small quantity 
of heat is developed in the reaction. 

Equation (49) only agrees with that given by Gtjldberg and Waage when the 
number of molecules in the equivalent is the same in each of the gases; and, if we 
look at the subject from another point of view, we shall also see reasons for supposing 
that Guedberg’s and Waage’s equation is not likely to hold when the equivalents 
contain different numbers of molecules. Let us take first the case where the molecule 
and the equivalent molecule are identical. Then, calling the four substances A, B, O, D, 
as before, combinations will take place by a molecule of A pairing with one of B. The 
number of collisions in unit time between the A and B molecules is proportional to 
£r}, and if combination takes place in a certain fraction of the number of cases of 
collision the number of A and B molecules which disappear in unit time through this 
combination, or, what is the same thing, the number of C and I) molecules produced, is 

where p is a constant. 

In a similar way we may show that the number of C and D molecules disappearing 
by their combination to form A and B molecules is 

where q is again a constant quantity. 

When there is equilibrium the number of A and B molecules which disappear must 
equal the number which appear, so that in this case 

P&) = q&, 

which, so long as the temperature is constant, agrees with equation (49) and with 
Gulbberg’s and Waage’b equation. 

Let us now suppose that the equivalents of B and D each contain two molecules, 
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In this case, for chemical combination to take place, one molecule of A must come into 
collision with two of B simultaneously The number of such collisions is proportional 
to £if> so that the number of equivalents of A and B destroyed and of C and D 
produced by this combination will be 

where p' is a constant. 

In a similar way we can show that the number of equivalents of C and D destroyed 
and of A and B produced in unit time by the combination of C and D is 

where q is a constant 

In the state of equilibrium these quantities must be equal, so that 

p’&f 1 — q'C^, 

which, so long as the temperature remains constant, agrees with equation (49), but not 
with Guldbeeg and Waage’s equation. 

In order to illustrate some important points connected with the theory of the 
combination of gases, we will consider the simpler case when two gases, A and B, 
combine to form a third, C, while 0 again splits up to form A and B. A particular 
case of this is dissociation, which we have already considered. Let £, rj, £, be the 
number of equivalents of A, B, 0, respectively, and let m l3 m s , m 3 , be the masses of the 
molecules of A, B, t5. 

Then, with the same notation as the last case, the value of L is 

5 + Rl log =50 + (°* + R > lo s 3 

+ "Vi (°S + E S l0 g“|j} — W, 

where w is the mean potential energy of the three gases. We have, as before, 

^=^ = -4; 


so that the condition that the value of L should be unaltered when £ is in creased 
by d£ gives - - - 



m 1 p (cj — Bj) q (o a — R a ) — r (c 8 — B 8 ) -f m i V log 


+ m % q B a log 


a/Q 



PoQ ' 

. . . (52) 


Bor perfect gases 


= Ba% = B 8 m§ s= K. 
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Making this substitution, the equation of equilibrium becomes 

^{ m xPi c i + ’M c s - m s rc 3 + K (p + q — »•) 

+ K (plog-&% + fflog^- rlog e ^)} = ^' 
V ° * ° ”h<iv 8 WJ df 


This equation may be written 


ep dio 1 

Ke 


(53) 

(64) 


If the combination takes place without alteration in the number of molecules, 

p + q=r. 

In this case the equilibrium state is independent of the volume of the vessel Q in 
which a given mass of gas is contained. 

If p + q > r, that is, if the number of molecules after combination is less than that - 
before, Q p + s~ r will increase with Q, so that yfjt? will be larger, the greater the value 
of Q, so that for a given quantity of the gases there will not be so much combination 
in a large vessel when the pressure is small as in a smaller one when the pressure is 
large. If, on the other hand, p + q < then the amount of chemical combination will 
be greater at low than at high pressures. 

We see from equation (54) that anything which affects the value of dcojdi; will 
affect the amount of the combination which takes place; anything which causes the 
potential energy to increase as chemical combination goes on, i.e., which tends to make 
dco/dg negative, increases, by equation (54), the value of that is, it increases the 

ratio of the number of uncombined atoms to the combined ones, and so tends to stop 
the combination; while, on the other hand, anything which makes the potential energy 
diminish as chemical combination goes on, smce it tends to increase do>/dg, diminishes 
the ratio of the number of uncombined atoms to the number of combined ones, and 
so facilitates the combination. 

If we define the coefficient of affinity, to, of the gases A and B, to be the value of 
the steady state of 

¥v*’ 

then 

dto 1 

(o = CQ^ +r ~ r K6 ; .(55) 


and if the potential energy be increased by Sco, the corresponding increment 8a> m the 
coefficient of affinity is given by the equation 


MDCOCLXXXVII.—A. 


8<o _ 1 d 8w 

^ ~~ dg 3 

S T 
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an equation which connects the alteration in the coefficient of affinity with the 
alteration in the potential energy. 

The layers of gas condensed on the surfaces of solids in contact with the gas may, 
perhaps, be looked upon as corresponding to the surface films of liquids, and as 
possessing energy different from that possessed by the same volume of gas when not 
attached to the sides of the vessel. In this case part of the energy of the gas would 
depend upon the surface of the solids in contact with it, just as in a liquid the 
existence of surface-tension makes part of the energy of a fluid proportional to its 
surface. It is, perhaps, worthy of notice that, according to the vortex ring theory of 
gases, part of the energy of a gas at a given pressure and volume depends upon the 
surface (J. J. Thomson, ‘ Treatise on the Motion of Vortex Bings/ p. 112). If the 
layer of condensed gas were to contain an abnormal amount of energy, we could 
easily explain the influence exerted in some cases of chemical combination by the 
walls of the vessel m which the combination takes place (J H. Van’t Hoff, Etudes 
de Dynamique Chimique/ p. 58), and also the influence exerted by finely divided 
charcoal and platinum where a very large surface is exposed. Bor the explanation 
given above shows that, if the energy of unit area of the condensed gas varies as 
chemical combination goes on, the action of the surface layer will either promote or 
impede chemical combination. It will promote it if the energy per unit surface 
decreases as combination goes on; impede it, if this energy increases. 

If the specific inductive capacity of the mixture of gases alters as the chemical 
combination goes on, their combination will be effected by placing them m an electric 
field. The chemical action will be checked if the specific inductive capacity increases 
as combination goes on; promoted, if it diminishes. 

§ 12. The equations contained in the preceding investigation express the result of 
actions which are usually termed by the chemists “ mass actions ” These, however, 
have been chiefly studied in the case of very dilute solutions, so that it is important 
to endeavour to apply our results to this case. 

If we regard a solution of one substance A in another B as equivalent to a distri¬ 
bution of the molecules of A through the volume occupied by B, then these molecules 
will behave with respect to each other very much like the molecules of a gas, and 
we may suppose that the value of L is expressed by an equation of the same form. 
This view would have to be modified if the nature of the solvent should be found to 
influence the equilibrium of a mixture of various reagents, and we should have to 
apply the more general method which we shall discuss later on. In those cases, how¬ 
ever, where the solvent is without influence the above assumption that the solvent 
only separates the molecules of the substances dissolved seems legitimate. 

If this be so, the investigation by the Hamiltonian principle of the case, when dilute 
solutions of four reagents. A, B, C, D, act upon each other, is the same in form as that 
investigated on p. 503/wh.ere four gases, A, B, C, D, act upon each other. Let us 
suppose that when A acts on B it produces C and D, and when C acts on D it pro- 
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duces A and B. Then, if £ 77 , £, e, be the number of equivalents of A, B, C, D, respec¬ 
tively, p } q, r, s , the number of molecules in these equivalents, w the mean potential 
energy of the mixture of the reagents, 6 the absolute temperature, we have 


— — 

-f— = CQ r+# "*“*e~« Ke , 


(57) 


where Q is the volume of the solvent, and C and K are constants ; we must not, 
however, assume without proof that the value of K is the same as that of the 
quantity denoted by the same letter for gases. 

The same conclusions as to the coincidence of this law with that of Beethelot at 
the zero of absolute temperature, and the close approximation between the two at 
ordinary temperatures in those cases where a very large amount of heat is developed 
in the reaction, hold in this case as well as in that of the gases. 

We will now apply this formula to some cases which have been experimentally 
investigated. The one to which most attention has been directed is that of a mixture 
of dilute solutions of nitric and sulphuric acids, sodium nitrate, and sodium sulphate. 
Here the reaction is represented by the equation 


H a SO, + 2 NaNO s = 2 HSTO s + Na^O* 


and equation (57) becomes 


yjy = #Y, 


where y depends upon the temperature, but not on 77 , £, or e. Here £, 77 , £, e, are 
respectively the number of equivalents of sulphuric acid, sodium nitrate, nitric acid, 
and sodium sulphate. In order to fix the values of p, q, r, s, we must know whether 
the molecules of sodium nitrate and nitric acid in the solution are to be represented 
by Na a N 2 O 0 , H a N s O 0 , or by NaN0 3 and HNO s ; if the first supposition is correct, then 
p — q = r = s=l; if the latter, p = 1 , q = 2 , r = 2 , s = 1 . In the first case the 
equation is 

y&=6»; 


in the second, 


y 1 ^ = 


Thomsen* has determined the state of equilibrium when solutions of nitric acid 
and sodium sulphate are mixed together in varying proportions. I have calculated 
from his results the corresponding value of y and y. In the following Table n is the 
ratio of the number of equivalents of sodium sulphate to the number of equivalents 
of nitric acid before chemical combination commences. 


* Thomsen, * Thermoolieinisclie Untersuchrmgen,* 1, 112. 

3 T 2 
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n 

y 

/ 

8 

1-93 

28*1 

4 

2 89 

28*9 

2 

2 90 

13 05 

1 

3 47 

6*8 

* 

41 

3-2 

i 

4*1 

1 0 


It is evident from the above Table that, except when the amount of nitric acid 
originally present is very small, the second equation, which requires y to be constant, 
does not agree with the experiments, while the first, which requires y to be constant, 
does agree fairly well, except in those cases where the quantity of nitric acid present 
is originally small. 

Hence we conclude that, except in these cases, the molecule and the equivalent 
coincide, that is, the molecule of nitric acid in the solution is represented by H 3 N 3 O 0 ; 
a similar conclusion apphes to the molecule of sodium nitrate, the molecule of which 
m the solution has to be represented by Na 3 N 3 O 0 . When the quantity of nitric acid 
initially present is very small, the second equation seems to agree with the experiments 
better than the first, so that it might seem as if, when the quantity of nitric acid was 
very small, the molecule was HNO s and not H 3 N 3 0 6 , but, as in this case a very 
small error in the experiments would make a large error in y or y, too much weight 
must not be attached to it. It seems quite possible that there are molecules of both 
types, and that in concentrated solutions those of the type H 3 N 3 0 6 are by far the 
most numerous. 


Ca-ses when one or more of the Reagents are insoluble. 


113. Let us suppose that A is insoluble; then for A the positional part of the 
kinetic energy equals 


where dp/d6 is the mean value of dp/d$ (v constant), and v is the volume. If cr be 
the density of A, we may write this 

00 O- 


Hence L for the system equals 


5 {I? +K^log^ + E>£ log ~+?>i 4 sq t e + Kselog^-^ —w. 
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The condition that L should be stationary is therefore 


0 jj| IT + “ m 3 7 ’ c s “ + K (g — r — s) 


r ( i PoQ 1 Pt/Q 1 Po ^ 
4- k lor log —-rlog^Vr. — 5log —— 

\ 2 ® Mgfpf 0 m s r£ ° nijse 


»- 


dw 

w 


. . (58) 


This equation may be written as 

$V 

7j1 


dw _1 

Qr+s-j Q e rff Kfl 


(59) 


If two of the constituents, say A and C, are insoluble, then we can easily prove in a 
similar way that 


~s dw 1 

— = Q*“? C'e 


• (60) 


The Effect of Temperature on the Equilibrium. 

§ 14. If we define the coefficient of the reaction to be the value of when 

there is equilibrium, and denote it by the symbol co, then we have 


dw 1 

<a =r Q'+t-p-v 0 e # K6 ;.(61) 

m 

so that, if So) be the alteration in the value of co when the temperature is increased by 
S0, we have approximately, if div/dg does not change with the temperature, and if its 
ratio to KO is large, so that the term in co which varies most rapidly with the 

dw 1 

temperature is e ^ K ®, 

Bco 1 dw 80 

IT- ~K0~d^J 3 



so that the percentage change m co for a given change in 0 varies inversely as the 
square of the absolute temperature, and directly as dio/d£, which, when the system is 
free from strain, electrification, &c., is the amount of heat given out when one equiva¬ 
lent of A combines with one of B to form one each of C and D, 

The greater this amount of heat, the more quickly will the coefficient of the reaction 
vary with the temperature. 

We shall now proceed to reduce this expression to numbers, assuming, as an 
approximate value of K, that it is the same as for gases. In this case 
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Kd = 


pin 

P 


•where p is the pressure and p the density. 

Let H' be the amount of heat produced when c grammes of A combine, c being the 
combining weight of A, then 

H' = No|, 


where N is the number of equivalents in a gramme of A. In order to simplify the 
reasoning, let us suppose that we are considering a case where the molecule and the 
equivalent are identical, 

1_ dw _ H / 

K9 dg ’Rmpc 

P 


since 


H? 
~ pe/p 

Nm — 1. 


Since pc/p is the same for all gases, and since for Hydrogen it is about 10 n /4*5, we 
have 

1 i_dw 45 E* 

Kdd%~~ 10 11 * 

and therefore, by equation (62), 

Sco __ _ 45H' 8fl m 
to 10 11 9 

* 

In the case of hydrochloric acid, sulphuric acid, sodium sulphate, and sodium 
chloride Thomsen* found ff = 2x 10 s XJU2"X 10 7 , so that in this case 

~ = 3 ~ approximately; 


so that a temperature of about 30° C, an alteration of 1° 0., would make a change of 
about 1 per cent, in the value of o>. 

§ 15. The formula 

rfe? dvf 1 

c e ms 

miables us to calculate readily the disturbing effect produced by any slight alteration 
in the external circumstances. 


* Lothae Meter * ‘ Theories der Ohemie,’ 4bh edit., p. 478.. 
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Putting, as before, 

we see that S&>, the change in a due to a change Bio in the value of the potential 
energy, is given by the equation 

8(o d — 

1 H-= e* .(63) 

so that, if c?. S iv}d£ is positive, Ba is positive, that is, in the state of equilibrium. 
£ and 77 are smaller than they would have been if Bw had been zero; so that, if an 
increase in £ increases the additional potential energy, the value of £ in the state of 
equihbrium will be diminished. If, on the other hand, the additional potential energy 
diminishes as £ increases, the value of £ in the state of equilibrium will be increased. 


Effect of Capillarity. 

* 

. § 16 Let us first consider the case when the additional potential energy is due to 
capillarity, then 

Bw = TS, 


where S is the area of the surface, and T the surface-tension 
Hence we have, from Equation (63), 


8a> iS3L l 

1 -= e K °. 

on 


(64) 


Thus, if either the surface-tension or the area of the surface alters as chemical 
combination proceeds, the final state of equihbrium will depend upon the extent 
of surface. The state of equilibrium will be different when the solution is spread 
out over a large surface from that which exists when the solution exposes only 
a small free surface. Considerations of this kind would explain the experiments of 
Professor Leebreich on the precipitation of chloroform by the mixture of hydrate of 
chloral and an alkaline solution. (‘ Nature/ vol. 35, p. 264.) In these experiments it 
was observed that when the solutions were mixed in a test-tube the top layer remained 
clear, no precipitation taking place inside it, and the same phenomenon occurred in the 
capillary space between two plates, in short capillary tubes the reaction failed altogether. 
The equations obtained above apply to this case. Since the surface-tension of pure 
water is altered by the addition of other substances, the surface-tension of the mixture 
of chloral and alkaline solution will be altered by the withdrawal from the solution of 
chloral and alkali; let us suppose that it is increased; then the precipitation of the 
chloroform will increase the surface-tension, and therefore the potential energy due to it. 
Thus, if £ in this case is the number of equivalents of chloroform, d . Bwjd £is positive, and 
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therefore the existence of surface-tension diminishes the value of £, that is, it 
diminishes the precipitation. In the case mentioned above it seems to have been 
able to stop the precipitation altogether. The effects of surface-tension will be most 
noticeable when the heat developed by the chemical action is small. Some other 
effects produced by surface-tension on Chemical action are considered in a paper read 
before the Cambridge Philosophical Society, February 1887, by Professor Liveing- 
Surface-tension will also affect the equilibrium when chemical combination produces 
a change in volume, even though the surface remains unaltered. 


Effects of Pressure. 

§ 17. If Q be the volume, p the pressure, k the coefficient of compressibility of the 
solution, then, just as in the case of solution, we have 


d fop 

~df 



(65) 


* 

Thus pressure produces two effects, the one being proportional to the pressure, the 
other to the square of it. 

If the volume increases as chemical combination goes on, external pressure will tend 
to stop the combination; and, vice versd, the change in the coefficient of reaction due 
to this case is given by the equation 


1 


8co 

-4-= 

co 


3 


or, approximately, 


fop _1_ dQ 

to ““ Ke^d}' 



If the coefficient of compressibility increases as chemical action goes on, external 
pressure will tend to facilitate the combination, and the change in the coefficient of the 
reaction due to this cause is 


foo _ 1 fQff\ 

o> “ ~ K0df \ k )‘ 



Hoehtmann’s Experiments on the Division of Oxygen between Owrbomo Oxide and 

Hydrogen. 

§ 18. We shall now proceed to apply the Hamiltonian principle to this case, which is 

morp complicated than any of the preceding. In these experiments hydrogen, carbonic 

oxide, and oxygen were mixed together and exploded, and the proportion of hydrogen, 

oxygen, carbonic oxide, carbonic acid, and water in the mixture after the explosion 
determined. * 
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Let £, rj, t) ca, be the number of molecules of hydrogen, oxygen, carbonic oxide, 
carbonic acid, and water respectively; then the value of L will be 


9 {" 1 ** log ^ log S + ^ log P S 

+ m ie R 1 log^ + ro 6 M B 5 log^} 


— tv, 


where m lf m 3 , m s , m 6 are respectively the masses of the hydrogen, oxygen, 
carbonic oxide, carbonic acid, and water molecules respectively; B I , it 2 , . . . It 5 the 
value of p/pQ for these gases; w the mean potential energy of the mixture of gases, 
and Q the volume of the vessel in which they are contained. 

Since the quantity of hydrogen in the mixture remains constant, 


£ ~f* & — a constant, 

and, since the quantity of oxygen remains constant, 

^ + e + i 0 * = a constant; }• 

since the quantity of carbon remains constant, 

£ + e = a constant. 


( 68 ) 


Since there are three equations between these five quantities, we may take two of 
them as independent variables. Let us take £ and e as our independent variables ; 
then we have from the above equations 



II 

h 

d A = o 

d£ 

d<o 

d£ 

dr) 

-i. 

S- .i 

dca 

de 

de * 

de 



By the Hamiltonian principle we have 


dL 

d£ 

de 


0, 

0 , 


so that 


o {*»B, logg - + i ( % R»log^ - «,!*,) 


constant 


• (70) 


Since m 1 = ■m 3 B 2 = m 3 B s = m 4 B 4 =r m 6 B 5 = k, we may write this equation as 
MDCCCLXXXVIL—A. 8 U 
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l &l »h*»hPo *Z*V 



or 


■where Cj is a constant 
From the equation 


we get, in a similar way, 


o 2 dw 

—5i „ *di 
Vn “ Q 5 




= Q<V 


*0 \ck/ 


(71) 



Equations (71) and (72), along with the three equations ( 68 ), are sufficient to 
determine the five quantities £ 17 , £, e, <y. 

If we multiply equations (71) and (72) together, we get 


O ) 2 ^ 3 

f 8 e s 


= C 1 C a e K(>U ^' - de *; 



so that, as long as the temperature remains constant, 6 )£/£e is constant; or, in words, 
the ratio of the quantities of water and carbonic acid formed by the explosion always 
bears a constant - ratio to the ratio of the quantity of hydrogen left free to the 
quantity of free carbonic acid. 

Smce equations (71) and (72) involve Q, the amount of combination which goeB on 
when a given quantity of the gases are exploded will depend upon the volume in 
which they are confined. The equations show that the amount of combination will 
increase as the volume diminishes. In a paper on the “ Chemical Combination of 
Gases ” * I arrived at similar results (except with regard to the effect of temperature, 
which I did not investigate) by a purely kinematical method. 


Method applicable to Solutions of any Strength. 

§ 19. When the solutions are too concentrated to permit us to assume that the energy 
possessed by the molecules of the salt is the same as the energy possessed by the same 
number of molecules in the gaseous state, we must use the more general expression 
given on p. 487 for the positional part of L, viz., 


6 


lit dv - w > 


* * PhiL Mag toI. 19,1884 
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where, in finding the value of dp/de, we suppose v to be constant, and w is the 
mean potential energy of the system. 

If 77, l ... be the number of equivalent molecules of the substances A, B, C ... in 
the solution, then, since L must be stationary when the system is in equilibrium, we 
have 



with as many equations of a similar type as there are independent variables. We 
can experimentally determine the way in which dp/de and &> vary with the quantities 
of the various substances in the solution; and, if we have sufficient data to express these 
quantities as functions of f, 77, .. , the equations of the type (74) will enable us to find 
the values of £ 77,. . . when there is equilibrium The part of dw/d£ which depends 
upon the chemical affinity of the substances for each other can be measured by the 
heat developed when the chemical action which causes the diminution of the number 
of equivalents of the substance A by one goes on. But, just as m the case of the more 
dilute solutions, part of w may he the energy due to surface-tension, electrification, 
compression, &c, and the presence of this energy will affect the state of equilibrium 

The Velocity of Chemical Change. 

§ 20. It is much easier in many cases to measure the rate at which chemical change 
takes place than to determine the final state of equilibrium. It seems desirable, 
therefore, in order to facilitate the comparison of theory with experiment, to endeavour 
to deduce some expression for the velocity of chemical change. 

Let us suppose that, as before, we have a number of substances which can act 
chemically on each other. Let £, 77, £ . .. be the number of equivalents of these 
substances : these will be connected by various equations; let us choose f, 77 ... as 
independent variables. Then, since when there is equilibrium dh/d£ = 0, dJujd-r) = 0, 
we conclude that these quantities have something to do with the velocity with which 
chemical change goes on. Now the approach of a mixture of various reagents to its 
state of equilibrium is not like the approach of a vibrating body resisted by a frictional 
force to its position of equilibrium, for after the mixture has got to its position of 
equilibrium it stays there instead of vibrating about it hke the ordinary dynamical 
system. Thus the mixture behaves like a system in which inertia is absent or com¬ 
paratively unimportant; we may, therefore, suppose that the accelerations 77, &c., 
are absent from the equations of motion of the mixture, and we may assume, at any 
rate when dhjd^ } dL/d 77 , are small, that 

* df* A &L "1 

— = B— I 

dt * dr\ 

3 U 2 


(75) 
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where A and B are either constants or functions of £, 77, &c., whose values we do not 
know. From the indeterminateness of A and B, we cannot use these equations to 
determine the absolute velocity of chemical change. We can, however, use them to 
determine the effect on this velocity of any alteration in the external circumstances. 
Thus, suppose that the circumstances are changed so that L is increased by SL; then, 
if S £ denotes the change in the velocity of we have 


so that 



dSL 

t 

d e 


(76) 


and we can measure all the quantities occurring in this equation, and so compare it 
with experiment. 

If the change in the energy be due to surface-tension, then, if S be the area of the 
surface, T the surface-tension, we have 

!£ = _J (ST) 

i dL 



If the change in the circumstances be due to the action of the pressure jo, then 


1 





wheaje "V is the volume of the mixture and k its coefficient of compressibility. The 

value ^ dh/dg for gases is given by equation (14); for solids and liquids by 
equation (74). 


Irreversible Effects. 

§ 21. So far we have only considered those cases which involve nothing but reversible 
processes, and have left out of consideration the effect of such things as friction, 
nle^trieal resistance, and bo on, which destroy the reversibility of any process in which 
they play a part If, however, as we have done in this paper, we take the view that 
the properties of matter in motion, as considered in abstract dynamics—when all the 
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processes are reversible—are sufficient to account for any physical phenomenon, then 
we must show how to explain irreversible! processes as the effect of changes all of 
which are reversible It would not be sufficient to explain these irreversible effects by 
means of ordinary dynamical systems with friction, as friction itself ought on this 
view to be explained by means of the action of frictionless systems. 

If every physical phenomenon can be explained by means of frictionless dynamical 
systems, each of which is reversible, then it follows that, if we could only control the 
phenomenon in all its details, it would be reversible, so that the iiTeversibility of any 
system is due to the limitation of our powers of manipulation. It is because we only 
possess the power of dealing -with the molecules en masse and not individually, while 
the reversal of these processes would require us to be able to reverse the motion of 
each individual molecule This was pointed out by Maxwell, who showed that an 
army of his * * demons ” would be able to prevent the dissipation of energy. 

Our want of power of dealing with very minute portions of matter imposes one 
kind of limitation on our control of physical processes; another limitation to our power 
of interpreting them is caused by the time which our sensations last, causing any 
phenomenon which consists of events following one another with great rapidity to 
present a blurred appearance, so that what we perceive at any moment is not what is 
happening at that moment, but merely an average effect, which may be quite unlike 
the effect at any particular instant In consequence of the finiteness of the time 
taken by our senses to act we are incapable of separating two events which happen 
within a very short interval of each other, just as the finiteness of the wave-length 
of light prevents us separating two points which are very close together. Thus, if 
we observe any effect, we cannot tell by onr senses whether it represents a steady 
state of things or a state which is rapidly changing, and whose mean is what we 
actually observe. Thus we are at liberty, if it is more convement for the purposes of 
explanation, to look upon any effect as the average of a series of other rapidly 
changing effects. 

Let us consider the case of a system whose motion is such that, in order to represent 
it, " frictional terms ” have to be introduced Let us first assume that the motion is 
represented at each instant by the equations with these terms in, and that these 
equations are not equations which are only true on the average. Let us assume that 
any phenomenon is capable of explanation by the principle of abstract dynamics. 
Then, from our point of view, we shall have explained the phenomenon when we have 
found a frictionless system whose motion would produce the phenomenon. 

It might at first sight appear as if we could explain the frictional terms in the 
equations of motion as arising from the connection of other subsidiary systems with 
the original system, just as in the first part of the Paper (‘Phil, Trans./ 1885, p. 311) 
we explained the “ positional ” forces as due to changes in the motion of a system 
connected with the original system, Let ns suppose for a moment that this is possible. 
Then, if T he the kinetic energy of the original system, and T that of the subsidiary 
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system whose motion is to explain the frictional forces, then we have, by Lagrange s 


equation. 


dt dx 


dl 

das 


— —— — + ~ = external force of type x; 
dt dx dx ‘ dx Jr 


thus the term 


d(W_d3? 

dt dx dx 


must be equal to the “frictional term” which is proportional to x. For this to he 
the case, it is evident that T' must involve x. The momentum of the system is, 
however, d(T -f T)/dx. This momentum must, however, be the same as that given by 

the or dinar y expression in Bigid Dynamics, viz, c2T jdx. If these two expressions, 

• ■ 

however, are identical, dYjdx must vanish for all values of x } that is, T' cannot involve 
x\ which is inconsistent with the condition necessary in order that the motion of 
the subsidiary system should give rise to the t( frictional ” terms. Hence we conclude 
that the frictional terms cannot be explained by supposing that any subsidiary system 
with a finite number of degrees of freedom is in connection with the original system. 

If we investigate the case of a vibrating piston in connection with an unlimited 
volume of air* we shall find that the waves starting from the piston dissipate its energy 
just as if it were resisted by a frictional force proportional to its velocity; this, 
however, is only the case when the medium surrounding the piston is unlimited; when 
it is bounded by fixed obstacles the waves originated by the piston get reflected from the 
boundary, and thus the energy which went from the piston to the air gets back again 
from the air to the piston. Thus the frictional terms cannot be explained by the 
dissipation of the energy by waves starting from the system and propagated through 
a medium surrounding it, for in this case it would be possible for energy to flow from 
the subsidiary into the original system, while, if the frictional terms are to be explained 
by a subsidiary system in connection with the original one, the connection must be 
such that energy can flow from the original into the subsidiary system, but not from 
the subsidiary into the original 

v Hence we conclude that the equations of motion, with frictional te rms in, represent 
the average motion of the system, but not the motion at any particular instant. 

Thus, fb take an example, let us suppose that we have a body moving rapidly 
through a gas; then, since the body loses by its impacts with the molecules of a gas 
more momentum than it gains from them, it will be constantly losing momentum, and 
this might on the average he represented by the introduction of a term expressing a 
resistance varying as some power of the velocity; hut the equations of motion, with 
this term in, would not he true at any instant, neither when the body was striking 
against a molecule of the gas, nor when it was moving freely and not in collision with 
any of the molecules. Again, if we take the resistance to motion in a gas which arises 
frem its own viscosity, the kinetic theory of gases shows that the equations of motion 
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of the gas, with a term included expressing a resistance proportional to the velocity, 
are not true at any particular instant, but only when the average is taken over a time 
which is large compared with the time a molecule takes to traverse its own free path. 

The irreversible effects which have the closest connection with the phenomena we 
have been considering in this paper are those of electrical resistance, and we shall now 
go on to consider the application of dynamical principles to phenomena of this type. 
In accordance with what we have already stated, we regard the ordinary electrical 
equations containing the terms which express the effects of the resistance as equations 
which only apply to the average state of the system, the average being taken over a 
time which is too small to allow us to perceive the changes taking place inside it; 
about these changes the ordinary equations give us no information. It is evident 
from this point of view that we cannot hope to deduce directly the ordinary electrical 
equations from these dynamical equations, which are always true, and which, if we 
could solve them, would describe the whole history of the electrical configuration. 
We should expect the electrical equations to be obtained from the dynamical ones 
by some process of averaging. 

If this view is right, the passage of a “ steady ” current is not, strictly speaking, a 
steady phenomenon; but only one in which the average effect, taken over some very 
small time, is steady. We must therefore take a view of the electric current some¬ 
what different from that usually taken. In order to explain this view, let us begin by 
considering a case which is plainly discontinuous, but which, when the changes succeed 
each other sufficiently rapidly, will produce the same effect as a steady current. The 
case is that of the passage of electricity through a tube containing gas at a low 
pressure. In this case the electric force inside the tube increases until it gets too 
great for the electric strength of the gas, the field then breaks down, and for a 
moment the electric force either vanishes or is very much diminished, or, what is the 
same thing, a quantity of electricity passes from the one terminal to the other ; after 
this the force increases until it gets great enough to again overcome the electric strength 
of the gas, when discharge again takes place. The constant succession of such dis¬ 
charges produces the same effect as a current flowing through a metallic conductor. 
In the case of metallic conductors we may suppose that very much the same kind of 
thing goes on, only that now the electric field is dissipated by the breaking up of 
molecular aggregations which split up independently of the electric field. Let us 
imagine a conductor placed in the electric field, and suppose that at first induction 
occurs in it as well as in the surrounding dielectric: then in each unit of volume of 
the conductor there is a certain amount of energy. If the molecules or the atoms in 
the molecules can move so that this energy diminishes, they will do so; in general, 
however, we should expect the forces existing between the atoms in the molecule to 
be so large that no very extensive re-arrangement of the atoms or molecules in the 
way suggested by the electric forces would take place unless the electric field were 
excessively strong. If, however, the molecules or the aggregations of molecules were to 
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break up independently of the electric field, then these inter-atomic or inter-molecular 
forces would be absent, and the atoms or molecules would be free to arrange them¬ 
selves so as to rlimfmflh the potential energy due to the electric field. This diminution 
in the electrical energy would be equivalent to a discharge of the electric field, partial 
or total, according as the energy is only partially or totally exhausted. According to 
this view, the electric current is a discontinuous phenomenon, though there need not 
be anything corresponding to a definite period, as the field may not be simultaneously 
discharged at all points. We may suppose that much the same kind of thing occurs 
in electrolytes, and in this case the view has much in common with the W illiamson- 
Clausius hypothesis. According to this view the electrolyte is not decomposed by 
the electric field, the function of the electric forces being merely to direct the motion 
of the components of the molecules dissociated by other means According to our 
view it is the re-arrangement of the components of dissociated molecules or groups of 
molecules which produces the current. This view is in accordance with Faraday's 
remark that induction always precedes conduction. If, as in the case of the electric 
discharge through permanent gases, the electric field were strong enough to separate 
the molecules without any independent dissociation, we should expect the law con¬ 
necting the current with the electromotive force to be different from the law con¬ 
necting the same quantities when the electromotive force is too weak to decompose 
the molecule. There seems to be evidence for such a difference, for Quinoke* has 
shown that when the E.M.F. is very large the current through badly conducting 
liquids, such as olive oil or benzene, does not obey Ohm's Law, while the experiments 
of Mr. Newall and myself have shown that when the E.M.F. is small, not more 
than a few hundred volts per centimetre, the current does obey Ohm's Law. 

We shall now proceed to endeavour to represent the theory symbolically. To fix 
our ideas, let us consider the case of an air-condenser whose armatures are connected 


with the poles of a battery whose E.M.F. is greater than the air-space can stand: 
then, as soon as the armatures are connected to the poles of the battery, there is an 
electric displacement across the air-space in the direction of the E.M.F.; then the air 
breaks down, and there is the passage of a quantity of electricity—equal per unit area 
to the displacement across the unit area—from one armature to the other, and then 
the disappearance of the displacement. Now, whether we take the ordinary two-fluid 
theory, or Max well's displacement theory, the result is the same; let us take the 


two-fluid theory first—then the displacements count for nothing, and we have only to 
'consider the passage of the electricity across the air-space. Let us next take 


Maxwell's theory—the effect of the disappearance of the displacement is equal and 
to that of the passage of the electricity across the air-space—so that we are 
Mie .effect of the estathbhnaent of the displacement, which is the same as 
"'•©f the electricity, and the two theories lead to identical results; 

^gncbad© that when a field, such that the displacement across unit area 
s " ’ ’’ '*■ *’'W ? i®DEJtAircf > s ArmaJen,* yoL 28, p. 622. 
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is 7 ], is established, and then breaks down by reason of the re-arrangement of the 
dielectric, the whole effect is the same as if a quantity of electricity equal to 17 passed 
through each unit area of the dielectric. 

Let us suppose that in the expression for the electrical part of T — Y for unit 
volume of a conductor through which the electrical displacements are /, g, h, in 
addition to the usual term 

M L f +M l +N l}’ 

where L, M, 1ST, are the components of the electrical momentum parallel to the axes 
of x, y, z } respectively, there is the term 


-IQ (/ 2 + £ 3 +a 2 ); 


then Lagrange’s equations give 

— -f- Q/= external electromotive force tending to increase f, 

CLu 

= X say. 

Now, in the case of a conductor, f is changing very rapidly, while the other terms in 
this equation only change gradually. Let us then take the mean over unit time of 
each side of the equation, then we have 

| + Q \\fdt = 2, .(79) 

where a bar placed over a symbol denotes the mean value of that symbol, and we 
suppose that Q does not change quickly with the time. 

Now let us suppose, as before, that the polarisation is continually being broken down 
and renewed; let it break down n times a second, and let the mean value of f over 
one of these intervals of 1/n of a second be /, and the maximum value be af. the 
breaking down of the field each time is equivalent to the passage of af units of elec¬ 
tricity across unit area at right angles to the axis of cc. Since the field breaks down n 
times a second, it is equivalent to the passage of nctf across this umt section in unit 
time, or, if u be the component of currents parallel to the axis of cc, 


u = naf. 


Now 


\ 1 / dt=n \V dt=n ’-j=L‘ 


3 X 


* MDCCGLXXXVn.—A, 
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hence we have, from equation (79), 


cTL , 

'dt + 


Q u 
an 


~X> 



the or din ary electrical equation if the specific resistance of the substance equals 0,/ctn. 
From this expression for the specific resistance we see that if Q remains constant, or 
nearly constant, the resistance will vary inversely as n, that is, the resistance will 
be inversely proportional to the number of discharges m unit time Now, since 
the dischaiges are caused by the breaking up of the molecular aggregations, the 
number of discharges in unit time will be greater, the greater the ease with which 
the molecular aggregations break up. The formation and breaking up of these 
molecular aggregations in a solid would play m it very much the same part as 
that played by the collision between the molecules m a gas. But, the greater the 
number of collisions in unit time, the greater the rapidity with which inequalities m 
the kinetic energy, momentum, &c , in the different parts of a gas disappear, so that 
we may conclude that, the greater the ease with which molecular aggregations are 
broken up m a solid, the more rapidly will the inequalities m the kinetic energy 
disappear, that is, the better conductor of heat the solid will be. Thus the expres¬ 
sion for the resistance of a solid conductor contains one term which is inversely 
proportional to the conductivity for heat of the substance Hence we can understand 
why those metals which are good conductors of electricity are also good conductors of 
heat. 

The term 

- w (P + f +n 

which we have introduced into the expression for T — Y of unit volume of the 
conductor, corresponds to the term 

|f (/*+{/•+*) 


in the expression for the potential energy of unit volume of a dielectric in which the 
electric displacement is/, g, h. Thus we may look on Q as equal to 4ir/K, where K is 
the specific inductive capacity of the conductor. The rapid way the resistance 
increases with the temperature for metals shows that of the term —> -JQ (f 2 -J- g 2 % 2 ) 
the great part must in this case be due to the kinetic energy.. Bet us suppose that 
in the kinetic energy we have the term 


1 . . ^ * 

? J? proportional to the absolute temperature, and in the potential energy the 

¥>(/*+f+W); 



DYNAMICAL PRINCIPLES TO PHYSICAL PHENOMENA 


523 


then 


Q = aO + b } 


and the specific resistance a equals 


a9 + b 
na 


Now n will probably depend on the temperature, and will probably in most cases 
increase as it increases, as it seems likely that the molecular aggregations will split up 
more easily at high than at low temperatures. Thus there are two influences which, 
when the temperature increases, oppose each other in the effect they produce upon 
the resistance. On the one hand there is a tendency for the resistance to increase m 
consequence of the greater change m the value of T — V produced by a given electric 
displacement, and on the other hand there is a tendency for the conductivity to 
increase in consequence of the molecular aggregations breaking up with greater ease, 
and so increasing the number of discharges which take place in unit time. In the 
case of metals the first effect seems to be the most important, as the resistance of 
these substances increases with the temperature. In the case of electrolytes the 
second seems the most important, as the conductivity of these substances increases 
with the temperature. Anythnig which increases the complexity of the molecular 
aggregations will increase the importance of the second effect relatively to the first, 
hence we can understand why it is that alloys have so much smaller temperature 
coefficients than pure metals, as we should expect the molecular aggregations to be 
more complex in alloys than in pure metals, and therefore the second effect, which 
tends to make the resistance diminish as the temperature increases, is relatively more 
important. 

It is evident that, if the view which we have taken of the electric discharge be 
correct, the specific inductive capacity of metals must alter more quickly with the 
temperature than the specific inductive capacities of dielectrics, as experiment has 
shown that these vary only slowly with the temperature. 

The consideration of the term 

-iQ(/ 2 +/ + n 

which occurs in T — Y, leads to many interesting results, of which we shall proceed to 
give one or two examples. 

If we take the axis of x parallel to the electric displacement, and write ana for Q, 
where a is the specific resistance, we may write thiS^term as 

— \anap. 

Now the experiments of Sir W. Thomson and Mr. Tomlinson show that the resis¬ 
tance of metals is affected by strain, so that ana must be a function of the strain. 

3x2 
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Let us suppose that e is a strain coordinate; then it follows, by Lagrange’s equations, 
that there is a force due to this term, tending to increase e, equal to 

- i £ (<re«)/ z - 


Since/, accor ding to our view, changes very rapidly, we must find the mean value of 
this term, that is, we must find the value of 



If the electric field breaks 
equal 


Now 


Let 


down and gets established n times in a second, this will 


i 



\'/u =f 

1 

=£.(«/)* 


where, as before, of is the maximum value of/, and /3 is a quantity which will depend 
upon the way / reaches its maximum; then 

t 

f>de = «/}(«/)»= 

where u is the current through unit area of the section of the conductor. Then the 
average force tending to increase e equals 

-*!(«»*) .( 81 ) 


If neither n nor a depend upon e, then this equals 

.(82) 

* » 

■Thus, if the specific resistance increases with the strain, there will be a tendency to 
strain when a current traverses the conductor. 
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We can apply precisely the same method to any other physical effect which influences 
the resistance. Suppose that an alteration in the configuration Sp alters the resistance; 
then, when the current u passes through the conductor, there will be a force, tending to 
increase p, equal to 

.( 8S ») 


Let us now consider the effect which this term in the expression for T — Y will 
produce on the chemical phenomena which we discussed in the earlier part of this 
paper. The alteration in T — V due to this term is 

— Acrfta — v? 
a n 

or 

— \crcL^v^. 

Now, if the specific resistance depends, as we know it does to a very large extent in 
the case of liquids, on the substances dissolved in them, the chemical equikbnum will 
be affected by the passage of an electric current through them. 

Let us first take the case of solution; then, when we were considering that subject, 
we showed that, if T — Y were increased by — Biv, the change 80 in the temperature, 
which would produce the same effect as that produced by this change in T — V, is 
given by the equation 

SB dw 

B 9 

X 

where q' is the ma ss of the solution, and X the amount of heat absorbed when one 
gramme of the salt dissolves at constant temperature. Applying this formula to our 
ease, we have 

SB _ dj 

e ~~ x 

so that, if the specific resistance of the solution depends upon the amount of salt 
dissolved, then, if we make a current pass through a saturated solution, it will either 
absorb or deposit salt; if the specific resistance increases as the salt dissolves, it will 
deposit salt; if the resistance diminishes, it will absorb it. In trying the experiment, 
it would be well to use alternating currents to avoid any difficulty which might arise 
from the substances set free by electrolysis. 

Again, if we have dilute solutions of any number of substances, and if the resistance 
of the solution depends upon the relative proportion of these substances, then the 
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proportion of these substances when there is equilibrium will be altered by passing an 
eleetric current through the solution. Thus the coefficient of reaction a will be altered, 
and we see from equation (56) that the alteration Sco is given by the equation 


Sco 

co 


= b <4 w* 


1 

2 k6 





where the notation is the same as that used on page 509. 

Thus, if the specific resistance increases as any reaction goes on, the passage of an 
electric current through the solution will tend to stop that reaction. 
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The following experiment, made upon a strip 45 minim a, long and 5 miUims broad, 
illustrates this point. Organ-current, + *009 B. 


Six Groves in Primary Circuit. 


Deflections 
(15" readings). 


16 centime 

(+)G 

without shunt 

• 
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15 

tJ 

1) 
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53 
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33 
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35 « * 
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300 
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(-) 
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0 

12 
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( + ) 

55 

55 
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1) 

33 

t n t “h 

285 




n 

35 

. * ♦ + 

160 




jj 

35 

■ + 

20 
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(-) 

35 

>3 
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150 




55 

33 
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10 




51 

33 f 

« * * 
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15" readings. 


•15" readings 


• 15" readings. 


The effect is thus dependent upon the intensity of the current, which must vary 
with the dimensions of the preparation, so that an induction current which produces 
no effect upon a large thick block of tissue will produce an effect upon a long narrow 
strip cut from this block. Such a thin strip can he procured most readily from the 
organ of a small Torpedo, and it was with a preparation of this kind that the largest 
effects were observed. Thus a strip 15 millims. long, and only a little more than a 
millimetre wide, gave the following result:— 

Six Groves in Primary Coil, 

Deflections. 

Secondary coil, 8 cm. (+) G-. .+ oo " 

>» ... -I-240 

+ ioof 16read “ l 

)> * f 20 
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The effect entirety disappears when, the tissue is immersed for 15" in hot water. 

The effect being obviously an excitatory one, it is conceivable that it is nothing 
more than the response of the organ to the excitation of the nerve branches contained 
in the tissue. A strip of organ contains a very large number of nerve fibres, which 
may be traversed by the induction shock, and, if so, may be excited ,* on the other 
hand, the result may be due to excitation of the plates themselves. Any such 
confusion m the case of muscle and nerve is obviated by the use of curare, but this 
drug does not appear to be applicable to*the Torpedo (40). In order, then, to deter¬ 
mine whether or no the after-effect is a nerve-organ response, its character must 
be determined precisely as that of the true nerve-organ response has been determined 
—namely, by the rheotome method. The presence of the induction shock during the 
first three hundredths of a second is, however, a serious difficulty in the prosecution of 
such rheotome experiments. It is, however, quite easy to determine the relative 
values of the effect as disclosed by closures of from *03" to *05" and from ’OS" to *07" ; 
and it appears that the effect is always visible during these periods, but, though quite 
appreciable, it is not so strong as the nerve-organ response would be at the periods in 
question, especially when we take into consideration the magnitude of the total effect. 
Thus the largest nerve-organ response was imperceptible with the galvanometer 
(xJ-jj shunt) after an interval of one second. In the experiment to be next given the 
after-effect was so large that after an interval of one minute it was perceptible with 
the galvanometer xio shunt, There should, therefore, be a very large effect if the 
^alyanometer circuit be closed for from 'Q3"~05" after the excitation. As a matter 
of fact, the effect is small under these conditions. 


Strip of Tissue from Small Torpedo, Six Groves in Circuit of Primary Coil, 


Secondary coal, 9'5 cm (+) G, .+420 

. . . +190 

, . + 70 >15" readings. 


>5 

J) 


+ 30 
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Strep of Tissue from Large Torpedo. Live Groves in Circuit of Primary Coil. 


Secondary coil, 0 cm. (+) G. ^ . . . 

11 * ♦ * * 


+ 310 
+ 150 
+ 80 
+ 45 
+ 25 


>15" readings 


+ 8J 


Closure 

„ „ „ (+) G -without shunt 03''- 07''+ 65 

„ „ „ (+) „ » 03"-.05"+ 30 

„ „ „ (+) „ >, *03"- 07" + 45 


Steip of Tissue from large vigorous Torpedo. Five Groves in Circuit of 

Primary Coil 

Closure Alternate 15" closure. 

Secondary coil, 0 cm (+) G -fo 003"-15" . . + oo 

30"-45" . . +240 

„ . 60"-75" . +112 

„ . 90"-105" . + 60 

„ . 120"-13o" . . -I- 40 

Closure. 

„ (+) G. all in . . *03"-05"+ 200 
„ (+) „ . . 05"-07" + 65 

„ (+) „ . . *03"-05"+ 190 

„ (+) „ . . 05"- 07" + 105 


13 

3 

3 * 


93 

"3 

33 

33 


If we attempt to get still nearer in time to the excitation, and ascertain if a response 
is perceptible during such intervals as 0" to *01" and *01 // to *02" after the passage of 
tbe induction shock, this induction shock itself becomes perceptible. The only method, 
of getting such information is thus to compare the relative deflections produced 
passage through the experimental circuit of (+) and (—) induction shocks res TT '" 

Tf thi-r~~ hunrliTrlthi of a s&' 
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present, and his results are thus explained (41). If he did so, then his results were 
not observed at Arcachon with winter Torpedoes, hut perhaps a future investigation 

will disclose them > ' 

Thus a strip of Torpedo, 60 mm. long, gave the following results, when the rheotome 

was arranged so as to break the galvanometer circuit for good at *05" after the passage 
of the induction shock, the after-effect being thus excluded from observation 

The -two readings were always taken in the same direction, the galvanometer wires 
beino* reversed so as to admit this in the case of both (+) and ( ) shocks. 

Five Groves in Primary Coil. 

• Deflections 

Secondary coil, 10 centring, . . . (+) G Tory 440 

„ „ (-) .. 438 

0 centim. . . (+) G. tt>Vo 18*> 

(-) „ 185 

13 51 \ J 


In another preparation experiments were carried out upon the whole organ and a 
cut strip. 

Two Groves in Primary Circuit, 

Secondary coil, 5 centime , G. xhs • • 


IS 

35 


33 

33 


>1 

S3 


Whole organ . ... 

* • * * • 

0 centim., G. xfo; 

33 33 ' 

Cut strip, 0 centim, 0055 R, 


i* 

53 


If 


IS 


Deflections* 
’(-) 420 
(+) 410 
(-) 408 
(+) 415 
(-) 412 
(+) 622 
(-) 626 
’(+) 492 
(-) 483 


important fact must he taken into consideration in this connection, since 
jt inconsistent with so-called “irreciprocal” conduction, namely that the 
current is nrnm tVu the - rme—in producing^the 

Low far 
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into a state of prolonged excitation. Now it is only in cases of very vigorous response 
to nerve excitation that the peculiar prolongation of the response referred to in Part IL 
is seen. There is thus every reason to suppose that this prolonged change is the same, 
whether its precursor be an induction shock or the shock of the nerve-organ response 
itself. The fact that in the one case the tissue is quiescent, whilst in the other it is 
in a state of functional activity, does not really affect the matter. The experiments on 
su mm ation to he now referred to show that the tissue is capable of responding to two 
stimuli occurring within *01" of each other, and that an after-effect may be procured 
even when the tissue is in a state of activity by leading an induction shock through 
the organ ’02" after a response has been evoked by excitation of its nerve. To these 
experiments we now turn. 

Summation of effects. —Before proceeding to experiments designed to show the 
summation of after-effects, it was first necessary to obtam satisfactory proof of the 
summation of two successive nerve-organ responses produced by two successive 
excitations of its nerve. It was found that the results were not satisfactory if the 
second stimulus followed the first at a very short interval, and was applied to the 
same portion of the nerve. It appeared that for *03" to 04" after the passage of the 
exciting induction current the excitability of the nerve at the exciting electrodes was 
lowered, and the second stimulus, if occurring in this interval only, produced a small 
inadequate response of the organ. This difficulty was got over by using two pairs of 
platinum exciting electrodes, and exciting different parts of the same nerve. The 
exciting electrodes may be indicated as X L and X 3 . Of these, X x was 35 mms. from 
the organ, X 3 45 mms, the length of the whole nerve being 55 mms. The trans¬ 
mission time along the intervening 1 centim of nerve is probably not more than *002" 
The spring myograph was used for the production of the induction shocks, K 3 being 
placed m the primary circuit of the induction apparatus connected with X la and K s in 
that connected with X 3 . The traveller could be made to break K x or K s only, or K x 
and Kg successively. Although the induction shocks were made equal as far 
galvanometric reading of the deflection caused by their passage through 
it will be notic^^h^^citation at t he more centrally situated electrode 

^ ^ d nearer the middle of ft 
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This shows that two nerve-organ responses are summed even when produced ‘005" 
afber one another. It is, therefore, to be expected that the after-effects should also 
be summed, and experiments were now made as to summation of the after-effect of a 
nerve-organ response and that produced by the passage of an induction current. In 
order to obtain this result, it was necessary to lead an induction shock through the 
organ at a short interval of time after the organ response had been evoked by excita¬ 
tion of its nerve. For this purpose the rheotome was so arranged that K x should 
break the primary circuit of one induction apparatus and thus excite the nerve, whilst 
after an interval of ‘02" broke the primary circuit of an induction apparatus 
arranged so as to allow the break-shock to traverse the organ. Finally, K 3 was 
arranged so as to short-circuit the galvanometer up to -05". The deflections obtained 
thus showed either the after-effect of the nerve-organ response only, or that following 
the passage of the induction shock only, or the summation of the two after-effects. 

A nerve-organ preparation was made by carefully dissecting out a long piece of the 
second nerve, and then cutting out a thm strip which should contain colum ns supplied 
by it. It was then necessary to ascertain that the preparation gave a la rge nerve- 
organ response followed by a prolonged after-effect. With K x at 0", K a at *02", and 
at>‘05", the results were as follows *—• 

After-effect. 


Break of Kj and Kg— 30" 

After-effect following nerve-organ response •< 45" 

60" 


Break of Kg and Kg — 

After-effect following passage of induction 
current only. 
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Conclusion, 


The work done at Arcachon has thus brought out the different excitatory changes 
which are produced by different methods of excitation in the organ. 

The electrical organ of the Torpedo responds to a stimulus by a change in the 
electromotive character of the elements which make up its hexagonal columns. 
These elements are plates composed of nucleated protoplasmic masses and nerve- 
fibres. An extraordinary number of these are present in, and as it were bound 
together by, the former. In the active state of the organ the ventral surface of each 
plate with its contained nerves becomes negative to the dorsal surface; the effect in 
all the plates of a column when summed up is, therefore, such that the dorsal end of 
the column becomes positive to the ventral end. This effect may be produced in at 
least three different ways, and m each case it presents features which are those of the 
excitatory process. 

i The obvious method of production is that of excitation of the trunk of the 
electrical nerve. The nerve-organ response is characterised by a short period of 
delay, an extremely rapid development, occupying less than to ~ q "> and a less rapid 
decline. If the response is very pronounced, the main effect lasts to? ,/ » but is followed 
by a prolonged after-effect in the same direction. 

ii. This after-effect is itself an excitatory change, and may be produced by the 
passage of a sufficiently intense current of short duration through the organ. This 
excitatory change is probably developed more or less rapidly, but is especially 
characterised by its slow subsidence, as it does not entirely disappear until several 
minutes after its production. 

in. A more prolonged electromotive change of the same character is produced when 
by mechanical or thermal means a large number of electromotive elements are injured. 
The adjacent parts are then thrown into a state of prolonged excitation, the effect 
taking some hours to subside. 

Whilst then response i. is an affair of fractions of seconds, ii, is an affair of 
fractions of minutes, and iii. of fractions of hours. All three effects are characterised 
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owing to tlie direction of the excitatory change. The demarcation-current in the 
Torpedo is a strong support for the view that in nerve and muscle the negativity 
of an mjured as compared with an uninjured part is the electromotive expression 
of a prolonged local excitatory process occurring in the neighbourhood of the injury. 

In future experiments I hope to follow up the lines of inquiry which have been 
indicated at various points in this research. 
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XVIII On the Tubercular Swellings on the Roots of Vicia Faba. 
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[Plates 32, 33.] 

It has long been known that the roots of the Legummosse are commonly provided 
with peculiar tubercle-like swellings of various sizes, from tha t of a mustard-seed to 
that of a hazel-nut, and attention has been repeatedly directed to th em of late years. 
They were observed by Malpighi, who seems to have looked on them as of the 
nature of Galls,* and Treviranus regarded them as undeveloped buds, while A. P. 
DeCahdolle considered them as diseased structures Since that tim e very various 
ideas have been published with respect to them, and as to their origin and relation to 
the roots which bear them. One of the most curious facts about them is that, 
although it is very difficult to find a specimen of our ordinary Leguminosse (Clover, 
Lucerne, Beans, Peas, Vetches, &c) the roots of which are free from the sw ellin gs, 
no one has succeeded in showing that they do any injury to the plant: this has been 
repeatedly employed as an argument against their being due to the influence of any 
parasite The contrary opinion has gradually gained ground, however, and I am now 
in a position to prove conclusively that it is the correct one 

The first close investigation of these root-tubercles (as they may be shortly termed) 
is due to Woronin, whd, in 1866,t examined m detail the structure and contents of 
the similar swellings which are to be found on nearly every Alder, as well as those on 
the roots of the Lupin, In the cells of the Alder tubercles Woronin found a curious 
little Fungus, which was referred to the genus Schmzia , founded by Naegeli on a 
form which he himself discovered in the roots of InsJ in 1842. In the cells of the 
tubercles of the Lupin, Woronin found multitudes of minute corpuscles, which he 
took to be Bacteria, or Vibrios, or organisms of that kind. 

Similar swellings have from time to time been observed on the roots of various 

* Botan Zeitnng,’ 1874, p. 382, and Soraueb, ‘ PflanzftTi'kva.nVhp.iten/ vol. 1, p 744 
t ‘ Memoires de l’AcadSmie des Sciences de St Pdtersbourg,’ vol 10 (May, 1866) 
t * Iannsea,’ vol. 16,1842 (Plate zi , figs 1-10). 
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other plants, those on Cyprus flavescens and Juncus bvfounts* being the best-known. 
Those of* Juncus are especially interesting, because they have lately been shown to 
contain a parasitic Fungus belonging to the group Ustilagineae t The swellings on 
the roots of Orobanche also contain a Fungus, referred to by SohachtJ : those of 
Sonneratia and Taxodiwn are not (so far as I can discover) so well known; although 
there is still so much that is doubtful about them, they probably differ in character 
from the others. 

Mention may be made of the fungi long known in the roots of Orchids, but not 
causing tubercles of the kind referred to . some of them at least are now known to 
belong to the genus Nectna § These, and other root-fungi, need be no further 
regarded here, however , nor is it necessary to speak of other root-tubercles.|| 

In 1878 Worondt published his celebrated memoir on Plasmodiophora Brassicce^ 
a' Myxomycete which causes the long-known hypertrophies (dub-foot, Hanbury, 
Fingers and Toes) on the roots of various species of Cruci ferae. It is important to 
notice this paper, because it seemed to throw an entirely new light on the general 
question as to the causes of swellings on roots, and at any rate it was the forerunner 
of several suggestions. 

Confining our attention to the swellings or tubercles on the roots of the Legu- 
minosse (and particularly the Papilionacese), as already stated, their more exact study 
was initiated by Woronif, who examined those of the Lupin, and found the cells in 
the interior of the swellings filled with a slimy colourless matrix in which Bacteria-like 
granules were embedded - the “Bacteria” were found to increase, in proportion to 
the rest of the matrix, as the section receded from the growing apex of the swelling. 
In a paragraph at the end of his paper on Plasmodiophora** in 1878, Woronin 
practically retracted his previous opinion that the above granular bodies are really 
Bacteria or Vibrios, and regarded it as highly probable that a Plasmodiophora, or 
similar parasite, would be found to be the exciting agent. 

Meanwhile, in 1874, Eriksson had published a masterly investigation of the occur¬ 
rence, form, structure, and growth of the swellings on the roots of Leguminosie.tt 
Their forms differ on the roots of different species, but are remarkably constant in the 
ease of any one species. Perhaps the most striking fact about them is their ubiquity, 
confirmed subsequently by Frank.|| They are found on the roots of species of all the 


* Magnus m 4 Hedmgia/ 1878, 
t 0. Webeb, * Bo tan Zeitxmg,’ 1884 (No. 24). 
t Bafereace in Frank, ‘ Krankheiten der Pflaazen/ p 653. 

* § "Wahrmck in * Botan Zeitung/ 1886 (Nos. 28, 29). 

g Suck as those in which nematoid worms, <fco., are found, for instance, and the gaU-stroctnres 
yariona insects. 

-j f ‘P|UW3SB3m£ f Jafcrb. f. Botan./ yqL 11,1878, p. 548. 

poswmasro&n$lar/* Lnnd, 1874. See ‘Botan Zeitung/ 1874. p. 381. 
W SS4> 85) , 
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genera, and in all parts of the world, as the examination of herbaria shows * on 
heights and in Talleys, in poor soil and in good land, wet or dry, they may almost 
invariably be met with. 

Eriksson found that in Faba vulgaris the young tubercle-like swellings arise in 
the cortical layer of the main root, or of a lateral rootlet, and without reference to the 
position or age of other parts. Although the development of the tubercle resembles 
that of a rootlet in many respects, its origin has no constant relation to the xylem 
and phloem strands—sometimes it begins to develop between the strands, or opposite 
one or other of them. Although the pericamhium joins in the development sub¬ 
sequently, the origin of the swelling is outside the plerome cylinder, and is first 
evinced by active irregular divisions of the innermost cells of the periblem. 

Ebiksson observed that the inner cells of the swelling contained the vibrio-like 
bodies described by Woronin . m the outer part of the swelling he occasionally 
noticed Fungus hyphse proceeding radially inwards from cell to cell, and becoming 
branched and finer as they go inwards. Ebiksson saw no hyphse in the cells con¬ 
taining the vibrio-like bodies . he noticed also that the latter are not always simple 
rod-like bodies, hut oftener forked, &c He left it open whether any connection 
exists between the hyphse and the vibrio-like bodies. 

In 1878 Kny asserted* that the tubercular swellings on the roots of Legummosse 
do not appear on plants cultivated m nutritive fluids, and expressed the opinion that 
this was because some parasite which causes the tubercles is absent from the fluids— 
m fact, is evidence m favour of the parasitic nature of the swellings. Kny also 
stated that he found a plasmodium in the dividing cells of the tubercles, especially in 
Cicer . he states that the parasitic plasmodium can be followed from cell to cell in the 
form of delicate, sparsely branched strands. Where they traverse the dividing 
cellulose-walls the plasmodial strands are slightly thickened (loc. cit ., p 55). 

Then followed the Paper by Frank:,! in which he confirmed and extended 
Eriksson’s statements as to the ubiquity of the swellings on the roots. Frank states 
that the greatest care is necessary to prevent the development of the tubercles, that 
they occasionally occur on water-cultures as well as on roots in any soil. They did 
not appear on roots in soil which had been heated, though every plant in soil not so 
treated had them. Frank concluded that the roots are infected from outside by a 
“ germ ” which must be as ubiquitous as the germs of putrefactive and fermentative 
organisms. 

In the cells of the swellings there are always}; two elements to be found, (1) fine 
hyphse running aoross the lumina of the cells and through their walls, (2) minute 
cell-like corpuscles suspended in the protoplasm of the cell as m an emulsion. 

That the hyphse are the same as Kny’s plasmodial strands is almost certain, and 

* ' Sitzangaber. d Botan, Vereins d. Prov Brandenburg,’ 1878 (Apnl 26), p 55 
f ‘ Botan. Zeitung,’ 1879^ (Nos 24 and 25) 

X Except in those of the Lnpm, p 396, loc cit 



542 


PROFESSOR H. MARSHALL WARD ON THE 


they are undoubtedly the same as those found by Eriksson. Erank also found the 
hyphse here and there in cells containing the minute corpuscles (these corpuscles are 
the “vibrios” or “bacteria” of Woronin and Eriksson) : these corpuscles are cells, 
and not mere granules; their form varies; some are rod-like or curved, or shaped like 
a finger-biscuit, others Y-shaped, and so on. They seem to increase by budding, but 
this is assumed only. They have no proper movement, as Woronin supposed. 

The hyphse are thicker than the above corpuscles, and grow through from wall to 
wall across the lumina of the cells. They may end m the cavity, and in any case are 
rarely traced through more than two cells or so. Frank and Schenk both regarded 
certain short branches in the cells as haustoria. 

Frank then goes into the question as to the continuity of the hyphss and the 
bacteria-like corpuscles. Are there two parasites present in the swellings ? Without 
actually deciding the point, Frank has little doubt that the corpuscles are budded 
off from branches of the hyphse. 

No results were obtained on trying to cultivate the corpuscles beyond the putting 
out of a fine hypha from either end in one or two unsatisfactory eases. 

Frank regarded the parasite as allied to that described by Woronin m the Alder, 
and named it Schmzia leguminosarum. 

Kny # replied to Frank's Paper that he regarded the corpuscles as the spores of a 
plasmodium, the strand-like extensions of the latter show no membrane, and abut 
on the wall with curious funnel-like widenings—this is clearly the case in Frank's 
figures. Schwendener is also quoted as viewing the strands as membraneless 
plasmodial strands. ELny also states that De Vries and others have seen the 
tubercles on the roots of water-cultures 


This appears to be a satisfactory account of the position of our knowledge of these 
curious structures up to date: it resolves itself into the following. While it is 
certain that some organism or other exists in the tubercles, no observer has cleared 
up the question as to whether there is one constant Fungus present, or whether it is a 
plasmodium which causes the hypertrophy, or whether two forms coexist in the 
cells: it is also uncertain how the parasite (if there is only one) enters the tissues— 
whether from the soil into the root, as seems so probable from Eriksson’s and 
Frank’s researches, or whether it is already present in the seed. The latter is a 
more improbable suggestion, and we may dismiss the idea that no parasite exists at 


all, in spite of the doubts implied in Sorauer’s statement on p. 744 of his book, 
and of the very general belief to the contrary which exists among agriculturists 
especially. In any case, however, no one had as yet succeeded in infecting the roots, 
and producing the tubercles artificially. I have done this, and may now proceed to 


AsabeF my ovpn Observations' and experiments. 

'jSc%sl 4onu3il€as6ed *the. microscopic examination of tbe tubercles in 1883, but, 

renewed each year since^he really important additional 
* ‘SiWagtfbeiF. d. Bates. Y<*ein£r<3? Prov Braadeahtog/ 1879 (June 27), p. 115 
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results were only obtained recently. The chief investigation has been almost entirely 
confined to the tubercles on Vicia Faba (L.), the common Broad Bean, no particular 
regard being paid to the garden varieties employed 

At the same time it should be stated that I have seen and to a certain extent 
examined them on the roots of several Clovers,* Peas, Vetches, and the Scarlet 
Bunner in this country, on Broad Beans in Germany, and on the roots of several 
Papilionacess in Ceylon, and can to a certain extent confirm the much more extensive 
observations of Frank as to their ubiquity and general resemblance. In Manchester 
it was by no means rare to find the tubercles on the roots of Vicia Faba as large as a 
small Hazel-nut, and I have had specimens even larger from the damp heavy soil of 
some districts. In the light sandy soil of this part of Surrey I have not seen them 
much larger than a fair-sized pea, though they are often very numerous and crowded 
on the roots. 

I have examined many hundreds of roots of Vicia Faba during the last four years, 
and have only once or twice failed to find the tubercles on plants in fruit, and even in 
the case of younger plants the percentage of failures has been small 

In 1884, at the Owens College, Manchester, several beans grown in pots of burnt 
soil, and watered with solutions of nutritive salts, developed no tubercles on the 
roots; and in the majority of cases, then and since, beans grown for laboratory 
purposes in carefully-prepared nutritive solutions have been devoid of the tubercles. 
Nevertheless, this has not always happened, and in some instances the water-cultures 
have developed excellent specimens of the tubercles Considering that these were 
growing in solutions of chemically pure salts in distilled water,t it is hardly to be 
wondered at if one sometimes doubted the existence of an external cause for the 
swellings, and felt tempted to believe that either the tubercles were really due to the 
roots themselves, or that if a parasite exists it is present in the seed from the first. 
The possible sources of infection in these experiments were (1) germs in the air, 
(2) germs attached to the testa of the Bean, (3) the medium (damp sand or sawdust) 
in which germination was commenced Although it was not demonstrated, I thought 
the second a more probable source of error than the others. I have this year found 
the tubercles on a bean which was germinated in “ clean river-sand ” not heated, and 
then grown as a water-culture—everything hereafter chemically pure, and in a new 
building. Of course it is not impossible that a germ might fall into the culture; but 
it seems much more likely that the infecting agent was attached to the seedling 
before its roots were placed in the solution of nutritive salts, and possibly came from 
the sand. In any case, whether the cause of infection is in the medium or on the 
Bean, it must be very minute and ubiquitous, and the results quite bear out Frank's 
comparison with the minuteness and ubiquity of putrefactive and yeast germs. In 

* Those of the Lupin may he distinct 

f It shonld be stated that they were exposed to the air, however, and that no regard was then paid to 
the medium in which they were allowed to commence to germinate. 
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any case, again, it seems clear from further research that the infecting agent is 
present in the soil practically everywhere, and it is by no means difficult to suppose 
that it mig ht attach itself to a seed harvested in the ordinary manner if the roots 
and soil are disturbed so that germs could be scattered. 

The tubercles are formed without any order on the tap-root and lateral roots, the 
only apparent rule being that they are not developed until the young root-system is 
fairly advanced,* and they do not arise close to the apex of the root: they seem to 
especially affect the region where the root-hairs are in full vigour. There maybe only 
a few, or very many, crowded in groups or scattered (fig. 1). 

They are at fir st very small, and much like young rootlets in appearance; but they 
soon swell, often very irregularly, and may become lobed in various ways. Their 
colour and tezture are quite like those of the rest of the root. 

A longitudinal section (figs. 2, 3,7) through the tubercle shows the structures 
described by Eriksson - . The axial chief mass of the tubercle consists of rather large 
polyhedral parenchymatous cells, passing at the apex into smaller, closely packed, thin- 
walled cells which constitute a menstem, which would be homologous with the growing- 
point of a rootlet: several layers of more compressed parenchymatous cells envelope 
the above tissues, and may be looked upon as a periblem (fig. 7). There is no root-cap. 

A short distance from the meristem, rows of cells at the boundary between this 


periblem and the axial (plerome) cylinder gradually pass over into vascular strands. 
Perhaps the outer layer of the periblem mantle may be regarded as the homologue of 
an epidermis and root-cap, but the resemblance is not very obvious. In the lobed or 
convoluted older tubercles (figs. 1, 2) all these tissues take part in forming the lobes. 

It is in the large-celled axial tissue that the parasite is rampant (fig. 3), and the 
cells which contain the densely crowded corpuscles (figs. 4, 5, 12) are seen on the 
section as slightly pinkish or buff-coloured masses sending ramifications into the 
various lobes (fig. 2). 

Any cell at the base of this mass may be seen to contain a densely granulated mass 
of substance (figs, 4, 5), which swells in water, and allows the corpuscles to escape 
passively, but with the well-known dancing Brownian movement. The separated 
corpuscles are very brilliant, and vary in size and shape; some are rod-shaped, others 
have the form of a Y or V, and others are still more branched, as described by Frank. 

P’ig. fi.) 


These corpuscles are deeply stained by hssmatoxylin, and become yellow-brown in 
iodine; in chlor-zdnc iodine the mass of corpuscles turns bright golden-yellow, the cell- 
walls of the parenchyma containing them turn bine. All their reactions point to the 
accuracy of the,, previous ideas as to their nature; they are unquestionably organised 





examined them in sections of old dried tubercles gathered the 
l,$JT the winter, the tubercle shrinks considerably, and 


^ Uphill tile seedling three to weeks old, if growing luxuriantly. 
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lowly becomes very hard and wrinkled, turning dark-brown or almost black in the 
irocess, it is not easy to cut suck tubercles Their consistency is that of stiff horn, 
nd the razor “drags” unpleasantly in the section. Thin sections placed in water 
well for several days, and the contents of the cells are, as before, densely crowded 
)rilliant corpuscles m a matrix, which is bright yellow in chlor-zine iodine. These 
sorpuscles are particularly minute, and hke mere points in the section. 

In the cells containing these corpuscles the presence of hyphse is to be observed 
figs. 12 and 15-18), even in the cells of tubercles which have been dried for a year, 
nd are hard as horn, a few minu tes' maceration in very dilute ammonia enables one to 
letect these hyphse (fig. 18), which are obviously those described by Frank. These 
lyphse are very curious In the cells filled with corpuscles they are short, often much 
branched, extremely delicate, and apparently springing from the cell-walls, though 
•eally coming from hyphse running in and through the substance of the cell-walls 
figs 12, 17). 

Sections through young and actively growing tubercles show that the hyphse branch 
md pass from cell to cell throughout the merisfcem of the interior (figs. 7-18). In 
T’ery young tubercles the cells contain only these hyphse, subsequently, when the 
.ubercle reaches the dimensions of a mustard-seed, the tiny bacterium-hke bodies begin 
,o accumulate. 

In sections through very young tubercles, made transversely to the long ax : s of the 
’oot, and passing axially through the tubercle, I have observed the following facts. 
\ fairly strong hypha, several times thicker than the cell-walls in many cases, can be 
.raced through from the epidermis to the origin of the young tubercle (figs 7, 8, 9), 
'he tip of the tubercle is always directed so as to meet this hypha. 

I had frequently satisfied myself of this fact, before more fortunate preparations 
showed the facts explained by figs. 9 and 13. Here, a3 is seen, the hypha referred 
x> passes down the cavity of a root-hair, and thence traverses the cortex of the root, 
sell by cell, beginning to branch when it enters the mass of tissue which constitutes 
bhe young tubercle. It is more difficult to see the branches in the meristem of the 
tubercle, for two chief reasons, the cells aie smaller and more numerous, and their walls 
ire very thin. Moreover, their protoplasm and nuclei are very bright. Nevertheless 
bhe difficulty is only relative, and, as already stated, Frank had already seen the 
hyphse passing from cell to cell inside the tubercle, though he did not trace them far. 

^ The isolated thicker hypha in the epidermis and cortex (figs. 8, 9) offers more 
distinct characters than the finer ramifications which it makes further inwards. The 
hypha is without septa, so far as can be made out by reagents of all kinds. It has a 
very delicate membrane, which is quite distinct in specimens treated with osmie acid 
or with chloral hydrate, or hardened in alcohol, &c. It passes straight across the 
tumina of the cells, through wall after wall, on its way towards the centre of the 
root; but a curious and very characteristic feature is the trumpet-like enlargement 
of the hyphse at the spots where they pierce the walls (figs. 9-14). This has been 
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noticed before and is figured by Frank, and is also a character of the mycelium found 
in Juncus bufonius , and named by Weber* Entorrhiza. In suitable preparations 
the hypha may be seen to swell up inside the substance of the cell-wall, and it looks 
as if the widening was due to the cellulose wall itself (fig 14). Two possibilities 
suggest themselves * the swelling might be due to increased nutrition—a less probable 
view, or, as I think more probably, the cellulose wall extends by the growth of the 
cell after the hypha has pierced it, carrying the insertion of the hypha with it as 
its area increases. As the tubercle becomes older the hyphae in the cortex of the 
root turn yellowish and gradually decompose, so that no trace of them can be 
detected in the larger tubercles which have broken through the cortex of the root. 

In the cells of the very young tubercle the finer branches of the above hypha can 
be seen behaving similarly as regards their passage through the walls and across 
the l umina ; and, although they become too fine to enable the observer to decide as 
to the presence or absence of a cell-wall and septa, it may no doubt be assumed that 
the characters are essentially the same. It is often possible to see the hyphae 
running in the substance of the cell-wall (figs. 9 and 9 a). In one respect these 
more ultimate hyphae differ, however ,* they send out branches which end blindly in 
the cavities of the cells (figs. 15-18). These branches may be simple, or they 
may have several rounded or tufted bodies projecting from them, and looking like 
haustoria. The surface of these haustorium-like projections is often found presenting 
the appearance shown in figs. 16 and 17. Numerous very minute protuberances 
stand off from the rest of the mass 


In very thin fresh sections of tubercles, about the size of a mustard-seed or smaller, 
and which are only just beginning to pioject markedly from the root, the projections 
just referred to are very numerous, and every cell of the inner meristematic mass of 
the tubercle seems to be provided with the branches bearing them. A change is also 
noted in the cell-contents in these cases. In place of the normal-looking protoplasm 
of the cells in the earlier stages, the protoplasm now becomes extremely vacuolated 
and frothy, and the tiny bacterium-like corpuscles referred to are found to be 
gradually increasing in number in the cells (fig. 12). At a slightly later stage these 
bacterium-like corpuscles have become distributed in dense crowds throughout the 
frothing mass of protoplasm, and they become so numerous that they obscure the 
hyphae, and the appearance is that of a plasmodium, gradually becoming more and 
more densely filled .with granules. At length, the enlarged cell is seen to contain a 


dense mass of the granules arranged around a large central vacuole (figs. 12 and 4). 
The nucleus remains in the protoplasm. So dense is the mass of granules in the 
Jeotopilagiia. at last, and so sharply defined the vacuole, that extremely thin prepara- 

t osaai#' add of .pibrib acid,, and then in absolute alcohol, can he 
haemaldxylin abd mounted in Canada halsam in the usual 
' {fig. 4). 




TUBERCULAR SWELLINGS ON THE ROOTS OF YIOIA FABA 


547 


The next question is, what are these baeterium-like corpuscles, or granules, and how 
do they arise and thus crowd the protoplasm ^ They seem to be budded off from the 
projections of the hypha in the cells although I have failed to see an undoubted 
case of the actual formation and separation of one of these minute corpuscles, still 
there is not much room for any other view of their origin in the face of preparations 
such as yielded figs. 12, 15, 16, and 17 These extremely minute bodies are, according 
to my view, budded off m large quantities from the hypha.* They then multiply 
further by budding in the cells . This explains their shapes, which are Y and V-shaped, 
or branched still more, m the younger states, but more uniformly ellipsoidal when 
older, and also accounts for their rapid increase in numbers. 

The bacterium-like corpuscles are thus to be looked upon as extremely minute, 
elongated, yeast-like cells or gemmules, and it is not difficult to suppose that their 
sudden and rapid increase in the juices of the cell would give rise to the vacuolation 
of the protoplasm. It seems impossible to doubt that the so-called plasmodium seen 
by various observers in these tubercles is really the protoplasm of the cells themselves, 
stimulated into increased activity by these parasitic gemmules .t In any case this seems 
a fair explanation of the fact that the protoplasm of the cell becomes exceptionally 
frothy and vacuolated, and the cell itself enlarges quickly, coincidently with the 
appearance and rapid increase of the tiny gemmules At this time, also, vigorous 
specimens have these cells abundantly supplied with starch at the period when the 
above increase in size and coincident multiplication of gemmules occur (fig. 12) The 
only explanation seems to be that the parasitic gemmules and hyphse are 'stimulating 
the protoplasm to greater activity, and thus making the cell act as a centre of attrac¬ 
tion for the plentiful supplies of carbo-hydrates sent down from the leaves, and other 
substances coming up from the root-hairs. 

Tracing the hyphse from the cortex into the young tubercle, then, and the changes 
which go on in the cells of the latter, the following facts are to be noted The single 
stout hypha (fig. 9a) first breaks up into numerous branches (figs. 8—12) which 
distribute themselves in all the cells of the dividing mass of tissue—the incipient 
tubercle. While the younger branches continue this process the older ones form the 
short branches, and begin to bud off numerous tiny gemmules into the cell-contents 
(figs. 12-17): the struggle between the protoplasm and these gemmules—which 
themselves go on budding—is evinced by the frothing and activity of the protoplasm, 
which thus comes to resemble a plasmodium, and by the accumulation of starch, and 
perhaps other substances also. This causes the cells to grow (hypertrophy), and by 
the time the hypertrophy has ceased the gemmules in that particular cell have ceased 

* Fbank was also inclined to the same view (‘Botan. Zeitung,’ 1879, p. 385), bat he has since 
retracted his opinions on the whole subject m a most unaccountable manner See ‘ Berichte d Deutschen 
Botan. Gesellsehaft,’ 1887, pp. 56 and 57. 

t In order to avoid the inference that I suppose these cells to be true Saccharomyoetes, they may be 
conveniently termed gemmules. 


4 A 2 
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to multiply. The ferment is now over. The gemmules come to rest in tlie matrix, 
which they have first stimulated and then exhausted, and a large vacuole may be 
formed (figs. 4 and 12), in which lie the remains of the nucleus. It should be noted 
that at this stage the nucleus is often very bright and fatty-looking, and stains black 
in osmic acid. By this time the filaments which budded off the tiny yeast-like 
gemmules are so obscured by their progeny that they are almost certain to be over¬ 
looked, and special methods are necessary to detect them. They are there, however— 
at least, recognisable remains of them are (fig. 18). 

The tubercle, when all its cells have undergone the above changes, now passes into 
a state of rest it is a mass of cells full of yeast-cells—gemmules, germs —so tiny* 
that they might well be, as they were, mistaken for Bacteria The rotting of the 
root and tubercle liberates these into the soil, and an extended acquaintance with 
these “ germs ” and their numbers leads one to feel no surprise if they turn out to be 
the ubiquitous germs which it has been suggested must exist to account for the 
universality of the root tubercles. 

Speculation apart, however, I have the following facts to offer. I made several 
attempts last year to infect the roots of the Bean by laying pieces of the tubers on 
the young rootlets of water-cultures. The success was only partial and doubtful, and 
the results did not seem sufficiently satisfactory to be worth recording. At the end 
of the summer I collected a number of the Bean-roots which had tubercles on them, 
and dried them; these I kept through the autumn and winter, and made further 
experiments m January, February, and March of this spring (1887). Several of the 
infected plants had already developed several typical tubercles in March and April, 
and indeed the preparations from which figs. 7-9 and 11-13 were made have been 
obtained from these artificially infected tubercles. I have since repeated these 
experiments with marked success. 

The most curious feature about the matter is, perhaps, the long ,f period of 
incubation” (as the doctors would term it). I infected the roots by placing very thin 
sections of the dried tubercles on the young tap-root; but no signs of the tubercles 
were noticed before the root was five weeks or so old, and had developed an abundant 
outgrowth of lateral rootlets.t It was from a section of one of the younger of these 
tubercles that the preparation of the root-hair in fig. 13 came. It will be noticed that 
the hypha running down the root-hair starts from a minute bright dot; unless this 
dot is one of the above-named <£ germs,” I do not know what it can be. I have now 
seen the root-hair thus containing a hypha starting from a mere bright point many 
times, and have several permanent preparations of such infected hairs with the hypha 
passing down the cavity and across into the root* It very commonly happens that the 

as aboat 0*001 mm. thick. WoBONfff gives length '0016 to *0028 mm. 

f W£ek or ten days old, however, and I now know that this specimen 

(growing slower and Felmaary) inrafshed late examples. 
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root-hair thus infected, is curiously coiled and twisted at the spot whence the hypha 
takes its origin —% e , at the point of infection—looking as if the growth of the cell- 
wall had continued after the attack, but was profoundly affected at the point of entry 
(fig 13 a). It is sufficient to germinate a Bean in ordinary garden soil for a week or 
ten days, and then place the seedling as a water-culture, to obtain such preparations 
in nearly every case, provided the very young tubercles are examined. 

It is now necessary to say a few words as to the systematic position of the above 
Fungus. The behaviour of the mycelium is so like that of some Ustilaginese 
(especially the Entorrlmza found in Juncus bufomus ) that an alliance to that group 
might readily he claimed, the difficulty of determining the membrane of the hypha, 
the glistening character of the protoplasm, the course straight through the cell-walls 
and across the lumina of the cells, are all points which remind one of the Ustilaginese. 
The dilated abutments on the cell-walls I have explained as due to the extension of 
the cell-walls by growth after the perforation. 

On the other hand, there are no septa discoverable in the hyphse ; nor can I detect 
anything of the nature of a true spore like the resting-spores typical for the ordinary 
Ustilaginese, unless the haustorium-like branches are to he regarded as aborted spores. 
The “yeast-like” minute corpuscles (gemmules) which are sprouted off from the short 
branches in the cells, and which then go on budding until they fill up the space, 
appear to be the only reproductive organs which exist 

But, in view of Bjrefeld’s recent discoveries as to the extensive “ yeast” formation 
which goes on in the Ustilaginese,* it seems not at all improbable that this character 
may be in favour of, rather than against, the alliance of this Fungus to the 
Ustilaginese 

In fact, 1 regard the Fungus as one of the Ustilaginese, which has become so closely 
adapted to its life as a parasite in the roots of the Legummosse that it has come to 
stimulate and tax its host in an exquisitely well-balanced manner, and has lost its 
needless true resting-spores because the more numerous and tiny sproutmg yeast- 
cells (gemmules) are kept in the cells of the tubercle through the dry summer 
and autumn, and freed during the rottmg in the soil in the winter and spring. 
Them very minuteness and numbers enable these “ germs ” to become as ubiqui¬ 
tous as " Bacteria” or ordinary “Yeast” forms, thus explaining the ubiquity of the 
tubercles. 

Bbefelb has shown that the ordinary resting-spores of the Ustilaginese, which 
usually take a long time to germinate in pure water, will germinate much more rapidly 
in nutritive solutions, and that several species can be made to develope their promycelia 
in nutritive solutions which had hitherto been cultivated in vain. The curious fact 
comes out, however, that when thus germinating in nutritive solutions the promycelia 
go on budding off yeast-like cells, which multiply still further by budding, and thus 
extend the parasite outside the plant enormously. According to Brefeld’s discoveries, 

* Beefeld, ' Botamsche Untersuchungen,’ Heft 5,1883» 
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whereas some forms, such as Ustilago destruens * first develope a definite mycelium 
from the resting-spore, and the yeast-like cells are budded off from this into the air, 
in other cases the budding commences at once on the germination of the spore. Thus, 
in Ustilago antherarum, t the budding begins direct from the spore, or immediately the 
promycelium is protruded. Similarly with Ustilago intermedia , J U. Maydis , and others. 
Now, if we supposed the spore to germinate in this manner while still attached to the 
mycelium inside the plant, we should have something very like what happens in the 
[Fungus I have described. In fact, I regard the swollen parts of the mycelium which 
give rise to the gemmules as the homologues of the spores proper (i.e., resting-spores) 
in the ordinary Ustilaginese. Anyone who compares the development of the spores 
in those Ustilaginese which have been sufficiently studied § cannot fail to notice the 
remarkable similarity to the development of the branches which bud off the gemmules 
in this [Fungus. If, for any reason, the future resting-spore of an Ustilago began to 
put forth buds (gemmules) before it developed its thick coats, we should have the 
very process I have been describing. In the case of the Fungus causing the tubercles 
on the roots of Leguminosae it is not difficult to suggest that it might obviously be a 
disadvantage to the parasite to develope resting-spores, of (comparatively) large size, 
which should be- set free on the rotting of the root, since they would not easily be 
disseminated in the soil; on the other hand, it would seem to be a great step gained 
if the habit of forming yeast-like gemmules no larger than Bacteria was thrown back, 
as it were, earlier into the life-history. There is no lack of equally curious adaptations 
in the life-history of Fungi. In fact, steps towards such retrogression are already 
found in the asexual development of the resting-spores of the Ustilaginese if we accept 
de Baht’s views as to their homologies ; and it does not seem possible to refute them. 

These extremely minute gemmules will be disseminated between the interstices of 
the soil as easily as the well-known Schizomycetes found everywhere; every stream, 
every puff of wind, and many slighter movements will carry them from place to place, 
and hence their ubiquity. 

I have been much exercised with the question as to whether these gemmules bud 
and multiply in the soil, i.e. } in artificial nutritive solutions, and have repeatedly 
siade efforts to cultivate them in hanging drops of pure water, Pasteur’s solution, and 
other nutritive media. The general result has been disappointment. In some cases 
I have thought that certain dense floeculent groups which develope in Pasteur’s 
solution were clouds of the huds, but they never form rapidly, and in the interval (four 
to eight days, or longer) Bacteria have always made their appearance. The suspicion 
that these floeculent clouds might he colonies of budding gemmules is not an absurd 

^ I Relieve identical, clouds form bn the root-hairs* of my water- 

- * tr.r*. f - -' , " 

* ttafe. V&, %. 24 . 

i SMPtete XT. ' 

§ Bfo!/ fig. 82, p 189 (Engl Edition,*p. 175). 

A 
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cultures, and even close to where a hypha enters the root-hair. However, the whole 
of this matter is as yet too uncertain for me to say more than that it seems a point 
well worth investigation to determine whether the gemmules will go on budding in 
the soil or on root-hairs. It may, perhaps, he permitted to make another suggestion 
heie. Even if, as is usually accepted, the protoplasm of the root-hairs of plants 
cultivated m nutritive solutions—and, if so, presumably of plants in soil—is confined 
to the interior of the cell-walls, these cell-walls are very thin and delicate. There 
are facts which seem to support the view that the germinal hypha starts its course at 
the root-hairs for this reason, and it is not impossible that the ge mm ules will only 
germinate on the root-hairs of the host-plants. At any rate, I never find them 
elsewhere. 

It is a well-known and very popular view that the Leguminosae enrich the soil in 
nitrogenous substances. There is no doubt that the plants of this natural Older 
contain abundance of nitrogenous substances, and it is a fact that the roots of our 
ordinary field and garden Papilionacese go deep, and thus bring up nitrogenous 
compounds from below to enrich the surface soil when the plants are turned into 
it by the spade or plough. It is also unquestionable that the root-tubercles which 
have been described above are extraordinarily rich in nitrogenous subst an ces. Apart 
from the evidence already given, analyses of the tubercles of the Lupin show an 
enormous excess of proteids as compared with the other parts of the roots,* and, since 
these tubercles are aptt to be on the upper portions of the root, it is not improbable 
that these circumstances have contributed to the views so favourable among agricul¬ 
turists. Of course there may he more in this matter than meets the eye, if future 
investigations demonstrate that the gemmules can live as saprophytes or ferment- 
organisms in the soil outside the plant. 

The above results were already on paper, and had been shown to friends, when the 
f Berichte der Deutschen Botanischen Gesellschafb/ Heft 2, 1887, came to hand, con- 
tainmg a paper by Tschirch on the root-tubercles of the Leguminosse J The Paper is 
somewhat long, and not always clear, but, since it contains important and sweeping 
statements as to the biological significance of these root-tubercles, it will he necessary 
to devote some time to its examination. Tschirch has investigated chiefly the an atomy 
of the tubercles on the roots of the Lupine and Robmia, and expressly states that 
the research was undertaken at an unfavourable season (October to December), a 
statement which makes it the more surprising that his generalisations should be so 
sweeping in character. He does not seem to have examined Vida Faba parti¬ 
cularly, and the following criticisms must be regarded as bearing only on the pomts 
common to Vicia Faba and other Leguminosae; these are no doubt numerous, hut it 

* Troschkb, Cited by Soraubb, 1 Pflanzenkrankheiten,’ vol 1, p 746 

t Not necessarily so, as my cultures prove 

t ‘ Beitrage znr Kenntniss der Wurzel-Knbllchen der Legnminosen, (1),’pp 58-98 The same also 
contains a paper by Frank, advocating similar views to those o£ Brunchorst and Tb ohirch . 
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is as well to bear in mind that until other forms have been investigated on the basis 
of the knowledge now to hand, there is always a certain amount of assumption in 
supposing that the tubercles of the roots of Legummosae are all due to the Fungus I 
have described. Tschirch, like others, has by no means hesitated at assuming a 
common cause for these structures, however, and I am strongly of opinion that they 
are so far right, hut that the causal agent is in all cases a Fungus. 

Tschirch regaids the tubercles as normal structures, differing in form and anatomy 
according to two types. In Robmia and the majority of the Leguminosse the 
anatomy, &c., is so like what occurs in Vicia Fdba that we need not dwell on the 
details. He finds the development of the tubercles on the roots begins with that of 
the first leaves above ground, and traces coincidence of developments of tubercles and 
leaves onwards. at the close of the period of vegetation the tubercles become emptied, 
in whole or in part, as the seeds ripen. 

This emptying is considered to be due to the dissolution (and absorption into other 
parts of the plant) of the inner core of tissue containing the gemmules. Here comes 
in an important difference between our descriptions. Tsohiroh accepts a view, 
already propounded by Brunchorst,* that the gemmules belong to the root, and are 
formed by the protoplasm of the cells, as will be shown shortly, the two writers 
differ somewhat in their interpretations of these bodies, but both employ the same 
name for them— Bacteroids. 


In Robmia, Tschirch finds that the “ bacteroid tissue ” is partially or nearly wholly 
emptied in autumn, and states that this is the rule The phenomenon thus assumed 
to he a resorption of the bacteroids I take to he the escape of the gemmules from the 
tubercles; they are not absorbed, they are set free. 

Tschirch finds much starch in the young bacteroid tissue, hut less as the cells 
become older, this is m accordance with my observations, hut is subsequently 
explained differently. 

In annuals the tubers are found to attain a maximum of development, and then 
become emptied as the seeds ripen. 

Tschirch agrees with Brtjnchorst that the gemmules or “ bacteroids ” are not 
organisms, but bodies which arise by differentiation from the protoplasm of the cell. 
This view he bases on their “ development ” (though no account of their development 
appears), their fate (the assumed resorption into the plant), and the normal occurrence 
of the tubers in all genera of the strictly defined group Leguminosae. Tschirch also 
adds that every attempt to cultivate the “ bacteroids 55 has failed, and that they could 
ngteuter the tubercles, because the latter are covered by cork. 

BA?WO made in a footnote (p. 67) to fhe observations of Woronin and Frank: 

Avelopment of the gemmules (bacteroids) in artificial cultures. Why 
mmrnd (p. 67) that “im vorliegenden Fade hat man es, wenn 




^ bn&ni&dhan (i eae C bcP aft-, 1885,’ p 241; and * Untersnohungen ana dam 
TO t,.2, Haft 1,1886, p. Hi. 
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uberhaupt mit einem Pilze, mit einem Schizomyceten zu thun ” is not clear, bub the 
author admits no other alternative. 

Brunchorst supposes the “ bacteroids 55 to arise by differentiation from the proto¬ 
plasm of the cell, and Tschirch accepts this view , the “ bacteroids *’ (i.e , gemmules) 
are supposed to be remnants of a protoplasmic network (p. 68) Insuperable diffi¬ 
culties against accepting the view that the tubercles arise by infection from without 
are found m that it involves the assumption that the germs must b'e in all soils and 
in water, and Tschirch states (p 69), “ Thatsachlich sind derartige geformte Pilze 
aber gar nicht im Boden vorhanden.” The “ bacteroids ” are thus denied autonomy 
as parasitic bodies, and are relegated by Tschirch and Brunchorst to the protoplasm 
of the root as “geformte Eiweisskorper.” 

Tschirch then goes further, and classifies these bodies with the vegetable caserns 
related to Legumin. 

The filaments (hyphse) observed by Eriksson and Frank, and which I have traced 
from the exterior, through the root-hairs and into the tubercle in Vicia Faha, are said 
to be absent from the cortex and outer tissues ‘ Ich habe in der ausseren Rmde 
niemals Faden gefunden” (p. 72) They were observed in abundance, however, in 
the outer limits of younger “ bacteroid tissue.” 

Tschirch denies their fungoid nature entirely, and refuses to see in them either 
hyphse or plasmodial stiands His account of their “development” (pp. 73, 74) 
is quite unintelligible * among other things he regards the cell-walls of the tubercle 
as cutting these filaments (hyphse) in two. He thinks that no connection exists 
between the “ bacteroids ” and the filaments, but this is admitted to be doubtful. 
The view accepted—so far as any definite idea about the hyphse is accepted—is that 
the filaments dissolve, and the protoplasm of the cell then gives rise to the “ bacteroids ” 
by differentiation. 

Looking at Tschirch’s statements so far, it seems clear that, apart from the small 
amount of dnect observation which has been brought to bear on these bodies, two 
chief points come in to explain the mistakes. In the first place, he has not examined 
tubercles sufficiently young to determine the course of the hyphse from without 
inwards; and, secondly, he has failed to observe the relations of the hyphse to the cells 
and protoplasm of the interior of the tubercle. 

Apart from the dying-off of the older hypha which enters the young root-tubercle— 
often,at a time when root-hairs are still present—it is, of course, obvious that many 
sections will not take in the point of entrance and the course of the hypha shown in 
my figures 8 and 9. Tschirch’s figures 1, 2, 4, and 44 show that the sections were 
made in the wrong direction to give the required information, and, although the 
tubercles examined are described as “ young,” they are far too old for the purpose 
referred to. Again, in the absence of some intelligible suggestion as to what the 
filaments are, if not hyphse, there is nothing gamed by reiterating that “ mit einer 
Pilzhyphe haben sie also nichts gemein.” The assumption that they are cut in two by 

mdocclxxxvii.—b. 4 b 
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the cell-walls required some evidence. Anyone who has worked with such mycelia as 
those of the Ustilagineas must have seen hyphse as bright and delicate as these. 

The point as to the budding of the gemmules from the hyphse is a more difficult 
one, because it seems impossible to witness the process of budding off itself. The view 
proposed by Brtjnchorst, and accepted by Tschiroh, that the gemmules (“ bacteroids”) 
are remnants of a broken-up protoplasmic network, is quite untenable m the cases 
examined, and Tschiroh gives no figures illustrating such a process. I have shown 
that the gemmules arise in connection with the hyphse m the cells, and not as points 
scattered m a matrix. Brtjnchorst himself seems to have held at one time the idea 
that these “bacteroids” escape from the interior of the hyphse like minute sporules, 
but the account is by no means clear. It seems impossible to explain the frequent 
cases shown in my figures 15, 16, and 17 on any other view than that they are the 
gemmules budding off from the hyphse, and it ought to be noticed that others have 
seen similar cases, but without properly explaining them. For instance, Tschiroh 
himself says (p. 76), “ In einem Falle nur schien der Kopf eines Fadens mit unzdhligen 
behauffcen rundlichen Ausstulpungen besetzt,” and in a foot-note he remarks, “ Diese 
Bildung ist vielleicht mit der von Prillieux beschriebenen Auflosung der Faden der 
warzigen Massen identisch ” (p. 76).* Again, it is difficult to attach any other meaning 
to Frank’s figures (‘ Botan. Zeitung,’ 1879, Plate V., esp. fig. 11) than the one he 
then ascribed to them, though he has since retracted his explanation in a most 
unaccountable way—erroneously, I am convinced. 

It is still more difficult to accept Tsohirch’s assumptions as to the “ bacteroids ” 
(gemmules) themselves It may be true that their variable shapes militate against 
their being bacteria , but bacteria are not the only alternative, as he assumes, and 
these very shapes are fully in accordance with their being gemmules—tiny, yeast-like, 
budding organisms—as a comparison of Frank’s figures and my own with those of 
Tschirch’s amply testify. Tsohirch’s assumption that the filaments (hyphse) dissolve, 
and the protoplasm then breaks up into “bacteroids,” is certainly not true for the 
tubercles of Vida Fdba. In fact, the whole of this purely hypothetical explanation of 
the nature of these bodies is contradicted by the facts observed in Vicia Fdba ; whereas 
the phenomena are simply and naturally explained when we recognise that the hyphee 
bud off the gemmules, which then multiply further by budding like tiny yeast-cells. 
These then pass into a dormant state in the matrix, and escape into the surrounding 
soil when the tubercles decompose at the end of the season of growth, and are there 
distributed in readiness for contact with root-hairs of other seedlings in the following 
season. 

Nylt now remains to examine the rest of Tschirch’s paper. He expressly states, 
aa&! repeats, that water-cultures are useless in the investigation, though no satis- 
fekesfy reasons whatever are given in support of this view He admits that the 

v * “■ i 

* fBoJi See. Botan. de France,’ 1879, p. 98) regards the cause of tlxe tubercles as a 
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tubercles occur on water-cultures, and I have now shown that most satisfactory 
results can be obtained by means of water-cultures. Tschirch also states that they 
are commoner on the roots of plants growing m poor soil (as regards nitrogen) than 
on those m rich humus-soils, a statement I fail to confirm Darkness, drought, and 
other disturbing influences of the kind hinder the proper development of the 
tubercles ; and the rule is that the tubercles flourish in proportion to the thriving 
of the plant 

It is obvious, on a little reflection, that there would be nothing in these facts 
which contradicts the explanation I have given. Since the gemmules stimulate the 
protoplasm of the cells to greater activity—as indicated by the increased supplies of 
starch and the hypertrophied growth—it is clear that the needs for the increased 
activity will be satisfied only in proportion to the ability of the host-plant to furnish 
supplies darkness would cut off the supplies of carbo-hydrates, and drought those 
of water and minerals, and thence the parasite and protoplasm m the tubercles suffer. 
This can be directly shown in water-cultures, as well as m the case of plants growing 
m the open. As regards the generalisation that the tubercles are commoner in soils 
which are poor in nitrogenous substances, this might be because there is more oxygen 
supplied to the very large active root-systems in such soils ; a view r , moreover, which 
is in accordance with the well-known fact that the tubercles are apt to be more 
abundant and larger on those parts of the roots which are nearer the surface of the 
sod, though this is not necessarily the case. There is another point to note here. 
Tschirch himself observes (p. 90) that the Legummosse are deep-rooted plants which 
do not thrive well in rich humus-soils, abounding in nitrogenous materials. Now, 
without agreeing with him to the extent of his generalisations (for it is by no means 
established that the Legummosse as a class are dependent on one kind of sod), it is 
obvious that nothing in this contradicts the explanation of the tubercles as hyper¬ 
trophies due to the stimulating action of a symbiotic Fungus. Tschirch lays great 
stress on the facts that the analysis of the tubercles shows them to be relatively very 
rich in potassium, phosphorus, and nitrogen, and claims that the abundance of nitrogen 
is due to the “ bacteroids ”. no doubt this is the case, since the ** bacteroids” are of the 
nature of Fungi—yeast-cells—structures known to be particularly rich in potassium and 
phosphorus as well as nitrogen.' 35 ' Tschirch employs the evidence of the analysis 
in support of the hypothesis that the tubercles are normal organs used as storehouses 
for reserve materials * the evidence, however, distinctly supports the view that the 
protoplasm becomes surcharged with materials employed in the hypertrophy and for 
the good of the parasite. Other facts, quoted by Tschirch m a different sense, are 
equally in favour of this * for instance, the absence of sugar and the presence of fatty 
substances in the winter. 

At the end of his memoir Tschirch gives a summary substantially as follows:— 

The Leguminosese are plants which require much nitrogen, but only towards the 

* Of Husemaun, * Die Pflanzenstoffe,’ 1882, vol. 1, p. 279. 

4 B 2 
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close of their period of vegetation, and especially as the seeds ripen . in accordance 
with this, their root-system is abundant and far-reaching in the soil poor in nitrogen. 
The nitrogenous materials not employed at the time are stored up in the root- 
tubercles, which are emptied as the seeds begin to ripen, the nitrogenous contents 
being absorbed for the good of the latter 

As I have shown, this hypothesis is utterly untenable with regard to the tubercles 
on the roots of Vida Fdba , and everything points to its being equally so for the 
other Legummosse : not only is Tschihoh’s attempt to explain away the hyplise and 
the gemmules a failure, but his drawings indicate that he is not in possession of the 
histological facts necessary to constitute him an authority on the subject of the 
development and physiology of the root tubercles of the Leguminosse, whence his 
repeated assumptions lose m value. 

It now remains to give some account of the experimental cultures which have had so 
much importance in leading to the discovery of the infecting hypha, and to the general 
results given above I found some time ago that Beans grown in a soil which had 
been burnt did not develope the tubercles, and that the same results followed as a 
rule when the cultivations were made in solutions of nutritive materials. I have since 
observed that if cultures in burnt Roil are watered with washings of common garden 
soil, or of compost heaps, the tubercles are almost sure to he developed in the course 
of a few weeks, even river or pond water is dangerous—at least, in one case I traced 
the infection to the water with which I had watered the plants. Moreover, as I have 
Bhown, no experiment can be trusted if the seedling has been in contact with ordinary 
sand, turf, or leaf-mould 

I find that a very convenient process for obtaming the tubercles is to allow the 
seed to germinate for a week or ten days in common garden soil, and then carefully 
lift the seedling, wash its root very gently, and place it in a split cork so that its 
root goes on developing in a nutritive solution. In the majority of cases the young 
tubercles are quite evident some time during the fourth week following, and a little 
experience enables one to detect them at least a week sooner than that. 

Now, seedlings carefully germinated in the same garden soil, previously sterilised 
by being burnt, and subsequently treated similarly, do not yield tubercles at all.* 
This fact is in itself strong evidence of the infection coming from the soil. 

It may be well to state the composition of the nutritive solutions I have employed, 
and the mode of treating the plants grown in them. 

In all the cases referred to the solution employed was that given by Sachs in his 
* Yorlesungen uber Pflansenphysiologie/t care being taken that all vessels andtitensils 
were dean, and the water and reagents pure. 

t 

* Or only sporadically-—a fact explained hy chance infection during the onlfcnre. 
t P. 842 English edition, p 284 
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Water .... 

. 1000 c. cm. 

kno 3 . . 

1 grm 

NaCl .... 

0 5 „ 

CaSO*. 

• 0 5 ,, 

MgS0 4 . 

0'5 „ 

Ca 3 (P0 4 ) 3 

0*5 „ 


The seedlings were placed in a slit cork, so arranged that the whole of the root was 
submerged m the solution, and that the shoot could grow up freely into the light 
and air, which, together with the temperature and other conditions, were carefully 
regulated. 

I followed Sachs’ plan also in placing the cultures in new solutions when necessary, 
and in some cases of allowing their roots to remain for some hours m a solution of 
gypsum or salt between the changes However, these precautions are scarcely needed 
if the roots are kept darkened and the solution changed once a fortnight or so In 
cases where chlorosis was beginning to set m, traces of a salt of iron were added 
as necessary. 

It may remove all cause for doubt to state that it is just as easy to obtain the 
tubercles m the roots of these ivater-cultures as it is on the roots of the plants growing 
in soil, in pots, or in the open; and, conversely, it is in both cases possible to prevent 
their formation by removing the infecting germs (by heating the medium, &c). 
There are in my greenhouse and laboratory at the present hour no less than 
32 water-cultures and 26 cultures in pots, growing under conditions so well controlled 
that it is possible to predict with great accuracy when and where tubercles will be 
developed 

I will confine myself to the following inferences from my Table of 81 experiments 
made this year, merely reserving the opinion that the ambiguous results in six or 
seven cases were due to faulty sterilisation 

The chief points to notice are (l) the all but invariable development of the tubercles 
within a month, when the Beans were germinated in sand or soil not previously heated; 

(2) their non-development when the medium was sterilised by being heated; 

(3) the number of times I succeeded in infecting the roots by means of pieces of old 
tubercles placed among the root-hairs; and (4) the number of times the infecting 
hypha was discovered entering the cortex by means of the root-hairs. 

It is partly on these grounds that I infer that the tubercles so common on the roots 
of the Bean are due to the action of the Fungus, the very minute germs of which are 
all hut universally distributed in the soil, and it will be conceded that there is 
evidence for behoving that germ to be the gemmule developed in the cells of the 
tubercle. The further physiological effects of the symbiosis must be reserved for 
future discussion. 
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PROFESSOR H. MARSHALL WARD ON THE 


Explanation op Plates 


PLATE 32 


Eig. 1. Portion of Bean-root with the tubercles or toot-swellings of various ages, 
showing the different stages of development; a very young one is seen on 
the rootlet to the left above. (Natural size ) 

Eig. 2. One of the larger swellings cut in two. The buff-coloured portion is the part 
where the parasite iB rampant* the paler portions towards the apex 
contain byphse only. The narrow zone a at the apices of the lobes 
consists of meristematic cells scarcely affected as yet by the byphse. 
(Natural size) 

Eig. 3. Half-diagrammatic section of a root, with tubercle and normal lateral rootlet. 

The latter arises opposite a xylem strand. The tubercle originates in the 
cortex, and also (m this case, but not always) opposite a xylem strand. 
The various tissues of the tubercle are indicated. The apical meristem 
contains very few hyphae numerous branched hyphm are found in the 
cells lower down; the dark-shaded cells in the lowest central parts are 
hypertrophied and filled with the bacterium-like corpuscles—gemmules 
or yeast-cells. 

Eig 4 Three cells of the dark inner portion of the tubercle (fig. 3). The corpuscles 
(gemmules) have multiplied to au enormous extent, causing the protoplasm 
to become vacuolated and plasmodium-like, and the cells to enlarge * the 
dark body embedded m the mass of yeast-cells and protoplasm is the 
nucleus. E/4. 

Eig. 5. Similar cells after the macerated tubercle has rotted . the ce lls are separat ing , 
and appear full of bright (dark) granules in a matrix. The granules are 
the now dormant yeast-corpuscles (gemmules), the dark body is the 
nucleus of the cell. E/4. 


Eig. 6. The gemmules granular bodies in figs. 4 and 5—more highly magnified. 

a and b are from still active tubercles, and are more highly magnified 
than c, which is from an old tubercle of the preceding year, a and b = L/4; 
c = J/4. 

Eig. 7. Transverse section across a rootlet, and tubercle about the size of the smallest 
one in fig. 1 , The tissues of the tubercle are seen to have hyphse in 
them, these hyphse are branches from the thicker hypha which passes 

down the root-hair a (to the left of the figure) and across the cortex of 
the rootlet. (B/3.) 

% 8. Portion of fig. 7 more highly magnified, and showing how the hypha from the 

root-hair commences to break up into branches as it passes into the youno 
. tubercle. (D/4.) 
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Fig 9. A portion of the last figure still more in detail, and showing the curious 
trumpet-shaped widenings where the hyphse pass through the cell-walls. 
One branch of the main hypha is attached to the nucleus n of one of the 
cells—this is not uncommon. The first branching of the main hypha 
clearly takes place in the cell-wall. The fuither branchings are not clear, 
because the course of the hyphse varies in different planes J/4. 


PLATE 33 

Fig 9a. A preparation similar to fig 9, but showing a much younger stage of the 
development of the tubercle The infecting hypha is crossing the cortex 
from cell to cell: soon after leaving the root-hair, it branches, the branch 
soon running in the cell-wall. The cells traversed by the hypha are 
hypertrophied. The young tubercle is arising by meristematic division of 
the innermost cortical cells opposite the entering tip of the infecting 
hypha, which is in contact with a nucleus. (E ) 

Fig. 10. Part of the central tissue of a young tubercle (near the apex in fig. 3), 
showing the characters of the hyphse, and their branching m the cells. 
The haustorium-like branch in the centre is very characteristic. . E/4. 

Fig 11. Similar preparation from nearer the apex of the tubercle The hyphse are 
thicker, and their course more direct. This and the last figure from 
preparations treated with very dilute ammonia. E/4. 

Fig. 12 Similar preparation (fresh) from the lower part of the central tissue of the 
tubercle, corresponding to the part shaded dark in fig. 3. The protoplasm 
of the cells is nearly filled with the budding gemmules, and has become 
vacuolated and plasmodium-like, the nucleus being driven to one side. 
Branches of the hyphse are seen in the cells, and dense tufts of budding 
gemmules can be seen shining through the matrix (e.g , the lower cell) 
in some cases : in others everything is obscured by the dense matrix. 
Starch often accumulates in the cells at this stage, and the nucleus in 
some cells undergoes a sort of fatty degeneration. (J/4.) 

Fig. 13. Hypha traced down the root-hair into the cortex. It takes origin from 
a brilliant granule—presumably one of the gemmules From a water- 
culture the root of which was infected by a section from a tubercle of 
the preceding year. The remainder of the course of the hypha is clear 
from figs. 7, 8, 9, 10, 11, 12. The hypha m the cortex subsequently 
turns yellow, and shrivels, and only remote traces are to be found in older 
tubercles. J/4. 

Fig. 13a. Further preparations, resembling that from which fig. 13 was drawn.. The 
MDCCOLXXXVn.—B. 4 C 
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infecting hypha clearly arises from a brilliant point, around which the growth 
of the cell-wall of the root-hair is affected, causing distortions. L/4. 

Fig. 14. Hypha passing through the cell-wall, showing the curious trumpet-shaped 
widening where the passage is effected. L/2. 

Figs. 15, 16, and 17. Ultimate branches of the hyphm in the cells of the tubercle, at 
the commencement of the budding process. The curious Y and V-shaped 
gemmules are well seen in fig. 17. The haustorium-like branches in 
figs. 15 and 16 are very like the incipient spores of an Ustilago (eg , de 
Baby, fig. 82, p. 189), but they do not become spores, and in many cases 
seem to give off the gemmules. (J/4) 

Fig 18. Part of a section of a last year’s tubercle—very thin, and treated with dilute 
ammonia—showing that the remains of the mycelium are still there, 
though obscured by the dense aggregation of gemmules. (E/4 ) 
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